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PREFACE 
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in wave propagation and scattering, asymptotics for eigenvalue problems, 
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Chapter 1 



Wave propagation 
and scattering 




ASYMPTOTIC ANALYSIS OF 
HIGHER ORDER PERIPHERAL MODES 
IN ACOUSTIC WAVE SCATTERING 
BY AN ELASTIC CYLINDER OR SPHERE 



J. Kaplunov^, V. Kovalev^ and M. Wilde^ 

^ Department of Mathematics, The University of Manchester, 

Oxford Road, Manchester M13 9PL, UK 

kaplunov@ma.man.ac.uk 

o 

Department of Mathematics, Moscow State Academy of Device Building and Computer 
Science, Ul. Stromynka 20, GSP-6, Moscow 107846, Russia 

vlad_koval@mail.ru 

O 

Department of Mathematical Elasticity and Biomechanics, 

Saratov State University, Astrakhanskaya str. 83, Saratov, 410026, Russia 

wildemv@mail.ru 



Keywords: Asymptotic, scattering, Rayleigh, whispering gallery, elastic, cylinder, sphere. 

Abstract Higher order partial modes are studied in the case of harmonic scattering 
of plane acoustic waves by an elastic cylinder or sphere. Short-wavelength 
asymptotic models are developed for localized Rayleigh and whispering 
gallery peripheral waves and non-localized distortion peripheral waves. Ap- 
proximate formulae are obtained including local estimations for resonant 
curves. An asymptotic classification is proposed for modal resonances. 
Comparison with exact solutions is presented. 



INTRODUCTION 

Evaluation of modal resonances of peripheral waves is the basic concept 
in the Resonance Scattering Theory investigating related contributions to 
the scattered field [5]. In this case asymptotic methods are of particular 
relevance because of very different features of peripheral waves associated 
with obstacle motions. They were mainly exploited for thin elastic shells 
(e.g. see [2]) characterized by a natural geometric parameter. Shell pe- 
ripheral waves are similar to Lamb waves propagating in a flat layer. 
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This paper deals with acoustic wave scattering by an elastic cylinder 
or sphere. Peripheral waves involve now a generalization of flat Rayleigh 
waves and whispering gallery waves known originally for acoustic wave 
guides [1]. It is essential that the latter are characteristic only of curved 
bodies. 

Below we establish asymptotic models oriented to short-wavelength vi- 
brations of elastic bodies. An acoustic medium is treated on the basis of 
the Helmholtz equation defined over an infinite domain. Sometimes we 
also assume that acoustic impedance is small compared with elastic one. 

The asymptotic models are utilized for deriving approximate formulae 
for higher order modal resonance components. All of these correspond 
to a rigid background. Elementary estimations for resonance frequencies, 
amplitudes and widths are also presented. The efficiency of the proposed 
formulae is demonstrated by comparison with computed exact solutions in 
the case of a plane harmonic incident wave. 

The asymptotic models and formulae are especially useful for classifying 
higher order modal resonances of peripheral waves. These include Rayleigh 
resonances, dilatation and distortion whispering gallery resonances and 
resonances of non-localized distortion waves. 

The developed methodology is not restricted only to bodies of canonical 
shapes allowing efficient numerical testing. More complicated geometries 
just require adapting traditional short-wavelength expansions for incident 
and scattered waves. 

1. STATEMENT OF THE PROBLEM 

Consider harmonic acoustic wave scattering by a circular elastic cylinder 
or sphere. The problem involves the following dimensionless parameters 

7 = —, K=—, £ = pc/piC2 ( 1 . 1 ) 

Cl Pi 

k = —, X = ka, Pi = -^, Xi = P~^x, (i = l,2), 

where ci and C 2 are dilatation and distortion wave speeds in solid, pi is 
solid density, c and p are sound speed and fluid density, respectively, a is 
cylinder or sphere radius, uj is circular frequency. 

In the two-dimensional case the boundary conditions on the contact 
surface r = a become 



'Ur\r=a 



1 d{pi + ps) 

pc^k"^ dr 



0‘r\r=a — 



{Vi+Ps)\ r=a-) 



<yrd\r=a — 0 



(1.2) 
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where r and 9 denote cylindrical or spherical co-ordinates, pi is incident 
pressure, ps is scattered pressure, Ur is radial solid displacement, ar and 
are are radial and circumferential stresses in solid. The latter satisfy the 
Helmholtz equation for fluid motion and the elasticity equations (see e.g. 
[5]). In addition, the scattered pressure ps should obey the radiation con- 
dition at infinity. 

In cylindrical co-ordinates a plane acoustic wave may be expressed as 

OO 

Pi = Po'^En{-i)"'Jn{kr) cos n9, (1.3) 

n=0 

where Eq = 1, En = 2 (n > 1), is cylindrical Bessel function of first 
kind, po is constant. Then we accept for the scattered pressure 

OO 

Ps = Po'Y^Eni^-iT BnH^\kr) cos nO, (1.4) 

n=0 



where Bn are sought for coefficients, Hn'^ is Hankel function of first kind. 

In this paper we concentrate on modal resonance components Cn (see [5] 
for more detail) in the case of backscattering (0 = 0). For an acoustically 
rigid background these take the form 



Cn 




Bn + 






(1.5) 



Our main concern is a short-wavelength analysis assuming that 



n » 1, rci ~ X 2 ~ X ~ n. (1-6) 

For a sphere the formula (1.5) should be rewritten as 



Cn 



4ni 

X 



Bn + 



j'n{x) 
hn^ (x) 



(1.7) 



where n\ 



n -|- 1/2, jn and h 



( 1 ) 



denote associated spherical functions. 



2. RAYLEIGH RESONANCES 

Rayleigh modal resonances occur at x < n /?2 for a cylinder or at x < n\j32 
for a sphere. For large n they may be analysed starting from the following 
equations written in terms of the Lame potentials (p and V’ 

Ap(^ -|- = 0, Ap'0 -I- = 0 



(2.1) 




with the ’’plane” Laplace operator 



P Q^2 Q02 



(2.2) 



The displacements and stresses in the contact conditions (1.2) become 



dip dip 
dr do ^ 



(Tr — plC 



—k^p + 201 



/ d“^ip d‘^p 



(JrO — Pl^ 



k'^ip - 



2/3| 



( Q\ 

\dr do ' d0“^ 



\dr do 
d'^ip 



dO^ 



(2.3) 



The equations (2.1)"(2.3) coincide with those for plane strain presented 
in Cartesian co-ordinates. They are oriented to investigation of short- 
wavelength vibrations localized near cylindrical or spherical surfaces. The 
proposed model is derived by keeping only highest order derivatives in the 
original equations of linear elasticity for a circular cylinder or sphere (e.g. 
see [5]). In addition, the radial co-ordinate is fixed on the contact surface. 

The coefficients Bn in the formulae (1.5) and (1.7) may be easily found 
from the equations (1.2) and (2.1)-(2.3) by substituting the series (1.3) 
and (1.4) or their analogues for spherical co-ordinates. The result is 



Sfnjx) - Rfnjx) 
Sgn{x) - Rg'n{x) 



(2.4) 



with 

S = R = {2N^ - - 4N^aia2, 

at = y/iV2_/3-V (i = 1,2), (2.5) 

where fn = Jn, gn = Hn^ and M = n for a cylinder and /„ = jn, 
and N = ni for a sphere. 

A further analysis [3] shows that for small relative impedances e (see the 
formula (1.1)) resonance frequencies correspond to zeroes of the Rayleigh 
denominator R. It also reveals a linear dependence of the resonance width 
on its number. 

In Fig. 1 modal resonance components computed by the formula (1.5) 
with the coefficients defined by the formula (2.4) are compared with 
the relevant exact solution [5] for a cylinder. The exact solution is plotted 
by the thick line, while the thin one corresponds to the proposed approxi- 
mation. The problem parameters are 



Cl = 6420 m/s, C 2 = 3040 m/s, c = 1493 m/s, 
p = 1000 kg/m^. Pi = 2700 kg/m^. 



(2.6) 
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3. WHISPERING GALLERY RESONANCES 

For a cylinder we expand the Lame potentials as infinite series generated 
by the formula (1.3). For the partial potentials ipn and ifn we obtain 



(Pt^n 


1 d(pn 


71^ iPn 


dC^ 


1-C dC 


(1-0- 


d^i>n 


1 difn 




dC 


1-C dc 


(1-0 



+ x\ipn — 0, 

+ xlf)n = 0 



(3.1) 



with C, = 1 — r / a. 

It is well known [1], that acoustic whispering gallery waves are localized 
within a narrow surface zone of thickness O For elastic whispering 

gallery waves a similar behaviour takes place at 



X = 71(52 + o 



(3.2) 



for the distortion potential ipn and at 

X = n(3i + O 



(3.3) 



for the dilatation potential ipn- 

In the case of the domain (3.2) we have in the leading order 

- 2 (^X2^^^{n - X2) + V’n = 0 

with z = x^ 2 ^C,. 

The solution of the equation (3.4), decaying as C ^ OO; is 



(X 2 / 2 ) ^/^(n-X2(l -0) > 



(3.4) 



V^n(C) = C' 2 nAi 



(3.5) 
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where Ai denotes Airy function. 

The leading order equation for the potential cpn becomes 



2 _ n 

— 0 , 



ai — 



- . 



— XT 



(3.6) 



By taking into account asymptotic identities 

difn _ _ dipn 2/3 



dc dC 

we get for displacements and stresses 



X2 A 



1 

Ur.n, — I 



dtpr, 



+ 



n 



dC 1 -C 



■0r 



O'r.Ti. — 



pic^Pi 



-X^ipr^ 



^r6,n — 



PlC^Pl 



^2'^n + 2 



n difr, 



n dipr, 
n^'lpn 



1-C dC (1 - O' 



(3.7) 



The developed short- wavelength model describes vibrations of a cylinder 
over the domain (3.2). Straightforward transformations yield 



Cn = 



X 2, 



(7Tx)3/2 



D? - iDj 



where 






( 2 ) 









(3.8) 



Oi\ 



Ai(T2) 



0^2^^ = HX2 



, T2 = (n-X2)(y) 



X2\ -1/3 



(3.9) 



Inspection of the formula (3.8) shows that in the case of small relative 
impedances whispering gallery modal resonances correspond to zeros of 
the function D\ '(x). It is clear that the function D\ ' may vanish only 
provided that T 2 belongs to the region Tm + O ^X 2 , where Tm {m = 

f2) 

1,2,... ) are zeros of the Airy function. Thus, the equation D\ ' = 0 
defines the resonance frequencies Xn,m occurring near the roots x° „ of the 
equation 

X 2 = n - rm(x/2)^/^. 

Its roots may be estimated as x° = (32 {n — Tm(n/2)^/^). 



(3.10) 
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Let us obtain local approximations in the vicinities of the resonance 
frequencies Xn,m- By utilizing the asymptotic formula for Hankel functions 
as n ^ oo for x > n we have [4] 

r 

n,m 

Xn,m 4“ n,m 

where the amplitudes An,m and the widths Tn^m are given by 



(3.11) 



Cn,m — 



X - 



A — 

■^n,m — 






Q / 9 9\ —1/2 

^ [Xn,m ~ » ) 

/^ 24*2 (^n,m) 



P2(x) = 4n^ 



f Ai'(T2) 
V Ai(T2) 




(3.12) 



The local formula (3.11) is valid for x — Xn,m ^ P 2 under the condition 
Ln,m ^ P 2 - Numerical results are presented in Fig. 2 for the problem 
parameters (2.6). The exact solution is shown by the solid line while the 
dash and dash-dotted ones correspond to the formulae (3.8) and (3.11), 
respectively. 




.30 40 50 60 70 80 

Figure 2 Comparison for domain nfii < x < n/3i (n = 15). 



For the domain (3.3) an approximate equation for the dilatation poten- 
tial ipn is established similarly to that for the distortion potential xfn in the 
previous case. In terms of the variable 2 ; = x\^‘^C, it becomes 



d?iPn 

dz‘^ 




(3.13) 



The potential 'ipn demonstrates now an oscillating behavior. By applying 
the WKB method and taking into account turning points we get [4] 




( 1-0 



- 1/2 

Ai(r/), 



'ifniO = Cn 



(3.14) 
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where 



^(C) = 



K , f/3 

/ : 

'Co J 



KC) = 



- . U2 






Xo — 



( 1 -C) 



2 ■ 



(3.15) 



Here the turning point is defined by the formula Co = 1 — njx 2 - 

By making use the asymptotic behavior of the Airy function at infinity 
[4] we transform the solution (3.14) to 



V^n(C) = Cn ( = 



OL2 



\ 1/2 

- I COS 



C/u(C) — narccos 



nx. 



-1 



\CKC)J 

where «2 = /i( 0 ) = — n^, C = 1 — C- 

Finally we have for modal resonance components 



(3.16) 



Cn = 






(7Tx)3/2 



n(i) 1 n(i) ^ 

x^2 „(l)' 

tin 



(x) 



(x) 






(3.17) 



where 



^ XI Ai'(n) V 2 / 



sinx 
■ cos X ’ 



^(2) _ 
U2 — 



KX2, n = (n-Xl)(^y^ 



X = 



- . U2 



Xo — — n arccos 



-1/3 

7T 

~ 4' 
i(i) - 



(3.18) 



For small relative impedances the equation H) = 0 determines two 
resonance families. The first family is similar to what has been done before. 
The sought for estimate becomes x°^ = /3i (n — Tm(?r/2)^/^) . 

For the second family we have Ai ~ 1. In this case the quantity 
may turn to zero under the condition cosy 1- Thus, in the case of the 
second family we observe non-localised peripheral waves associated with 
the distortion potential i/Zn- 

Let x\^ be roots of the equation xi = n — tCj(x/ 2)^/3 a,re zeros of 

the Airy function derivative). We label then roots of the equation = 0 
as Xn,m,ki where k = 0, K is root number within the interval x^ ,„ < x < 
x^ m+i ~ n^/^); in doing so, we use the indexes m = 1, k = —1, —2, . . . 
for roots beyond x)^ ^ . 

Local approximation in the vicinities of the resonance frequencies Xn,m,k 
can be written in the form of (3.11) with the triple index n, m, n. We have 

4 „ k(3i 



A. 



n^m^k — 



yJ'KXn^m^k 



n,m,k — 



Pl{Xn,m,k)\/ Pi - 1 
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pi{x) = ( 1 - 27 ^)^ 




(3.19) 



Numerical results are demonstrated in Fig. 3. All the notations and 
problem parameters are the same as above. 




The formula for p\ indicates important features of modal resonances. 
In particular, if the frequency Xn,m,k is close to a zero of the function 
Ai(n), i.e. close to then pi{xn,m,k) ~ 1- In this case the resonance 
width Tn^m,k is of the same order as for the domain (3.2). For the reso- 
nance frequency Xn,m,k occurring near a zero of the function cos y we have 
Pi{xn,m,k) 1- Therefore, the resonance width considerably decreases. 
Sharp spikes are associated with closely located zeroes of the functions 
cosx and Ai'(ri). 

For a sphere the formulae for resonance components and local approxi- 
mations may be derived from those for a cylinder by substituting spherical 
Bessel functions instead of cylindrical ones, ni instead of n, 4ni/x^ instead 
of 8/(7 tx)^/^ and introducing the amplitudes 4ni/xn,m and 4ni/x„^m,fc- 

4. CONCLUDING REMARKS 

The paper is aimed to generalize the asymptotic methodology elaborated 
for thin elastic shells to the case of thick bodies. Peripheral waves, typical 
for the latter, are investigated in great detail. In particular, it is estab- 
lished that whispering gallery resonances may be separated into dilatation 
and distortion ones. The former interact with resonances of non-localised 
distortion waves. In contrast to Rayleigh resonances, the width of whis- 
pering gallery resonances as well as that of resonances associated with 
non-localised waves demonstrate a weak dependence on mode number. It 
might be expected that the proposed treatment is not restricted only to a 
circular cylinder or sphere. For more general geometries, short-wavelength 
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solutions of the Helmgoltz equation may be utilized [1] that generalize, in 

a sense, asymptotic expansions of Bessel functions. 
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Abstract The solution to the scattering problem for a plane wave incident from an 
arbitrary angle on an arbitrary configuration of N parallel strips is shown 
to be related to 2N separate scattering problems for the same geometry, 
but with different boundary conditions. The number of separate problems 
that are required is shown to be determined by the number of singularities 
in the velocity field which in turn is given by the number of strip edges. 



1. INTRODUCTION 

In [1] it was noted that the solution to the two-dimensional problem of 
scattering of a plane wave by a finite slit in an infinite, thin screen for 
arbitrary incident wave angle could be written in terms of the solution to 
the problem in which the incident wave is parallel to the screen. Such a 
relationship is an example of an embedding formula. It has been shown 
[2] that embedding formulas can be derived for the case of N slits; in this 
case the result for an arbitrary angle of incidence is determined from the 
solution to 2N separate problems (the reason this reduces to 1 in the case 
of a single slit is due to symmetry). 

These problems are related to problems in which the slits and screen are 
interchanged (this is an example of Babinet’s principle). Thus embedding 
formulas are easily derived for a finite number of collinear strips. Here we 
show that similar formulas can be derived when the strips are parallel, but 
not necessarily collinear; a situation which does not correspond directly to 
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any slit problem. However, the existence of embedding formulas for the 
case of N slits distributed over a number of parallel screens has recently 
been reported in [3] . 

The approach used in [2], [3] is extremely general and involves formu- 
lating the problem as an integral equation depending on a parameter (the 
incident wave angle) and then utilizing the specific structure of the kernel 
to generate relationships between solutions to the equations for different 
values of that parameter. Here we take a slightly different tack, one which 
is more problem specific but which sheds further light on the nature of 
embedding formulas. Integral equations again form the starting point, but 
rather than just relating solutions to these equations for different param- 
eter values, we also relate the solutions to the singularities in the velocity 
held at the strip ends and in the process explain why the solution to a 
problem involving N strips/slits for any incident wave angle depends on 
precisely 2N separate problems. 

2. FORMULATION 

We consider an array L consisting of N parallel strips: 

N 

L — Lyi, Ln — {x . a,n < X < bn, y — yn} , 

n=l 

where x = (x,y). A plane wave making an angle (3 with the x-axis is of 
the form Re{// 3 (x) exp(— iwt)}, where 

^—ik(x cos /3+y sin (3) 

If Neumann boundary conditions are imposed on the strips, the total scat- 
tered held will be characterized by + where 

(V^ -|- k‘^)<f/3 = 0 X G M^\L, (2.1) 

=iksin(3 fp yi^L, (2.2) 

whereas if the boundary conditions are of Dirichlet type we have + 
where 'ipp again satishes the Helmholtz equation and 

V^/3 = - fy X G L. 

The potentials ipp and Tpp also satisfy outgoing radiation conditions 
- i/c^ ifp = 0, ^li^ - ifc^ i)p = 0, 



lim ^ 

r— >oo y OT 
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where r = and conditions at the edges of the strips iyifp and 

V(pp have square root singularities at {am,T]m), {bm,T]m), fn = l,...iV) 
which ensure regularity of the potentials throughout the fluid domain. 
These boundary- value problems possess unique solutions. 

We will also consider N further (non-physical) problems with boundary 
conditions 



where 




An) 

J/3 



X G L, 



n = l,...,N, 




i /d(x) X G Ln, 

|o X G L\L„. 



Note that V’/3 = En=i 

(n) 

It can be shown that the solutions (pi3, V’/9) and 'ipp are related. Consider 
the function 






i 

fcsin/3 




N 



+ E 

n=l 



A 



(n)d^ 
0,/3 Qy 






(n) 

Qy 



/3 / 0,7T. 



(2.3) 

By construction if/S satisfies (2.1), (2.2) and the radiation condition, but 
will in general be singular at the edges of the strips. The constants A^^, 

A^^j^ are to be chosen so that is bounded at {an,rjn), {bn,rjn), n = 
1, . . . A^. The number of unknown constants is the same as the number of 
strip edges and this provides the reason why the embedding formulas given 
below require the solution of 2N separate problems. 

All the above problems can easily be formulated as integral equations. 
If we define 



x' = (^,??), ii=|x-x' 



then the problem for ipp can be written as an integral equation for the 
unknown jump in the potential across each barrier. For numerical com- 
putations one would probably formulate the problem as a hypersingular 
integral equation, but for our purposes we use the fact that all the barriers 
are parallel to the x-axis to write the integral equation in the form 






where 

P 0 {x,Vn) = l{<fp{x,Vn) - ‘f/3{x,Vn))- 
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Note that pp{an-,rjn) = Pfs{bn,r]n) = 0. Once pp has been determined, the 
solution is given everywhere in the fluid by 







(2.5) 


(n) 

For il)p and ■0^ ' we have 






vp{^')Hl^^\kR) d^ = -2i//j(x), x G L, 


(2.6) 


where 


vp{x,pn) = l{d'i(jp/dy\y^^+ - di(jp/dy\y^^-), 




and 


j^v^^\x')H^'^\kR) = -2i/^”^(x), x G L, 


(2.7) 


where 


v^^\x,pn) = U^'ip^p^/dy\y^y+ - di^f^/dy\y^y-), 





and the solution to the Dirichlet problem is given in terms of U/j by 



V^/3(x) = -^J^ vp{x')H^^\kR) d^. 

As kr ^ oo {x = r cos 9, y = r sin 9), we have 

37t/ 4) gi(fcr— 37 t/4) 

where the diffraction coefficients Gq^p and Fq^p are given by 

Ge,f 3 = [ fevp, F 0 ^p = iksin9 [ fepp. (2.8) 

JL JL 

It follows from (2.4) and (2.6) that Ge^p = Gpp and Fg^p = Fp^. 

The particular form of the integral equation (2.4) is used because it can 
be written 

= ‘^ksin f3 fp{x), 

X G L, 

from which, using integration by parts, 

Jl F'ikppix')^ H^^\kR)d^ = 2ksm f3 fp{x), 

X G L. 
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Now we solve this pair of first-order ODEs, each defined on N intervals. 
For convenience, we use subscripts -|- and — as alternatives to vr and 0, 
respectively, since then {d/dx ± iA:)/:^(x) = 0. We obtain 



(^(x) =Fifep/3(x')^ d^ 



2isin/3 
cos /? =F 1 



N 



//l(x) + W 1 ’ ^ ^ (2-9) 



n=l 



(n) 

in which ^ are 2N constants of integration. 
It then follows from (2.6) and (2.7) that 



dpp - sin j3 

dx 



N 



Vf3 



+ E 



(n) (n) 



X G L, 



n=l 



and hence (multiply by and integrate over L) 






N 



Jm) Mm,n) 



,...,iV, 



n=l 



(2.10) 



( 2 . 11 ) 



where 



G, 



(m,n) 

0,0 






(n,m) 

/3,0 ’ 



(2.12) 



and 



» ^ N N 

afh / *trdf=Eo!ir’=EC"’' 

n=l n=l 



Equation (2.11) represents two NxN systems of equations for the constants 
Note that because of the symmetry properties of the diffraction 

coefficients, knowledge of is sufficient to be able to compute these 
constants. We note that 

TV TV N 

EE<”’ = EgS = g,a 

m=l n=l m=l 
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The constants defined in (2.3) and defined in (2.9) are related. 
Using (2.3), (2.6) and (2.7) we have, for x G L, 



2 



ks'mP 



N \ 

*(x) + [a<5/<">(x) + a1’;>/I”)(x)] . (2.13) 



n=l 



If we differentiate with respect to x, use integration by parts, and then use 
(2.10) we can show that 



= 5(1 Tcos/3)c|^|3. 

We also get (multiply (2.13) by v^lx) and integrate over L) 

N 



(2.14) 



Fe,(} = - 



sin 9 
sin [3 



U/3,0 + 2^ [^O,/3^O,0 + \,l3^Tz,e 



/3 / 0,7T. 



n=l 



(2.15) 

If we eliminate Vf^ from the two equations that make up (2.10) we obtain 

N 



^ + ik cos Ppfs = 4 sin /3 ^ > x G L, (2.16) 

n=l 

and this can be solved for For x G Lm we thus have 
Pp{x,r]m) = yo{x,T]m)sinP 

fX ^ 

^ - C^^]^vi^\C,Vn)) dC, (2.17) 

Jam 

which expresses pp in terms of and v^\ The solution to the rigid-strip 
scattering problem for an arbitrary angle of incidence is thus determined, 
through (2.5), in terms of the solution to 2N integral equations of the form 
(2.7). 

The relationships between the diffraction coefficients take particularly 
simple forms if we define 

Fe,p = (cos 9 + cos /3)Fo^p, Qe^p = (cos 9 + cos f3)Ge^p, etc. 

From (2.8) and (2.17), we can derive 

N 

Fe,p = I sin 9 sin P ^ 

n=l 
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and from (2.15) we then get 






N 

E 

n=l 



An) pin) 



+ A 



in) 

TT,P 




(2.18) 



Alternatively, using (2.11), 



N N 



^e,i3 = 2 ^ EE 



n=l m=l 



in) (m)^(n,m) _ in) (m) ^(n,m) 
^TT,l3''TT,e ^O,/3^O,0 '-^0,0 



and 



N N 



n — Am)rM,ni) An) Am)rAn,m)\ 

ye, 13 — \\,f3\,e ^o,o + ^n,p^iz,e ^7r,n j > 



n=l m=l 



from which the symmetry relations F/g^g = Fg^f^ and Gp^g = Gg^jg are obvi- 
ous. In fact, equation (2.18) follows from (2.15) if we impose the symmetry 
of F. 



3. CONCLUSION 

We have shown that the scattering problem for a plane wave incident 
from an arbitrary angle on an arbitrary configuration of N parallel strips 
can be related to 2N separate scattering problems for the same geometry, 
but with different boundary conditions. For a given geometrical configu- 
ration and frequency, we must solve 2N integral equations (each with the 
same logarithmically singular kernel) and invert two N x N systems of 
equations in order to determine the solution for any incident wave angle. 
This may lead to significant computational savings if solutions are required 
over a range of angles. The numerical solution of integral equations of the 
type given by (2.7) is discussed in [4]. 

Embedding formulas can also be derived for the case of N gaps in a 
breakwater which has finite thickness, see [5]. In this situation we require 
the solution to 4A^ problems, corresponding to the fact that there are now 
4A^ corners. Although Babinet’s principle does not apply here, it appears 
that it may be possible to derive embedding formulas for an array of rect- 
angles, and work is currently underway to establish whether this is indeed 
the case and, if it is, what form such formulas would take. 
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Abstract 

In this paper, we investigate the propagation of electromagnetic waves 
along microstructured optical fibres (MOF) with a crystal cladding of fi- 
nite extension in the transverse plane. In these so-called Photonic Crystal 
Fibres (PCF), many interesting and unusual phenomena may be observed. 
For instance, it appears that, for some range of frequencies, a defect in the 
crystal cladding gives rise to localized waves in the low index core (i.e. in 
the defect). It is worth noting that the methods reducing the system of 
equations to a single longitudinal (electric or magnetic) component cannot 
tackle these genuine vectorial propagation problems. 

We first achieve this study with a variational numerical method i.e. a Fi- 
nite Element Formulation with the electric field as the variable, where edge 
elements are used for discretizing the transverse field and nodal elements 
for the longitudinal field [4]. Finally, we compare our finite element method 
- which leads to a generalized eigenvalue problem- with another method 
co-developed by some of us [18, 11], which is based on the determination 
of poles of the scattering operator (multipole expansion method). 
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1. INTRODUCTION 

In the last decade, some advances have been made in a deeper under- 
standing of the propagating properties of a new class of electromagnetic 
waveguides. These structures [10], whose propagating properties depend 
on the geometry of a crystal lattice constituted of dielectric rods, have been 
called Photonic Crystal Fibers (PCF). 

PCF rely on some periodic structures that induce the so-called photonic 
band gaps. This phenomenon, that mimics electronic band gaps in semi- 
conductors, prevent propagation of light in forbidden frequency gaps what 
is used to confined light in a central low index defect (PEG effect). 

To study such structures, one approach is the supercell method [3] which 
is commonly employed for PCF (it assumes pseudo-periodic conditions on a 
cell which includes the waveguide cross-section) : the main drawback comes 
from the assumption of periodicity in the transverse plane. In this paper 
we compare two alternative methods that do not rely on artificial period- 
icity. The first one is the Finite Element Method (FEM) which allows the 
modeling of complex geometries (e.g. PCE filled with rod cross-sections of 
different shapes) and takes into account the influence of the outer boundary 
of the guide [4]. Another approach which can take into account the finite 
size of the fibre cross-section, is the multipole method. In this method, the 
fields are expanded in Eourier-Bessel series, and a generalized scattering 
problem is solved[18, 11]. How can we justify the choice of these two meth- 
ods? The advantages of having two methods to solve the same problem is 
that comparing the results gives some confidence in their accuracy if they 
match and also that the methods may have complementary advantages so 
that they can rescue each other if one of them meets difficulty on a par- 
ticular problem. Therefore, it seems natural to choose the two methods 
as different as possible. It is quite the case between the multipole and 
the finite element methods. As a common feature, the two methods share 
the very classical fact that the unknown fields or functions are approxi- 
mated using a linear combination of given basis functions. Nevertheless, 
one can say that the approach of the multipole method is global while the 
finite element method is local. On the one hand the basis functions in the 
multipole method are solutions of the Helmholtz equations to be solved 
(excepted at the source point but it is not included in the domain where 
the solution is considered) as they are the field produced by a multipolar 
radiating source. Their linear combinations are themselves solutions and 
the problem is to pick the good one by choosing the right coefficients (i.e. 
the values of the equivalent multipolar charges). This is performed thanks 
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to the numerical expression of local conditions: continuity conditions of the 
field at the interfaces. On the other hand the basis functions in the finite 
element methods are simple (e.g. piecewise linear) functions with bounded 
support (of small size) . In the case of Whitney elements [2] , if basis func- 
tions do not match the Helmholtz equation, they locally respect the right 
continuity conditions at the interfaces e.g. tangential continuity for electric 
and magnetic fields represented by edge elements (that is the geometrical 
nature of the fields that determines the kind of element to be used) and 
so do their linear combinations. In this case, the Helmholtz equation itself 
(in weak variational form) is used to compute the numerical coefficients of 
the approximation. The purpose of this paper is to describe in the same 
framework the two methods, and to show that they give consistent results. 

2. COMMON HYPOTHESIS AND NOTATIONS 

We consider an inhomogeneous waveguide of constant section H invari- 
ant along the z axis, whose permittivity profile £ is a piecewise constant 
function and with constant permeability = fiQ (non magnetic). We are 
looking for electromagnetic fields solutions of the vector Maxwell system. 
Choosing a time dependance in with co denoting the angular fre- 

quency, related to the free space wavenumber by u; = /cqc, and taking into 
account the invariance of the guide along its z axis, we define time-harmonic 
electric and magnetic fields E and H. Each mode is characterized by the 
value of 7 , its propagation constant along the z axis, and the dependence 
of the fields (V = E or V = H ) is given by: 

V(r, t) = (2.1) 

In each constant permittivity region of the waveguide, the fields (V) satisfy 
an Helmholtz equation. 

3. THE FINITE ELEMENT MODELING 

In this formulation, V depends on the cartesian coordinates x and y in 
equation (2.1). For the sake of simplicity, we consider that the boundary of 
the waveguide dQ is infinite conducting, thereby avoiding to deal with an 
open problem (note that a judicious choice of coordinate transform allows 
this modeling [8]). We choose an electric field formulation, because the 
tangential trace of E is null, contrary to that of H on dQ. We achieve 
numerical computations with the help of finite elements. It involves both 
a transverse field in the section of the guide and a longitudinal field along 
its axis. The section of the guide is meshed with triangles and Whitney 
finite elements are used i.e. edge elements for the transverse field and nodal 
elements for the longitudinal field. The solution of the above problem is 
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then given by the minimum of the following residual 

7 ^( 7 ; E, E') = / curl^ E • curl^ E' dxdy — youP' / eE • E' dxdy (3.1) 

J ^ J ^ 

where curl.yE(x,y) = curl^E(x, It must be noticed that the 
penalty term involving the divergence of the field is not introduced in the 
discrete formulation because the use of Whitney elements guarantees the 
nullity of the divergence in weak sense [2, 8, 7]. The operator associated 
with this variational problem has a compact resolvent [8, 9] and its spec- 

72 

trum is therefore a discrete set of eigenvalues belonging to [ — ; +00 [ which 

e 

gives us a numerical criterion to eliminate invalid modes. The GetDP soft- 
ware [4] has been used to set up the finite element problem. The Lanczos 
algorithm solves the generalized eigenvalue problem [7]. Since we study 
propagating modes in a low-index default, they are associated with com- 
plex frequencies: these so-called leaky modes are similar to classical prop- 
agating modes, except they are attenuated as energy is lost to the crystal 
cladding. These modes initially decrease in amplitude away from the PCF, 
but eventually increase at large distances and diverge infinitely far from 
the PCF. Because real PCF have a finite crystal cladding (contrary to the 
assumption of [3]), all the propagating modes induced by PBC effects are 
leaky. It is therefore important that the losses associated with leaky modes 
be considered when calculating the modal properties of PCF. For this, we 
embed our PCF in a metallic jacket. 

The finite element approach is currently limited by the use of the Lanczos 
algorithm that is only able to find real eigenvalues. Therefore, in order to be 
able to find leaky modes one has to consider either air (in a possibly infinite 
region using a transformation method [8]) around a finite silica fibre, either 
a metallic jacket at finite distance. The case of infinite silica matrix (using 
the already quoted transformation method to carry the jacket at infinity) 
does not converge numerically. Fortunately, when the numerical algorithm 
converges, the localized defect modes are quite insensitive to boundary 
conditions. Future developments include the use of Arnold! algorithm[14, 
15] in order to deal with complex eigenvalues. 

In the case of a metallic jacket at finite distance (four pitches A from 
fibre center in the following numerical examples), the operator associated 
with the eigenvalue problem becomes bounded (and therefore has a discrete 
spectrum) and is still Hermitian {i.e. its eigenvalue are real). Physically, 
this may be seen as a trick used to prevent energy of the modes to leak far 
from the fibre. 

We could take into account the losses of leaky modes via the computation 
of the current as the integral of the tangential magnetic field (iw^eJs = n A 
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curl^ E) on the metallic cavity. Let us emphasize that J 5 is an unknown of 
the problem which does not appear in the electric formulation (nAE = 0 ). 
The Dirichlet homogeneous boundary conditions of the electric field do 
not actually involve wave reflection, since the propagation occurs along 
the z-axis. Such a condition for the magnetic field is not adequate, since 
the tangential magnetic field has an unknown value on the boundary i.e. 
the surface currents. For the sake of completeness, the reader can refer to 
[7] for a review on properties of PCF with a high central index (where a 
magnetic field formulation was used). 

4. THE MULTIPOLE METHOD 

Our method is inspired by the one developed in our laboratory in the 
framework of two-dimensional photonic crystal theory [5]. It is generally 
named as the multipole method. The first step of the method is to elabo- 
rate a theory of scattering of an infinitely long MOF in conical (off-plane) 
mounting. In this formulation, V depends on polar coordinates r and 6 in 
equation (2.1). This theory is based on the use of the three elements: the 
Fourier-Bessel series describing the electromagnetic fields, the translation 
properties of Fourier-Bessel functions (also called Graf’s theorem) which 
appear in the series, and the scattering matrices of the holes pierced in sil- 
ica. In addition, the notion of generalized scattering matrix is employed for 
the external boundary of the silica fibre. The second step of the method 
is to find homogeneous solutions of this scattering problem. Noting the 
appropriate matrix Ai, we must solve: 

MB = 0. (4.1) 

A non-zero vector B verifying this equation represents a non-zero field 
verifying the Helmholtz equation and the boundary conditions: the field 
associated with this vector is a mode of the structure. The matrix M is 
a function of the geometry, the wavelength and the effective index rieff = 
'jfkQ. Finding the modes for a given structure and wavelength thus leads to 
the search of zeros of the complex function det(A4) of the complex variable 

^e//- 

The geometrical losses C in dB.m~^ associated with the modes are di- 
rectly obtained from the imaginary part of Ue//: 

where A is in ^m. 

For circular inclusions, the boundary conditions are implemented ana- 
lytically, so that in this case the only approximations is the truncation of 
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M 


Re(ne//) 


/m(ne//) X 10® 


3 


1.43852886240663 


6.918242988502046 


4 


1.43838719374803 


1.749096334333127 


5 


1.43836672605884 


1.373925319699950 


6 


1.43836499998690 


1.414928166193201 


7 


1.43836493475660 


1.416468499483090 


8 


1.43836493461317 


1.416459892560528 


9 


1.43836493424529 


1.416475747100788 



Table 1 Convergence of rie// with M the truncation order of the Fourier-Bessel series. 
Results are for an higher order mode of the MOF described below at A = 1.45 /rm. 



the Fourier-Bessel series. For non circular inclusions, differential or inte- 
gral methods can be used to compute the scattering matrices associated 
with the inclusions [16]. If the inclusions overlap, our method is no longer 
appropriate. Symmetry properties of the fibers are accurately satisfied: 
for an usual MOF with a rotational symmetry of order 6 (for example 
a triangular lattice of circular holes), the fundamental mode is two-fold 
degenerate as expected by Me Isaac’s theory[17j. It is worth noting that 
these symmetry properties can be used to reduce significantly the size of 
the matrix Ai, and therefore the computational time. 

Our formulation also allows a self-consistency check of the computed re- 
sults through a comparison between two different expansions of the fields: 
a local one and a global one (also called Wijngaard expansion). These 
expansions only match perfectly for untruncated series, and so their nu- 
merical difference can be used as an indicator of truncations errors and of 
the quality of the matrix null vector location [11]. A second test of conver- 
gence is provided by the stability of Ueff with respect to the increase of 
the truncation order M of the Fourier-Bessel series, this is illustrated in 
Table 1. 

With the MOF geometry and the wavelength as inputs, the method 
gives the modes of the MOF as an output. Material dispersion can thus be 
included in a natural way in the MOF geometry, using for instance Sell- 
meier expansions [6, 1]. The dispersion parameter D is computed through 
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the usual formula from the real part of the effective index Re(ne//) [1]: 



A O^Re(neff) , . 

c 9A2 ^ 

The reader interested in applying this theory can refer to papers [18, 11], 
and results on dispersion engineering can be found in [12, 13]. 

5. NUMERICAL COMPARISONS 

On one hand, we use a metallic jacket approach with Finite Elements 
i.e. the PCF is included in an outer metallic waveguide [8]. On the other 
hand, with our multipole method we consider an infinite silica matrix and 
therefore we deal with complex frequencies [11]. In both cases, the PCF 
consists of six air-holes (n = 1) of radius 2.5/xm spaced in hexagonal ar- 
rangement by a pitch A = 6.75/xm in a matrix of silica (n = 1.45). The 
Getdp software [4] is used to set up the Finite Element Modeling (figure 
1, left) and to retrieve the real part of the leaky mode’s frequency cal- 
culated with the multipole method approach for the six holes honeycomb 
structure (figure 1, right). More precisely, the wavelength A = 1.45/xm is 
set up in the multipole method and one obtains ng// = y/feo = 7A/27T = 
1.445395345 + i 3.15 10“® for the degenerate fundamental mode of the 
above MOF structure [17]. Then, for a given propagating constant 
IFEM = 1.445395/co = 6.263232|Um“^, we catch a leaky mode (figure 
1, left) whose eigenvalue ujfem = corresponds to a wavelength 

^FEM = 1.449996/rm that matches the initial value. We illustrate on 
figure 2 the impact of a perturbation on the geometry of the PCF on this 
leaky mode. 



6. CONCLUSION 

We have numerically investigated the propagating modes in a 6 air-hole 
honeycomb fiber with a finite element modeling and a multipole method, 
both of which proved to be fast and efficient algorithms. The multipole 
method gives easy access to loss of the modes, whereas the finite element 
method is not restricted to a circular geometry for the fibres (cf. figure 
2). A possible extension of this work is to explore further the numerical 
comparisons on larger linear systems i.e. for a large bunch of fibers in var- 
ious geometrical configurations (the multipole method taking into account 
the possible symmetries) and for higher index contrasts (the edge-element 
approach being well adapted). 
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Figure 1 Longitudinal component Ez of the electric field E for the degenerate funda- 
mental mode {Ez null along the vertical j/-axis) in a 6 -air-hole MOF (radii = 2.5/rm) of 
pitch A = 6.75/rm for a normalized propagating constant 7 A = 42.276817 (left: finite 
element modeling, right: multipole method with M = 5). 




Figure 2 Eigenfield of figure 1 when breaking the hexagonal symmetry of the structure 
(the rightmost inclusion is now a shifted ellipse). This result is obtained with the Finite 
Element Method. 
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Abstract 

A vector functional-difference equation of the first order with a special 
matrix coefficient is analysed. It is shown how it can be converted into a 
Riemann-Hilbert boundary- value problem on a union of two segments on a 
hyperelliptic surface. The genus of the surface is defined by the number of 
zeros and poles of odd order of a characteristic function in a strip. As an 
example, a new model problem for an anisotropic half-plane with imperfect 
interfaces which are illuminated by a plane electromagnetic wave at oblique 
incidence, is considered. 



1. INTRODUCTION 

The most powerful and general technique for exact solution of model 
problems in acoustic and electromagnetic scattering is Maliuzhinets’ method 
[1]. For impedance boundary conditions, in general, this technique gives 
rise to a vector functional-difference equation 

$(cr) = G(ir)d>((T — /i) -b g(fj), fj G O = {Re(s) = a;}, (1.1) 

where $((t) is an unknown vector analytic in the strip li = {uj — h < 
Re(s) < uj}. The matrix G(cj) and the vector g(<T) are supposed to be 
known. 

The method of exact solution of equations (1.1) rests on our ability to 
factorise the coefficient G of the problems, i.e. to split the matrix G into 
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two factors: 

G(a) = X(a)[X(a-/i)]-\ a G n. (1.2) 

Here X(s) is analytic and non-singular in the strip H. To the best of the 
authors’ knowledge, classes of matrices admitting constructive difference 
factorisation (1.2) have not been studied. We of course disregard those 
cases when the matrix coefficient G can be diagonalised by multiplying 
the left- and right-hand sides of equation (1.1) by a constant matrix. 

In this paper, we study the vector functional-difference equation (1.1) 
with the matrix coefficient of the form 



G(a) 



/ ai(cr) +a2{a)fi{a) 
V a2{a)f2{a) 



ai{a) 



02(0-) \ 

- a2(cr)/i(cj) J ’ 



0 - G H, (1.3) 



where ai(cj), a 2 (cj) are arbitrary Holder functions on every finite segment of 
the contour H, /i(<t), / 2 (cr) are arbitrary single- valued meromorphic func- 
tions in the strip H such that fj{cr) = fj{a — h), a G H, j = 1,2. It is 
assumed that the function fi{s) and the characteristic function f{s) = 
fi(s) + f 2 {s) have finite numbers of poles in the strip H. The number of 
zeros of the function /(s) in the strip H is also finite. 

We propose a procedure of exact solution based on the theory of Riemann- 
Hilbert boundary value problem on hyperelliptic surfaces. 



2. VECTOR FUNCTIONAL-DIFFERENCE 
EQUATION OF THE FIRST ORDER 

Let H be a strip in the plane of a complex variable s: H = {s G C : 
uj — h < Re(s) < to}, where uo is real and h > 0. Let H, H_i be the 
boundaries of the strip: H = {Re(s) = to}, = {Re(s) = uj — h}. 

Consider the following boundary-value problem of the theory of analytic 
functions: 

Given a 2x2 matrix G(it) and a vector g(cr) find a vector ^(s) analytic 
in the strip H, continuous up to the boundary H U apart from a finite 
number of poles fii, ^ 2 , ■ ■ ■ , fit £ LI of orders ti,T 2 , ■ ■ ■ ,Tt and satisfying the 
boundary condition 

$((t) = G(fj)$((T — /i) -|- g(ir), (T G H. (2.1) 

At the ends of the strip, i.e. as Im(s) ^ ± 00 , $(s) = 0(e^"*" ^“(^)) with 
b^ being real, finite and prescribed. The matrix G(cj) and the vector g(c) 
satisfy the Holder condition on every finite segment of Tt. At infinity, i.e. 
as a ^ oj Al ioo, the components of the G(fj) and g(ir) may have a finite 
exponential growth not necessarily the same. The matrix G(cj) is also 
nonsingular on H. 
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Let Ai(fj), A 2 ((t) be the eigenvalues of the matrix G(it) and let Ai(cr) 
A 2 (ct). We define a class of matrices representable in the form 

G(cj) = T(cj)A((j)[T((7-/r)]“S a G O, (2.2) 



where A(fj) = diag{Ai(cj), A 2 (cj)}, and the matrix T(cj) admits a two- 
valued analytical continuation from the contour into the strip apart from 
a finite number of poles, branch points and points where det T(s) = 0. It is 
also required that T(cj) = T(fj — h), a £ II. The eigenvalues of the matrix 



G(a) 



fGnicr) Gu(ct)\ 
\G 21 ia) G22 {ct) J 



(2.3) 



are given by 



A,(^) = l[Gn{a) + G22{cT) - {-iyAG\a)], j = 1,2, (2.4) 

where 

A(a) = [Gii(<7) - G22(ct)]2 + 4Gi2(a)G2iia). (2.5) 

Take the diagonalising matrix T(fj) in the form 

/ 1 1 \ 

T(cr) I G 22 G) — Gii(cr}+A^t^(o-} G22(<7) — Gii(cr) — A1 /^((t) I ) (7 £ Vl, (2.6) 

V 2Gi2(a) 2Gi2(a) / 



with detT((j) = — A^/^(it)[Gi 2 (ct)] In order that the matrix T(fj) is 
meromorphic and two-valued, it is sufficient that 



fi{s) 



Gii(s) - G22{s) 

2Gi2(s) 



f2{s) 



G2i{s) 

Gi2(s)’ 



5 G n, 



(2.7) 



are single-valued meromorphic functions in II. Then the original matrix 
has the form 



= ? ) + “'^G) ( /){a) 

where 

= ^[Gii(<t) -h G22 (o-)], 02 ( 0 -) = Gi2(cj). (2.9) 

In the new notations, the eigenvalues Ai, A 2 and the matrix of transforma- 
tion T become 



Ai(a-) = ai(o-) -h a 2 (cr)fG^(a), Mio-) = ai((j) - a 2 (o-)fG^(cr), (2.10) 

~ ( -fi(s) + /^/^(s) -fi(s) - fG^(s) ) 



(2.11) 
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where f{s) = /f (s)+/ 2 (s). Here ai{a), a 2 {cr) are arbitrary Holder functions 
on H (although they may be discontinuous at infinity), and fi{s), / 2 (s) are 
arbitrary single-valued meromorphic functions in the strip H. They do not 
have poles on H. In the strip H, the functions /i(s), f{s) have finite 
numbers of poles. It is assumed that the number of zeros of the function 
/(s) in the strip H is also finite. We emphasise that the elements of the 
matrix T(s) are /i-periodic or, equivalently, the functions /i(s), f^^‘^{s) are 
/i-periodic. 



3. SCALAR RIEMANN-HILBERT PROBLEM 
ON A HYPERELLIPTIC SURFACE 

In this section we reduce the vector functional-difference equation (2.1) 
with the matrix coefficient (2.8) to a scalar Riemann-Hilbert problem on a 
Riemann surface. First, substitute the relation (2.2) into equation (2.1) 

= A{a)[T{a-h)]-^^{a-h) + [T{a)]-^g{a), a G n, (3.1) 

and introduce a new vector-function 

ip{s) = [T{s)]-^^{s), sen, (3.2) 

with the components 






/ fijs) 

V2/V2(,) 




^l(s) + 



^2(g) 

2/l/2(s)’ 



^2{s) 



( fijs) 

V 2/V2(,) 




^i(s) 



^ 2 ( 5 ) 

2/V2(s)’ 



s G n. 



(3.3) 



These formulae indicate that the functions </:?i(s) and 'P2{s) are multi- 
valued. They have branch points at the zeros and poles of odd order of the 
function f{s). 

Among these points there can also be the two infinite points at the upper 
and lower ends of the strip. From the theory of periodic meromorphic 
functions, by definition, the upper end x + ioo {uj — h < x < uj) oi the 
strip is called a zero of order of a function /(s) if /(s) ~ as 

Im(s) ^ -|-oo {A =const/ 0). The point x + ioo is a pole of order n if 
f{s) ~ Ae 27T*si'//i g^g ini(s) ^ -|-oo. The lower end x — ioo is treated 
similarly. Any /i-periodic meromorphic function has the same number of 
poles and zeros in the strip of the periods (the poles and zeros including the 
upper and lower infinite points are counted according to the multiplicity). 
Therefore, the function f^^‘^{s) has an even number of the branch points 
(the infinite points x ± ioo can be branch points as well) . Let the branch 
points be sq, si, . . . , S 2 p+i- In the case p = —1, the function /(s) is either 
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a constant, or all its poles and zeros are of even order. Henceforth, it is 
assumed that p > 0. Apart from the branch points sq, si, • • • , S 2 p+i, the 
functions and ‘^ 2 {s) admit a finite number of poles in the strip H. In 

addition to the prescribed poles /?i, /? 2 , • • • , A of the vector-function ^(s), 
the functions (pi and p 2 have new poles. Their multiplicity and location 
are entirely defined by the poles of the function fi{s) and the zeros of even 
order of the function /(s). Let all the poles of the functions and 

P 2 {s) be oi, 02 , ..., Om of orders v\,U 2 j. . . , I'm- 

By using (3.2) the coupled difference equation (3.1) reduces to two sep- 
arate equations 



pi{a) = Xi{a)pi{a - h) -\- gl{a), cr G H, 



with 



P2{cr) = \2{a)p2{(T - h) -\- g2{a), a G H, 



(3.4) 






/i(g') 

2/V2(u) 




ffi(o-) + 



92{cr) 

2/V2(u)’ 




2/V2(u) 2j 



51 (o-) 



52 (cj) 

2/V2(u)’ 



fj G H. 



(3.5) 



and Ai, A 2 being the functions (2.10). To fix a branch of the function 
we cut the strip H by smooth curves Tj C H {j = 0,1, ... p) which 
do not intersect each other and join the branch points so that Tj = S 2 jS 2 j+i 
(j = 0, 1, ... p). The positive direction of Tj is chosen from S 2 j to S 2 j+\. 
Denote the limit value of the fixed branch on the left and the right sides 
of the cut as and [/^'^^(<t)]“, respectively. Clearly, [/^/^(cr)]+ = 

a G Tj. 

Since the vector- function $(s) must be single- valued in the strip H, from 
(3.2), in addition, we get the following boundary condition on the system 
of curves Tj {j = 0,1, ..., p): 



T’^(o-)<^+(o-) = T (a)p (a), aeTj. (3.6) 



This requirement recovers the linear relations between the limit values of 
the functions pi and p 2 on the curves T^: 

(a) = P 2 (o-) , (^) = 9^2 (^) > 



aeTj {j = 0,l,...,p). (3.7) 

Therefore, the original vector functional-difference equation (2.1) with the 
matrix coefficient (2.8) is equivalent to the system of two separate difference 
equations (3.4) and the two relations of Riemann- Hilbert type (3.7). 
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To reduce this new problem to a vector Riemann-Hilbert problem on a 
system of open contours, we map the s-strip II onto a z-plane cut along the 
segment [—1,1]. The mapping function and the inverse map are defined by 



7T ih 1 + Z 

z = —lian—is — uj), s = cu H log . 

h 2tt 1 — z 



(3.8) 



The contour II is mapped onto the upper side of the cut [—1,1] (the left 
bank with respect to the positive direction), the second side of the strip, 
H_i, is mapped onto the lower side of the cut. The images of the upper 
and the lower infinite points of the strip II, x — ico and x + ioo {uo — h < 
X < Lo), are the points z = —1 and z = 1, respectively. The function 
log[(l + z){l — z)~^] is real on the upper side of the cut. Introduce the 
following functions 

f ih . l + z\ ^ 

Fji^) = ‘Pj ( ^ ^ ^ ^ 



lj{t) = Xj 

S'i(i) =5j (^w + ^logi^) , te[-l,l], j = l,2, (3.9) 

and also the notations for the images of the branch points sj and the poles 
Ofc- 

7T 

Zj = — itan —{sj — u!), j = 0, 1, . . . , 2p + 1, 

7T 

Ofc = — itan — (ofc — a;), k = l,2,...,m. (3.10) 

Let the cuts Tj be mapped onto curves jj (j = 0,1,.../)). The curves 
7 j C C and do not intersect each other and the segment [—1,1]. 

Thus, the system of equations (3.4), (3.7) is equivalent to the following 
vector Riemann-Hilbert problem 

F+{t)=h{t)F{{t)+gUt), 

F+{t) = l2{t)F^{t)+g*2{t), t e (-1,1), 

^2^(0=^r(^)> tG-fj, j = 0,l,...p. (3.11) 

Finally, we reduce this vector problem on the complex plane to a scalar 
problem on a Riemann surface. Let R be the two-sheeted surface of the 
algebraic equation 

= q{z), q{z) = {z- zo){z - zi)---{z- Z 2 p+i), 



(3.12) 
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formed by gluing two copies Ci and C 2 of the extended complex plane 
C U 00 cut along the system of the curves jj (j = 0, 1, . . . p). The positive 
(left) sides of the cuts 7 j on C\ are glued with the negative (right) sides 
of the curves 7 j on C 2 , and vice versa. This gives rise to a two-sheeted 
Riemann surface R of genus p. Then the function w, defined by (3.12), 
becomes single-valued on the surface R: 



w = 



q^/\z), zGCi 
z G C2, 



(3.13) 



where q^^“^{z) is the branch chosen such that q^/‘^{z) ~ ^ 00 . 

Denote a point of the surface R with affix 2 : on Ci by the pair ( 2 , q^^‘^{z)), 
and its counterpart on C 2 by the pair {z, —q^^'^{z)). Introduce a function 
on the surface R 



F{z, w) 



Fi{z), {z,w)e Cl 
F2 {z), {z,w)eC2- 



(3.14) 



Because of the third and forth conditions in (3.11), the function F(z,w) is 
meromorphic everywhere on the surface except for the contour L = L 1 UL 2 , 
where L± = (—1,1) C Ci and L 2 = (—1,1) C C 2 . Therefore, the system 
(3.11) is equivalent to a scalar Riemann-Hilbert problem on the surface R 



F+{t,0 = l{t,0F-{t,0+g*{t,0, (t,0eL, (3.15) 



where 



i{t,0 



hit), (t,0 eil 
h{t), (t,^) G L 2 , 






gl{t), {t,C) G Li 

g2{t), (t,0 G L 2 , 



(3.16) 



and ^ = w{t). 

Without loss of generality, the Holder function does not vanish 

on the contour L and has definite limits at the end-points t = ±1. The 
function g*{t,f,) is also a Holder function on L except possibly the ends: 

|/(t,OI {j = 1,2), t^±l, (3.17) 

where = const. The parameters are defined from (3.5) by the 
behaviour at the points oj ± ioo of the functions /^/^(ct), 5 'i(ct) and 

52 (o-)- 

A closed-form solution to the scalar Riemann-Hilbert problem (3.15) on 
a hyperelliptic surface is presented in [2] (see also [3] ) . 
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4. DIFFRACTION BY AN ANISOTROPIC 
IMPEDANCE HALF-PLANE 

We give an example of a physical problem that can be solved by the 
technique presented. Consider scattering of an electromagnetic wave at 
skew incidence by an anisotropic half-plane with different impedances. Let 
the primary source be a plane wave incident obliquely whose z-components 
are 

T^i ikp s\n (3 cos{6—0{))—ikz cos (3 

H/z — , 



y Tri 1 ikp sin 0cos{O—9Q)—ikz COS 0 

^0-^Z '^Z^ 5 



(4.1) 



where (p, 9, z) are cylindrical coordinates, k is the wave number (Im(A:) < 
0), Zq is the intrinsic impedance of free space, j3 is the angle of incident 
(0 < /3 < vr/2), and ez,hz are prescribed parameters. In the most general 
case in which the impedance is anisotropic and differs on the upper and 
lower sides of the half-planes {0 < p < co,6 = ±7 t 0, |z| < oo}, the 

boundary conditions are [4] 



= Tvt^oHz, 0 = ±7r =F 0, 
Ez = EijfZoHp, 0 = ±7r =F 0, 



(4.2) 



where are the surface impedances of the upper (0 = tt — 0) and lower 

(6 = — 7T -|- 0) half-planes, respectively. The boundary conditions (4.2) can 
also be written as 



p 89 
1 8{ZoH, 



1 8Ez MZqHz 

— cos p- 



dp 



ik sin^ (3Ez 



= 0, 0 = ±7t=fO, 



z) 

-|- COS p- 



± ikri2 sin^ PZqHz = 0, 9 = ±7t 0. (4.3) 



p 89 8p 

Represent the total field in the form of the Sommerfeld integral [1] 

^—ikz cos 0 



Ez{p,9,z) = 



2TTi 






^—ikz COS 0 p 

ZoHzip, 9, z) = J + 9)da, (4.4) 



where 7 is the Sommerfeld contour, the functions Se(«) and Sh{ot) are 
analytic everywhere in the strip — vr < Re(a) < vr apart from the point 
a = 9 q, where they have a simple pole with the residues defined by the 
incident field (4.1). At the infinite points a = x E ioo (|x| < 00), the 
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functions Se{a) and Sh{a) are bounded. The boundary conditions (4.3) are 
satisfied if and only if the functions [5] 



+ 7t) 



sin a H — ^ sin /? ) Se(« + tt) 

ffl 



cos a cos ffsh{a + vr) , 



<^ 2(0 + 7t) = (sin a-\- r ]2 sin /?) Sft(a + tt) + cos a cos I3se{a + tt) (4.5) 
solve the following vector functional-difference equation 



$(it) = G(fj)$(cj — 47t), (j G 



where 



$(u) 



/«hi(a)\ 

V^2(ct);’ 



G(u) 



fGn(cr) Gi2(ct)\ 

VG2i(a) G22{<j)J’ 



(4.6) 



(4.7) 



with 



Gii(a) = 



rg(l/??i ,-rjJ)T^{l/r]f,-r ]2 ) + mVi cos^ sin^ 2/3 

D{a) 



G22{o-) — 



r^(-l/r?i ,r]J)Tg{-l/r]f,r]2 ) + mVi cos^ o~ sin^ 2/3 

D{a) 

r/o sin/3sin2/3sin2cj ^ . Vo n f \ 

Gi2[a) = — — , G2i(ct) = -^r/i??2Gi2(fT), 



ViD{a 
D{a) = 



Vo 



r,(-l/r?+,-r?2+) 



r^(l/r?+, 772+) 

x[r„(-l/ry^,?7j)r^(l/r/J^,-r/2') -h r/2r?^^ cos^ asin^ 2^], 



Vo = vt 



1 _ _ 1 1 1 1 , 1 V 2 +V 2 

— > Vo =V 2 - , V 2 = ^ 

Vi Vi Vi 2 \r]+ r]^ J 2 



Ta(a, b) = (sin a -|- asin/3)(sina -|- 6sin/3) -|- cos^ acos^ f3. (4.8) 

Equation (4.6) is a vector functional-difference equation of the first order 
with the shift h = 4 tt subject to the additional condition of symmetry 

$(it) = $(27t — a), cr G n = {— 7T < Re(s) < Svr}. (4-9) 

It is seen that the matrix (4.7) has the structure (2.8) required for the 
method to be applied. The key function of the method is 



/(s) = /i(s) + /2(s) = 



ViiVo +??o )tan/3 ' 
4r]Q cos s 



n ^), 



(4.10) 
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where 



ns) 



^cos^ s — 



1 — eo sin^ p\ 
sin^ P ) 



+ 16ei cos^ scot^ P , 



r - ^ /^n+'^2 I -V2 

— 3 [Vo ~ +Vo — 
Vo + Vo V Vi Vi 



ei = 



V2Vo Vo 



ViiVo +Vo 



-\2 



(4.11) 



The function has 16 branch points in the strip II = {— vr < Re(s) < 

Stt}. Because of its symmetry the problem (4.6) is equivalent to a scalar 
Riemann-Hilbert problem on a surface of genus 3 admitting a closed form- 
solution. 
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Abstract Three dimensional rotatory modes of oscillations in a one-dimensional chain 
of rod-like charged particles or dust grains in a plasma are investigated. 
The dispersion characteristics of the modes are analyzed. The stability 
of different equilibrium orientations of the rods, phase transitions between 
the different equilibria, and a critical dependence on the relative strength 
of the conhning potential are analyzed. 



1. INTRODUCTION 

Recently, there has been an increasing interest in the properties of 
structures involving colloidal charged particles (“dust grains”) levitating 
in a plasma [1]. The dynamic properties of the particle motion, forma- 
tion of colloidal crystals and phase transitions in complex plasma systems 
are important fundamental questions related to the general theory of self- 
organization in open dissipative systems [1]. The cases already studied, ex- 
perimentally and theoretically, mostly correspond to spherical grains, but 
there is growing interest in the properties of colloidal structures composed 
of elongated (cylindrical) particles [2, 3] levitating in the sheath region of 
a gas discharge plasma. In the experiments, various arrangements of such 
grains, levitating horizontally (i.e., oriented parallel to the lower electrode 
and perpendicular to the gravity force) and vertically (i.e., oriented per- 
pendicular to the lower electrode and parallel to the gravity force) have 
been observed. 
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The oscillations of chains of point-like charged particles have previously 
been analyzed [4, 5]. Unlike point-like or spherical particles, elongated 
rotators exhibit a number of additional oscillations related to the new (ro- 
tational) degrees of freedom [6, 7]. Lattices composed of rod-like particles 
will therefore exhibit rotational oscillation modes, analogous to those ex- 
isting in liquid crystals [8]. It is natural to expect that the excitation and 
interactions of all these modes will strongly affect the lattice dynamics, 
leading in particular to new types of phase transitions, as well as affecting 
those phase transitions already existing in lattices composed of spherical 
grains. Earlier we have briefly communicated the first results of the in- 
vestigation of lattice oscillations in the one-dimensional chain consisting 
of rod-shaped particles [7] where characteristics of the modes associated 
with the motions and rotations of rods in the (vertical) plane of the chain 
were obtained. Here, we present a full three-dimensional analysis of the 
rotatory modes in the chain of rod-like particles, and analyze the critical 
dependence of the equilibrium and stability of such a chain on the external 
potential. 

2. BASIC EQUATIONS 

Each rod-like particle is modeled as a rotator having two charges (and 
masses) concentrated on the ends of the rod, see Eig. 1, the upper charge 
being Qa and the lower charge Qb- For further simplicity, we assume that 
the charges are constant and the masses are equal. The rod of length L, 




Figure 1 Geometry of rod. 

connecting these two charges, has zero radius and mass. We consider a 
one-dimensional infinite linear chain of rods, with their centers of mass 
evenly separated by the distance d in equilibrium, along the x-axis. 

The relevant forces are due to the external potentials and the inter- 
particle interactions. The external potential <Lext is a combination of the 





Charged rotators and lattice waves in a plasma 45 



potentials due to both gravitation and the external electrodes. The inter- 
particle force is Coulombic in nature; since the dust grain is shielded by the 
surrounding plasma, there is an exponential decay of the interparticle po- 
tential with distance from each point charge, as follows from Debye-Hiickel 
law. Hence, we can form the Lagrangian 





Qa^a + Qa^b + Qb^a + Qb^b 

n n n 



+ 



E 






ext 



T ^ ^ Qb^ext I ) 

n / 



(2.1) 



where the sum is over all the particles, and I is the common rotational 
inertia of each particle. Here 0 is the angle the rod makes with the z 
(vertical) axis, and (p is the angle the projection of the rod onto the x — y 
(horizontal) plane makes with the x-axis (the direction of the chain of 
particles), see Fig. 1. The first two terms on the right hand side correspond 
to the kinetic energy, and terms like Qa^a describe the interaction on the 
upper charge Qa of the particle with the potential 4>a due to the upper 
charges Qa of all the other particles, etc. Note the summation implied 
in the calculation of for the particle is, in principle, over all the 
other particles. However, we shall only allow the two nearest neighbor 
interactions in our approximation. 

Modes associated with the center of mass motion are analogous to those 
in chains of spherical particles [4, 5, 7] so here we investigate the rotational 
behavior, unique for rod-like particles, in detail. The Euler Lagrange equa- 
tions of angular motion can then be written down for the particle, 

= ^ ( 22 ) 

dtdO^ ^ ’ 

and similarly for (p'^. In order to compute these derivatives we must 
write down the displacement vectors from each charge to each neighboring 
charge. Let R” locate the center of mass of the dust grain, relative 
to the equilibrium position. We then define S” to be the direction of the 
upper charge relative to the center of mass, so in spherical co-ordinates 



S"" = (cose/?"" sin 0”, sin sin 0"^, cosO'^) . (2.3) 



We may now define the four displacement vectors from the charges on the 
(n -|- 1)**^ grain to the charges on the grain as, for example. 



^n+ _ 



= -de^ + (R^ - R' 



n+l' 



+ - 8 ^"+^) 



(2.4) 
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etc.; similar equations exist for the vectors from the charges on the (n — 1)*'^ 
grain to the charges on the grain. 

The external potential can be approximated by a parabolic potential 
for small oscillations, whose minimum lies at the center of mass of a rod 
(y = 0, 2: = 0); note that the assumption of an infinite chain in the x- 
direction removes the need for a confining potential in that direction. We 
have 

Qa^>ext(a”) + Qfe4>ext(b”) = kyV^ + kzZ^, (2.5) 

where {y, z) are the coordinates of the upper charge Qa- Note that the y- 
component of the external potential is purely electrical and the z-component 
is a combination of the electric and gravitational potentials. 

We shall call the equilibrium colatitudinal and azimuthal angles, about 
which we consider small perturbations, 60 and ipo respectively, which are 
common to all particles. The analysis then proceeds as follows: let e be a 
small perturbation of 0, so that 9'^ = 60 + we may then approximate 

cos 0"' = cos 6*0 — sin 6*0 e”, (2.6) 

sin^” = sin^o + cos0oe"') (2.7) 



and similarly for ip by letting r/ be a small perturbation from (pQ. Note that 
the linearizing process for terms like ™ involves taking 

the zeroth and first order terms in a Taylor expansion of six variables, 
namely e”, r/”, , rf'~^ . The full result for 0” is long and 

complicated, and has only a numerical solution. 

We next determine the common equilibrium orientation of the particles. 
Thus we set e” = = e"'~^ = r/” = = 0, and let the 

acceleration 0"' be zero. We find 



QaL 









n— ^ 
ba > 



r-^+l 
'■ba I 



'-ba 



d COS cpo COS 0Q — [a b] 



^ 5$ext(a”) ^ 9$ext(b" 



89 ^ 



89^' 



= 0 , 



(2.8) 



where each term is to be evaluated at the relevant equilibrium orientation. 
Thus the external potential derivatives at each charge should vanish at the 
equilibrium; this occurs only at the y and z axes for a potential of the form 
(2.5), unless ky = kz- Similarly we must ensure 





dcos psQ cos 9q = 0. 



(2.9) 



The result is that equilibria exist in only the following orientations (unless 
ky = kz)] {9 q,p>o) = (0,(/?o) (with arbitrary) or (tt/ 2,0) or (7r/2,7r/2), 
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Figure 2 The three equilibrium orientations of the rod-like dust grains. 



which we draw successively as shown in Fig. 2 (a), (b), and (c), respectively. 
If ky = kz, equilibrium exists for the orientation (6<o,7r/2), where 9q is 
arbitrary. Oscillations in 9 about the second equilibrium have already 
been considered in Ref. [7], and oscillations in (/? about that equilibrium 
can be obtained simply by exchanging ky and kz- Since (p is undefined for 
a vertically oriented rod, we concentrate here on the horizontal equilibrium 
case (7 t/2, 7t/2). 



3. AZIMUTHAL MOTION 

The perturbation equation describing small oscillations in azimuthal an- 
gle about the equilibrium Fig. 2(c), 9 = 7t/2, ip = tt/ 2, can be written 
for the 9 perturbation equation by rotating the y- and z-axes about the 
x-axis, so the new z-axis lies along the old y-axis. The equilibrium is now, 
in terms of the new polar angles, (0 q = 0, Pq = 0), and the perturbation tj 
in the old angle p is the negative of the perturbation r]' in the new angle 
9' . The resulting equation for rj is 



Ifj'^ 



__L2 

4 

r 

4 



QaKid) 



^<{Ld) 

%^'b{Ld) 



(2r/^ - 

{2rT + + rf-^) 



+ [Qa 



Qb] + 




(3.1) 



where L'^ = L'^ + cP. Thus the e and rj behavior decouples. (In fact they 
decouple in all the above three equilibrium cases.) Note the presence of 
2rj^ — — rj^~^ in the first term. This term will vanish if all the rods 

rotate together. If we consider the upper charges Qa all moving together. 
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it is apparent that this interaction should vanish, as a result of the (n — 1)*'^ 
and (n+ 1)*'^ charges pushing in equal and opposite directions. However in 
the second term, the term + + rf'~^ will not vanish. This is a con- 

sequence of the fact that as the rods rotate, the cross interaction between 
Qa and Qh (on adjacent rods) increases as they come closer together. The 
(n -|- 1)**^ and {n — 1)**^ contributions become unbalanced. 

To investigate the existence of an oscillatory solution we compute the 
Fourier transform of Eq. (3.1), which gives the frequency w as a function 
of the wavenumber k in the x-direction: 



luj^ 



+ 



= +L^ 

Ll . 



QaK{d) 

QaK{Ld) 



+ [Qa ^ 



s\v?{kd/2) 

cos^(fcd/2) 

L? 

Qb\ 



(3.2) 



Because of the Debye-Coulomb character of the potential in Eq. (3.2), 
the product Qa^a is negative, while Qa^a is positive, as is true for any 
potential that falls off with distance. The result is that the coefficients of 
the oscillatory sine and cosine terms in Eq. (3.2) are always positive. Thus 
the dust particles would always exhibit stable oscillations, except for the 
presence of the term — fcyL^/2 from the external potential, which acts to 
pull the grains away from this equilibrium to the x-axis (where y = 0). 
These competing terms may then give rise to regions of stable behavior 
and regions of unstable behavior. 

We may plot the dispersion relation, by selecting some typical values 
of the parameters involved: m = 10“^^kg, Q = lO^e to lO^e, and the 
plasma Debye length Xd = 300^m. Eor the case d ^ Xd, and for the 
particular choice of the external potential parameter ky = 10“^^kg s“^ 
(which can be controlled in an experiment), the resulting dispersion relation 
is shown in Eig. 3. Note that the vertical axis is for the square of the 
normalized frequency (w/cuo)^, where ujq is a typical dust plasma frequency 
with loq = 3(5^/(47reomA|)), which is normally a few hundred radians per 
second. The horizontal axis is a normalized wavenumber kX^- This plot 
clearly shows stable regions, corresponding to > 0, and unstable regions 
corresponding to < 0 (i.e lo imaginary.) 

Eor a typical choice of the wavenumber, we can plot (tc/a;o)^ as a function 
of a normalized interparticle distance d/Xo, (since d is typically of the order 
of the Debye length), as shown in Eig. 4. Clearly at close interparticle 
distances the motion is stable, as the particles oscillate under their mutual 
repulsion. However at large distances the external potential dominates, 
and the motion becomes unstable. This is a result of the interparticle 
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Figure 3 Normalized frequency squared versus normalized wavenumber for perturba- 
tions in the angle p, traveling in the x direction. The equilibrium orientation is ( 6^0 = 
7 t / 2 , ipo — 7 t / 2 ). Here u>o is the dust plasma frequency, d — Ad and ky — 10“^°kgs“^. 




0.6 0.8 1.0 1.2, ,1.4 1.6 1.8 2.0 
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Figure 4 Normalized frequency squared versus interparticle distance for perturbations 
in the angle p, travelling in the x direction. Here kXo = 8 , and the other parameters 
are as for Fig. 3. 



force decreasing with distance. Note that this instability will always arise 
at large distances, if ky > 0. We reiterate that this horizontal motion is 
identical to the vertical case under the interchange ky kz- 

4. COLATITUDINAL MOTION 

We now investigate the behaviour of the perturbation e of the colati- 
tudinal angle 9, recalling that e and 77 completely decouple in the linear 
approximation. The equation of motion in the second (horizontal) equilib- 
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rium case is, 

- e”-^) 

4 Ld 

+ [Qa ^ Qb] ~ ( 4 - 1 ) 

Note that this time all the dust particle interaction terms are of the form 
2 g^ — and so the net force (apart from external influences) is 

zero if the rods rotate together. This expresses the fact that each plane 
(given by (/?o = 7 t/ 2, and all 9q equal) is identical. Moreover, in the absence 
of an effective external potential (one in which ky = kz) there would exist 
equilibria at any 9q value, since we would have no preferred direction. The 
stability of cases such as these will be pursued in the next section. 

Fourier transforming Eq. (4.1) leads to the following dispersion relation: 



Ico^ = 






sin^{kd/2) 



j2 

T [Qa ^ Qb] H ^y)' 



(4.2) 



Once again note the oscillatory dependence on wavenumber. The first term 
on the right hand side is this time negative^ since Qd>'(r) < 0 and d < L^- 
Thus the dust particle’s mutual repulsion causes instability. This results 
from the Qa^a interaction pushing away from equilibrium, dominating the 
cross interaction Qa^b that pushes back. Once again it is the fact that 
the dust grain’s Debye-Coulomb potential falls off with distance that a net 
force results. Note the competing terms from the external potential. In the 
horizontal case one needs kz > ky for the possibility of stability (of course 
wavenumber gaps are still possible). Note that similar dependence exhibit 
pairs of unbound spherical particles levitating in the confining potential 
in X- and z-directions [9] (other plasma collective effects such as the wake 
formation [6, 10] can also affect these arrangements). We also recall that 
the interchange kz ^ ky gives the vertical equilibrium case. By selecting 
kz > ky the dispersion relation will be qualitatively the same as in Fig. 3. 

However, the behavior of the frequency as a function of interparticle 
distance shows a noticeable difference to the azimuthal oscillation case, as 
shown in Fig. 5. Note the reversed characteristic, where stability now 
increases as the particles get further apart. We explain this as follows: at 
close distances the motion is highly unstable, since the repulsion due to 
the Qa^a and Qb^b terms is so strong. However in the far region, it is the 
sign of kz — ky that determines stability. 
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Figure 5 Normalized frequency squared versus interparticle distance for perturbations 
in the angle 9, traveling in the x direction. Here kXu = 8. 



5. CONCLUSION 

We found here that the different rotational modes of oscillation of rods 
are decoupled in the linear approximation. The specific behaviour was 
analysed through the dispersion relations. An oscillatory dependence on 
wavenumber was found, and a critical dependence on the relative strengths 
of the confining potential. The azimuthal and colatitudinal modes in fact 
showed opposite characteristics in the near and far interparticle distance 
regimes, respectively. The rods were then shown to move, or switch, to 
the relevant equilibrium, dependent on the confining parameters. This is 
a phase change phenomenon which has been observed in liquid crystals for 
instance. 

Hence rods can undergo phase transitions from one state to another i.e 
vertical to horizontal and vice versa. These transitions have actually been 
observed in experiments [3]. Moreover, this has relations to processes in 
liquid crystals [8]. This is a state of matter between the solid and liquid 
phases, wherein rod shaped molecules exhibit a partial alignment, rather 
than a rigid array seen in crystals. The direction of this partial alignment 
(and phase) can be altered by an external influence. 

The ability to line up rods, by alternating the relative sizes of the confin- 
ing potentials, is a powerful tool. This can be of use in plasma coating for 
instance, if some rod shaped objects are used as the basis to give strength to 
a material. The nanotube industry is another exciting new area where this 
may have use [11]. The elongated shape of these carbon based molecules 
shows the obvious connection to our discussion of ‘rods’, although the par- 
ticular rod shape analysed in this paper might differ from the true geometry 
of a nanotube. 
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Abstract An asymptotic model is proposed for the analysis of a long-wave dynamic 
model for a layered structure with an imperfect interface. Two layers of 
isotropic material are connected by a thin and soft adhesive: effectively 
the layer of adhesive can be described as a surface of discontinuity for the 
longitudinal displacement. The asymptotic method enables us to derive 
the lower- dimensional differential equations that describe waves associated 
with the displacement jump across the adhesive. 



1. INTRODUCTION 

This paper is based on the work [1], [2], [3] on modelling of thin- walled 
layered structures with high contrast in the elastic properties of the layers. 
In real physical structures, these models describe adhesive joints. The chal- 
lenge in the asymptotic analysis is that the problem involves two small pa- 
rameters: a geometrical parameter characterising the normalised thickness 
of the beam, and a physical small parameter corresponding to a normalised 
Young’s modulus of the interior adhesive layer. The limit problems depend 
on the relation between these parameters. The study of the corresponding 
static problems was presented in [3] . 
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The new development given here is in the analysis of the wave propa- 
gation problem for a layered structure containing an adhesive joint. We 
shall study discontinuity waves propagating along the adhesive joint. It 
is appropriate to mention the relevant work [4] and [5] on the vibrational 
response of plates in vacuo and vibrations of multi-layered beams. 

The paper is organised as follows. Sections 2 and 3 describe the geome- 
try and governing equations. Section 4 contains an outline of the structure 
of the asymptotic expansions. The formal asymptotic algorithm is imple- 
mented in Section 5. Section 6 gives an example, which illustrates the 
lower-dimensional asymptotic model. 



2. THE GEOMETRY OF THE SANDWICH 
BEAM 

In this section we define the geometry of a two-dimensional isotropic thin 
layered structure with an adhesive joint. The formulation of the problem 
includes two small parameters: the normalised thickness of the structure 
and the relative stiffness of the adhesive (similar to [1] and [3]). 

Let us consider a thin rectangular domain which consists of three layers: 

Hi = {x G : |xi| < / , e(/i/2 — h\) -|- e^/io < X 2 < eh/2 -|- 

H 2 = {x G : jxij < / , —eh/2 < X 2 < —eh/2 -|- e/ 12 }, 

Hq = {x G : jxij < / , —e{h/2 — / 12 ) < X 2 < —e{h/2 — / 12 ) -|- e^/ioj, 

where I and hi , i = 0,1,2, have the same order of magnitude. Also 

we define h as h = h\ + h 2 - The elastic materials of the regions Hj are 
characterised by the Youngs moduli Ei and by the values Vi of the Poisson 
ratio. The index i throughout the paper takes the values 0, 1 and 2. By Aj, 
fii we denote the Lame constants of the elastic materials which are given 
as 

. EiVj Ei 

^ o (2-1) 

(1 -|- r'j)(l — 2i'i) 2(1 -|- Ui) 

The interface boundary includes two parts, 5+ and 5_, specified by 

5+ = {x : |xi| < / , X 2 = -e{h/2 - / 12 ) -h e^/ioj, , . 

S'- = {x : jxij < / , X 2 = —e{h/2 — / 12 )}. ^ 

The upper and lower surfaces of the compound region are 

T+ = {x : |xi| < / , X 2 = e^/io -|- e/i/2}, 

T_ = {x : jxij < / , X 2 = — e/i/2|. 

3. FORMULATION OF THE PROBLEM 

In this section we consider propagation of elastic waves and the state of 
plane strain in the three-layered medium introduced in Section 2. Thus, the 
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displacement field given by = t), t)) with X = (xi,X2), 

satisfies the system 

//iV^uW + (A- + ^.)VV • uW = pi^uW,x G a; i = 0, 1,2. (3.1) 

Here t denotes the time variable and pi the density of the material at 
the region Hj. 

For the surfaces of the compound region we prescribe free-traction 
conditions: 



ii) 



( du 2 du\ 

^ \ dxi dx2 



= 0, {2p, 



+ X^)P- 

OXo 



(i) 



+ A, 



du\ 

dxi 



= 0, on 



(3.2) 



on r_|_ (f = 1) and F_ (i = 2). On the interface surfaces, the displacement 
and traction continuity conditions are given by 






{2pi + Aj) 



du2 


du/>\ _ 


. dxi 


dx2 ) 


du2^ 


f 

03 

II 


dx2 


dx\ 




u« = 



( 0 ) 



f du2 

V dxi 



+ 



du\ 



(0) 



dx2 



du. 

I — ^ 
dx2 



(0) 



( 0 ) 



+ Ao 



du\ 

dxi 



(3.3) 



on 5+ {i = 1) and S- {i = 2). We are interested in the analysis of time- 
harmonic vibrations of the beam and propagation of waves along the thin 
interface layer. 



4. THE STRUCTURE OF THE ASYMPTOTIC 
EXPANSIONS 

In this section, additionally to the analysis given in [6], two time-scales 
are defined for each component of the displacement vector. 

Stretched variables i = 0,1,2, are introduced to describe the trans- 
verse behaviour of the fields across the thickness of the beam and are given 
as 

^0 = e“2(x2 -h e{h/2 - / 12 ) - e^/ro/2), 

6 = e“^(x2 - e^/io - e/i2/2), (4.1) 

^2 = e“^(x 2 -h ehi/2). 

In this way one can verify that 

[-hi/2, hi/2], i = l,2; ^0 G [_/io/2, /io/2] (4.2) 

and 

= e“^%, f = 1,2, 



(4.3) 
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where the notation da means the partial derivative with respect to a. 

Longitudinal vibrations of a thin-walled structure occur at higher fre- 
quencies compared to flexural vibrations; slow and fast time variables are 
used to describe flexural and longitudinal vibrations, respectively. 

The displacement field is sought in the form of the following asymp- 
totic expansions 

u« ~ T, T) + r, T) + r, T)(4.4) 

where T and r are scaled variables. Assuming that T = et, (the slow 
variable) and t = t (the fast variable), we obtain 

= d^ + 2ed‘^rp -\- e^d^. (4.5) 



The displacement field is split into two terms as follows 

= u^j\xi,^i,r) + uf\xi,Ci,T). (4.6) 

If one substitutes the series (4.4) into (3.1), the boundary conditions (3.2), 
and analyses the coefficients near like powers of e, it follows that the fol- 
lowing recurrence relations hold on the cross-section 

^ + (Aj -I- ^ + (Aj + 2^i)d1^u\ ’ ^ = 

+ (4.7) 

{2pi + A*)a|.4*’^^ + (A* + = 

p,[dluf^-^'^ + (4.8) 

for = 1,2. Due to the fact that the middle layer is softer than the 
others, we use the relationship Eq = where E ^ E\ ^ E 2 (see (2.1)) 
and obtain 

pdl^uf'^'' + {X + + {X + = 

po , (4.9) 

(2/i -h A)5|g4°’^^ + {X + = 

PO \dluf^~^'^ + > ( 4 - 10 ) 

in Dq. As for the static case (see [1]), we have the following interface 
boundary conditions 



’ +dx^V>2' ') 



{2pi + Ai)%n^*’^^ -h XidxiU^i'^~^^ 




(2/i -h -h XdxiU^i’^~'^\ 

4 = 1 , 2 , 



(4.11) 
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on 5+ (i = 1) and 5_ (i = 2). 

For the upper and lower surfaces we have 

= 0 , ( 4 . 12 ) 

{2fii + Aj)9^]^U2 ’ ^ ^ = 0, 

on r+ (i = 1) and F_ (i = 2). 



5. FORMAL ASYMPTOTIC ALGORITHM 



At each step of the asymptotic algorithm, solvability conditions of the 
model boundary value problems (BVP) on the cross-section are formulated 
and analysed. 

For the transverse components, the following condition for the slow com- 
ponents is obtained 

( 5 . 1 ) 

This means that to the leading-order, all points on the cross-section of 
the beam have the same transverse displacement in slow motions. This 
agrees with the Kirchhoff hypothesis adopted in the classical theory of 
flexural motions of elastic beams. For the fast components the solvability 
conditions of relevant model problems give a system of ordinary differential 
equations 

( 5 . 2 ) 

( 5 . 3 ) 

These equations describe the transverse xi-independent motion within a 
composite beam. With these conditions taken into account, the functions 
U 2 are given by 
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We note that 

^ +v^'‘\xi,t) + v^''\xi,T), i = l,2 

The functions satisfy second-order differential equations derived as 
solvability conditions (when k = 3) for model problems associated with 
“slow” motions. 

(5.6) 

(5.7) 

For the fast motions we obtain 

(5.8) 



(5.9) 



Taking into account solvability conditions for the Neumann BVP on the 
cross-section at the step k = A for the transverse displacement components 
we can establish the following equations: 



(5.10) 



(5.11) 



lAtl(m+Al) 3^4 (0) -(1) , „ U o2-(0) 

3 2^1 + Ai +PihidTU^ 

2p, + \( Ai/li A2/l2 p. _(2) 

^ 8hl \2/io(2/ii + Ai)^'''^ ^ 2/io(2M2 + A2)^^'^ 



Aifeifep 

2pi Ai 



\2h2ho 
2/i2 + A2 



4°^ = 0, 



l/i2(l^2 + A2) ^3^4 .^(0) , A2-h^2 J,2a3 .-,(2) , „ r, fj2 

3 2^2 + A 2 2 2 +^^^^2p2 + \2 ^ +P2h2dTU 

2p + \ ^ \lh\ -(1) I A2/t2 ^ _(2) 

8/ig \2/io(2/ii + Ai) 2/io(2;U2 + A 2 ) 



\ = 0- 
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We remark that these equations do not involve fast functions , i = 

1 , 2 . 

6. ILLUSTRATIVE EXAMPLE AND 
CONCLUDING REMARKS 



As shown in the previous section, the asymptotic algorithm allows one 
to find explicitly lower-dimensional differential equations describing longi- 
tudinal and flexural vibrations within a composite beam. 

Slow motions occur in accordance with the equations (5. 6), (5. 7), (5. 10) 
and (5.11). The equations for the transverse components involve the fourth- 
order derivative in xi, which is consistent with classical results of the theory 
of elastic beams (see, for example, [8]). However the presence of an imper- 
fect interface provides a coupling between the longitudinal and transverse 
displacements associated with a slow motion. 

Fast motions are described by the second-order differential equations 

(5.2) , (5.3), (5.8) and (5.9). These motions may involve a longitudinal 
displacement jump, and discontinuity waves might propagate along the soft 
interface. Since the transverse fast motions occur according to equations 

(5.2) and (5.3), which do not include derivatives with respect to xi, the 
transverse vibrations do not generate waves propagating along the adhesive 
joint. 

Next, we consider an illustrative example. Assume that the upper and 
lower layers have the same thickness h\ = /i 2 and made of the same material 
{fii = /U 2 ,Ai = \ 2 ,Pi = P 2 ). Combining equations (5.10) and (5.11), and 
using equations (5.6) and (5.7), we obtain 



(6.1) 



Seeking a solution of this equation in the form 

= A exp (ikxi — iflT) 



^im(m + Al) 4 (0) , p2-(0)_p 

¥ 2,.1 + A, +Pih,dru, -0^ 



we derive the corresponding characteristic equation 



3 2/ii -|- Ai 



2pihifl^ = 0 . 



The previous equation reduces to the standard dispersion relation attributed 
to the Kirchhoff theory: 



Dk^ - pihiQ^ = 0, 



where D 



Eh\ 

12(1-1^1") • 



(6.2) 
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For the case of fast motions we obtain the following system of differential 
equations: 



■i(Ai + yi) 2 ;.(1) . Pi'»i f g3 



■mftol2®-“^ 



(1,0) hi (2,0) 
-r 2 «2 



+ uW-ii(2)|=0, 

4(Ai +^l) 2 ~(2) ^ f o3 ~(2,0) _ m2~(2) 

(1,0) ^ )l(2h) , -(1) _-(2)l _Q 



/^1^0^1 o2~(l,0) I ~(1.0) ~(2,0) 

- 4''“’ - 



= 0 , 
= 0 . 



(6.3) 

(6.4) 

(6.5) 

( 6 . 6 ) 



2m + A""“2 

A solution for the homogeneous problem (6.3)-(6.6) is sought in the form 



i)0) = Aj exp {ikxi — icor), 
= Bj exp {ikxi — iuor), 



where j = 1,2. The corresponding characteristic equation has the roots 
given by 



ujj = 0, 

2 _ 2(2m + A) 

^ Pihiho 



(6.7) 

( 6 . 8 ) 



The first root (6.7) is related to a uniform transverse displacement of 
all three layers, and the second root (6.8) corresponds to an anti-phase 
vibration of the upper and lower layers, relative to each other. 

The equation 



2 ^ 4mi(mi + Ai) 2 

pi(2/ii -l- Ai) 



(6.9) 



corresponds to uniform longitudinal motions of the whole layered structure, 
with no displacement jump across the adhesive layer. 

The equation 



^2 ^ 4 mi(mi + Ai ) ^^2 2 m 

Mi(2mi-4Ai) pihiho 



(6.10) 
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describes anti-phase longitudinal motions of the upper and lower layers, 
representing shear mode of motions. 

We can see that there exists a cut-off frequency which is given by 

rjKi 

^ V Pihiho 

If the frequency of the signal does not exceed the critical value cus, the 
displacement jump may not propagate along the imperfect interface. Let 

h = , ^ =. ( 6 . 12 ) 

y'2hi/ro^i(/Ui -h Ai) 

(6.13) 

y'2hihofii{^i + Ai) 

The intersection points of the dispersion curves given by (/ci,cu 2 ) and 
{k 2 ,uj 2 ), correspond to the resonance modes involving transverse and lon- 
gitudinal vibrations. 
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Abstract We study the scattering of plane elastic waves (pressure and shear) by a 
finite stack of gratings, infinite and periodic in the at-direction, of circu- 
lar cylindrical elastic inclusions placed in an infinite elastic medium. The 
inclusions are connected to the surrounding medium via a thin soft elas- 
tic layer. The constitutive equations for the layer are derived using an 
asymptotic technique [1] . The problem is then solved using the method of 
multipole expansions. Results show regular arrays of cylinders which act as 
elastic polarisers (i.e. they reflect one type of wave and transmit the other) 
and elastic filters, structures that do not transmit elastic waves. We also 
demonstrate that an elastic inclusion surrounded by a thin soft “coating” 
layer is responsible for creating localised modes in the low frequency range. 



1. INTRODUCTION 

This paper presents a development of the previous work [3] -[5] in which 
we studied the scattering of elastic waves by arrays of circular cylindrical 
defects. The defects were voids, perfectly bonded elastic inclusions or fluid 
filled cylinders. Here we develop the formulation by introducing a thin 
soft elastic layer which bonds the inclusions to the surrounding (infinite) 
medium. Using the asymptotic technique of [1] we derive constitutive equa- 
tions corresponding to a so-called linear interface across which the tractions 
remain continuous and proportional to the jump in the displacement. The 
algorithm involves calculating the reflection and transmission matrices for 
a single grating, and employing this information in a recurrence proce- 
dure to find the overall reflection and transmission properties for a stack 
of gratings. 
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2. FORMULATION FOR A SINGLE LAYER 

We consider the problem of a plane elastic wave propagating in an infinite 
elastic medium, containing an array of infinitely long circular cylindrical 
inclusions, aligned along the z-axis. The cylinder spacing in the x-direction 
is denoted by d, and in the y-direction by r/. The cylinder radius is rc- 
We study the case where each inclusion is connected to the surrounding 
medium via a thin soft elastic layer of thickness eR, with e << 1. The 
medium, the inclusions and the interface layer are assumed to be isotropic, 
with Lame constants A and /x for the medium, Aq and no for the inclusions, 
and Ai and /xi for the interface layer. 

The vectors u, and of amplitudes of elastic displacements within 
the matrix, inclusions and layer respectively satisfy the following equations: 

(£ + pw^)u(r) := fj,A u(r) + (A + ^)V(V • u(r)) 

+po;^u(r) = 0 within the matrix, (2-1) 

(To + /Oow^)u^°^(r) := do A u(°^(r) + (Aq + /Uo)V(V • u(°)(r)) 

within the inclusions, (2-2) 

(Ti + := A u^^^(r) + (Ai + ;Ui)V(V • u^^^(r)) 

= 0 within the layer, (2.3) 

where pi is the (finite) density of each material, and u) is the angular 
frequency. Across each surface we assume continuity in displacements and 
tractions, giving on the surface of each inclusion, 

3 3 

A,6')nj(6') = ^crf]V(^Vc,6')nj(6'), i = 1,2,3 (2.4) 

i=i j=i 

u^°^(rc, 0) = u*^^^(rc, 6<), 0 < 6* < 27 t, (2.5) 

where (r, 9) are the polar coordinates associated with the center of the 
cylinder. On the outer surface of the “coating” layer the conditions are 

3 3 

'^aij{u;rc + eR,9)nj{9) = + eR.,9)nj{9), i = 1,2,3 

j=i i=i 

(2.6) 

u(rc + eR, 9) = u^^^(rc + eR, 9), 0 < 9 < 2ir. (2-7) 

To solve the problem we require the so-called constitutive equations that 
describe what happens as the wave travels across the coating layer. We 
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employ the asymptotic technique of [1] leading to a set of conditions which 
specify continuity in tractions and a jump in displacements across the in- 
terface layer: 






(0) 



3 

rc,9)nj{6) = a, 



i=i 



(u;rc,0)n,(0), i = 1,2,3 (2.8) 



Ur 









AJ + 2nl 



(Tr- 



U0 


( 0 ) 

-Ug 


— ~(^re 




r=Tc 


r=r, 


Uz 


- 4 "> 


— 




r=Vc 


r=r, 



(2.9) 

(2.10) 

( 2 . 11 ) 



Here we assume that the layer is thin and soft, that is, Ai = eA)^ and 
= e/i^, where A^ and are of the same order as Ai and The 
conditions (2.8)-(2.11) characterise the so-called linear interface (see, for 
example, [1]). 



For the out-of-plane shear problem, the Navier systems (2.1)-(2.2) simplify 
to the Helmholtz equations for the Uz and components of the displace- 
ments. The interface conditions for this problem are given by (2.8) and 
(2.11). The formulation for the out-of-plane shear problem is completed 
by specifying the incident wave and the quasi-periodicity condition in the 
x-direction, in the same way as in [3]. 

For the in-plane problem, we introduce scalar and vector potentials (/?, (po 
and i/’,'0o such that 

u(r) = Vv? -h V X -0, u^°^(r) = Vv?o + V X -00, (2-12) 



where = (0,0,V^), -0g = (0, 0,V’o)- These potentials satisfy the Helmholtz 
equations (see, for example, [4]). The conditions (2.8)-(2.10) re-written in 
terms of the four potentials take the form: 

r 19V’ 1 ,2/0 xN 

At + 2^t [ ^ dOdr r2 80 r 8r 80"^ ) ^ _ 



^ l^_/9^ 19^A _ 

8r r 89 \ 8r r 89 ) ’ 

, 2 92 (^ o / I I 

ji\ 89 r 898r ^ r 8r 



0 < 6» < 27t, 
2 8‘^'ip' 

r2 Q02 



(2.13) 
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Idtp dip /I d(po dtpo 

r do dr \r dO dr 



2 dif 2 d'^if 



^ “l9 ^ + Z 



2 2 5V- ^ 2 aV 

+ k^ip + 



r 2 d(po 2 d^ifo (0) 2 , 2^ 2 9^' 

^0 ^2 Qg j. QQQj. b ^ r dr dO"^ ’ 

o 1^1 i dip ld(p 1 aV^ ,2fn , ^^ 

^ V r dOdr r2 dO r dr r^ d0‘^ / ^ 



(2.14) 



o (^d‘^'P’0 19-00 19(^0 1 9Vo^ ^(o)^2^o , \ ^ ' 

^^"^\rdOdr r2 00 r dr r^ dO^ ) ^ (2/xo + Ao)(/?o • 

The problem is finally completed by introducing the incident pressure (a- 
type) and shear (6-type) waves and the quasi-periodicity conditions for 
If, ipo and -0, 0o; see [3] for details. 

3. OUT-OF-PLANE SHEAR PROBLEM 

The periodicity in the x-direction reduces the problem to a model prob- 
lem for a unit cell (see [3] for details), which is solved using multipole 
expansions for Uz and 

CXD 

uAr,<))= ^ M!; J„(fer) + Bp'„(fer)| e", (3.1) 



4">("-,«)= x; C‘ J„(4“'r) e"- 



The interface condition (2.11) is used to eliminate from further calcu- 
lations giving 

_ •^n'^nikbf’c) + ^nXnikbrc) 

Of, -|- a*K^ 

where a* = hqR/ U b = Jnik^'^rc), and prime denotes the derivative. 
The continuity in tractions condition (2.8) implies 



where 



M=- 



'^n 

fikbYp{ki,rc){ab + a'iXn{kbrc] 

Hokf^ a'^^Jn{kbrc) - fJ,kbJP{kbrc){ab - a*/c®a(,) 
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The problem is solved using Rayleigh’s identity which, together with (3.4), 
gives a system of linear algebraic equations for the B coefficients. The re- 
flection and transmission properties of a single grating are found from the 
reconstruction equations. The solution for a single grating is then employed 
in a recurrence procedure to calculate the overall scattering properties for 
a stack of gratings. An outline of the method and the reconstruction equa- 
tions can be found in [3]. 



4. IN-PLANE PROPAGATION 

The solution of the scattering problem for the vector case requires mul- 
tipole expansions for (/?, ■0 and <^ 0 ) i’o'- 

OO 

ip{r,e) = Y, IKUkar) + Bl^Ynikar)] (4.1) 



0 (r, 9)= Y i<Mhr) + BiYnihr)] (4. 

n=—oo 

OO OO 

Mr,9)= Y On(fei°V)e-^ Mr,9)= Y 



Substituting these expansions into (2.9) and (2.10) enables us to eliminate 
the coefficients and from further calculations. After rearranging we 
obtain 

C^T) = A^[qi cnE^ — ( 3 El) iA^{q 2 -|- cxEq 13E2) 

+-®n (<?3 + oiEt — f3E^) -\- iB^{q 4 -|- aEg fiE^), (4.4) 

= iA“(gs + 7E5 - m) + A^(ge - {cEq + ^^2)) 

+iB^{q 7 -h JE 7 - (E 3 ) + B^{qs - {'jEg -h ^.^ 4 )), (4.5) 

where 

( 4 , 6 ) 

A| + 2 p ^ (U*rc ^ ^ 

IR^aa k^a^R^p (0) 

^= PXI+2P ' ^ = a. = UkVp. (4.7) 

The expressions for qi~ q%, E\ — Eg and T> are given in [4]. The multipole 
expansions (4.1)-(4.3) and the traction conditions (2.14) give us a matrix 
relation which connects the two sets of multipole coefficients A and B 

(Ap_ (M--Mf\(B-\ 
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The expressions for the M coefficients are similar to those in [4], with 
equations (4.4) and (4.5) replacing the original representations for the C 
coefficients. 

To solve the problem we use a method similar to that of the out-of-plane 
shear problem; details can be found in [3] . 

5. RESULTS 

The diagrams in Figures 1 and 2 present the transmission efficiencies 
defined by the formulae 

pefia P&^b 

versus the normalised frequency u), where denote the sets of indices 

corresponding to propagating orders of type a or 6 respectively, Tpa and 
Tph are the transmission coefficients (see [3] for their representations). The 
normalised material parameters^ for Figures l(a)-(d) are p = 1, \ = 2.3 
and /i = 1 for the matrix, and po = 3.277, Aq = 1.916, po = 1.642 for 
the inclusions. (The choice of parameters corresponds to Cu as the inclu- 
sion material and A1 as the matrix material, both having the same Poisson 
ratio of 0.35.) The results shown pertain to a stack of 20 gratings with 
d = 1, r/ = 2 and Tc = 0.3. 

We study the effect of the “coating” layer on the transmission properties 
of the array by varying p\ and A);, keeping the ratio constant. 

Figure 1(a) is for an array of perfectly bonded inclusions (given here for 
comparison), while Figs. l(b)-(d) and Fig. 2(b) are for arrays of imper- 
fectly bonded inclusions for different values of p\ and A);. Fig. 1(b) for 
p\ =0.2 exhibits a narrow common band gap in the low frequency range. 
Figs. l(c)-(d) show that increasing the value of p\ from 0.2 to 0.4 and 0.7 
shifts this band gap to the higher frequency range. 

In the higher frequency range the structures used in Figures l(b)-(d) act 
as elastic filters (they reflect both types of waves) in the frequency range 
around 2.8 to 3.8 and as polarisers (reflect one type of wave and transmit 
the other) in the range ui = 4.2 to ui = 5.0. 

Figure 2(b) is the transmission diagram for a square array of copper in- 
clusions (of normalised radius Tc = 0.1) surrounded by a silicone layer in 
an epoxy matrix. The diagram shows a low frequency acoustic band gap. 
This can be attributed to the high density contrast between copper and 
epoxy which creates localised modes within the coating. 



'^We normalise the elastic constants by changing to non-dimensional coordinates {x/d, y/d, z/d), 
dividing equations (2.1), (2.2) by y/d? and taking = puj'^d/y. 
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logiEr) logiEr) 




logiEx) logiEx) 




Figure 1 Log{E^°''*) (solid line) and Log{E^^'^) (dashed line) versus (I> = {puP d/ _ 

Diagram (a) is for a regular array of perfectly bonded copper inclusions, (b)-(d) corre- 
spond to the same array of imperfectly bonded inclusions with R= 1, pi= 0.2, 0.4, 0.7. 





Figure 2 (a) is a schematic diagram of the discrete structure cons 

transmission diagram for a square array of copper inclusions sui 
layer in an epoxy matrix. Log{E^°'^) is given by a solid line, and 
a dashed line. 
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This is verified by comparing our result with that of [2], where a simi- 
lar phenomenon has been observed for a discrete mass-spring model. The 
model consisted of an infinite array of 6 x 6 mass-spring unit cells, with 
each mass connected to its nearest neighbours by springs. Figure 2(a) 
shows schematically the discrete structure considered in [2]. The black 
circles connected by black lines represent the heavy inclusion, the dotted 
lines and solid lines correspond to the springs modelling the “coating” and 
the matrix material respectively. 

The result for the discrete model (see Fig. 5(b) in [2]) is given in the form 
of a band gap diagram, which shows the propagating modes for all possible 
angles of incidence. It also shows a narrow band gap in a similar frequency 
range as the one in Figure 2(b). 

6. CONCLUSIONS 

We have studied the propagation of waves through arrays of cylinders 
connected to an infinite elastic medium via a thin soft layer. Results show 
that these arrays exhibit good filtering and polarisation properties for elas- 
tic waves. We have demonstrated that the “coating” layer generates a 
narrow low frequency band gap corresponding to localised modes within 
the “coating”. 
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Keywords: Topology optimization, phononic band gap structures. 

Abstract In this paper we use topology optimization to design phononic band gap 
structures. We consider 2D structures subjected to periodic loading and 
obtain the distribution of two materials with high contrast in material 
properties that gives the minimal vibrational response of the structure. 
Both in-plane and out-of-plane vibrations are considered. 



1. INTRODUCTION 

In the last few decades the use of topology optimization methods has 
led to novel designs e.g. in compliant mechanisms, in MEMS applications, 
as well as in many other areas. An overview of theory and applications can 
be found in [1, 2]. This paper describes a new application of the method: 
the design of phononic hand gaps structures. 

Gaps may appear in the wave band structure for periodic materials 
implying that waves cannot propagate in certain frequency ranges. For 
propagation of electromagnetic waves the phenomenon is called photonic 
band gaps, see e.g. [3, 4], whereas for elastic waves we refer to phononic 
or acoustic band gaps. Much theoretical work has been done in the last 
decade dealing with the existence of band gaps for 2D and 3D periodic elas- 
tic materials, see e.g. [5, 6], and experimental support has been presented 
also, e.g. [7, 8]. 

Up to this point the work has mainly dealt with prediction and obser- 
vation of band gaps for different materials and periodic configurations. In 
this work we show how topology optimization can be used to design pe- 
riodic or near-periodic finite structures that are optimal with respect to a 
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Figure 1 Simple optimization problem. Minimization of the longitudinal vibration am- 
plitude in a thin rod subjected to a periodic force. 



specific objective, e.g. minimization of the propagation of waves through 
a structure, minimization of the amplitude of vibration, or maximization 
of the output in certain structural areas (wave guiding). The method of 
topology optimization has already been successfully applied to the design 
of phononic band gap materials by maximizing the relative size of the band 
gaps [9], and optimization methods have been used also to enlarge the band 
gaps in photonic crystals, e.g. [10]. Some results regarding optimization 
of phononic band materials and structures have been obtained recently 
[ 11 , 12 ], 

The following example illustrates the basic idea. Figure 1 shows a model 
of a thin rod subjected to a periodic longitudinal force. The objective is 
now to distribute two materials, say PMMA and aluminum, so that the 
vibrational response at the end of the rod is minimized. 

We model the longitudinal vibrations by the one-dimensional wave equa- 
tion and discretize by dividing the rod into finite elements. A design vari- 
able Xg is now assigned to each element and this design variable is allowed to 
take values between 0 and 1, where 0 corresponds to material 1 (PMMA) 
and 1 to material 2 (aluminum). The optimal distribution of material 
is obtained by applying an iterative optimization algorithm utilizing e.g. 
Svanberg’s MMA [13] and analytical sensitivities. 

Figure 2 shows the optimized material distribution for minimal vibration 
amplitude for three rods of different lengths. The resulting structures are 
periodic-like with alternating sections of PMMA and aluminum with the 
number of sections and the relative distribution material in each section 
producing a band gap for 17 = 100 kHz. The designs are obtained without 
any a priori requirements to the solution, but band gap structures with 
a different number of alternating material sections can be obtained by 
changing the starting guess for the optimization algorithm. There seems 
to be no easy way to predict which of the possible band gap structures 
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Figure 2 Optimal distribution of PMMA and aluminum in a thin rod subjected to a 
periodic force with frequency Q. = 100 kHz for, top: L = 0.02 m, middle: L = 0.15 m, 
and bottom: L = 0.4 m. 




Figure 3 Frequency response for 15 cm rods of pure PMMA and aluminum and for the 
optimized rod for minimum response at = 100 kHz. 



has the lowest response for the target frequency. It is also noted that the 
designs are purely ’’black- white”, i.e. the design variables take only the 
values 0 and 1 meaning that no ’’intermediate materials” other than the 
two specified ones appear in the optimal design. 

Figure 3 shows the corresponding response curves for the 15 cm rod. 
Shown are curves for the rods with pure PMMA and pure aluminum as 
well as for the rod optimized for a minimal response at 0, = 100 kHz. A 
large reduction in the response is seen from H ~ 80 kHz to H ~ 200 kHz 
corresponding to the band gap frequency range for the periodic material. 
The response at the target frequency is reduced about 150 dB compared to 
the response for the homogeneous rods. 

In the following, we will consider the more complex problem of mini- 
mizing the vibration amplitudes in 2D structures. In section 2 we define 
the basic equations and the finite element (FEM) model. In section 3 
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the topology optimization method is described and optimal structures are 
presented in section 4. Finally, in section 5 some conclusions are made. 



2. WAVE PROPAGATION AND VIBRATIONS 
IN INHOMOGENEOUS ELASTIC MEDIA 



The small-amplitude displacement of a 3D inhomogeneous elastic medium 
is governed by 

d^v d ( 5u \ 

d ( clu \ 

where u = {« u is the displacement vector, (A, are Lame’s parame- 
ters, and p is the density. 

In this paper we do not consider the full 3D problem. Instead we reduce 
the problem by considering waves that propagate in the xy-plane and allow 
the material to vary only in the xy-plane. The full problem (2.1)-(2.3) 
reduces into the coupled in-plane vector problem 



d'^u 



d 

dx 



f, 




du dv . 
dy dx' 



d“^v d f dv ^ 

^ dt"^ dx \ dx^ dy / dy 



, ,.dv ^ du 

(2>‘ + A)^ + A^ 



and a scalar problem governing the out-of-plane motion 



d‘^w 



d dw 



+ 



d dw 



(2.4) 

(2.5) 



(2.6) 



We apply external forcing with frequency D and analyze the time-reduced 
problem by expressing the displacement vector as 



u = ae 



iQt 



(2.7) 



and insert (2.7) into either (2.4)-(2.5) or (2.6) depending on if the in-plane 
or out-of-plane problem is considered. 

We now apply a standard finite element discretization and thereby recast 
the equations into matrix form 

(K -h iDC - D^M) a = f 



(2.8) 
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where f is a force-amplitude vector, and where a damping matrix C has 
been added as well. As damping model is chosen a standard mass- and 
stiffness-proportional damping 

C = aK + /3M (2.9) 

where a and f3 are the two damping coefficients. 

We now analyze two periodic structures made from band gap materials. 
In figure 4a, b are shown 10 x 10cm structures consisting of an epoxy matrix 
with 5x5 aluminum inclusions of different shape placed in a 2D-quadratic 
array. ^ 

Gaps in the band structure for aluminum inclusions in an epoxy matrix 
were previously considered, e.g. [7, 9] . In [9] it was shown that the square 
inclusions for some specific material properties were optimal for creating 
the widest band gap, but large band gaps exist for both periodic materials 
used in the structures in figure 4. Thus, with large band gaps forbidding 
the propagation of waves we can expect the vibrational response of the 
structure to be low in the corresponding frequency ranges. 

The vibrational response is calculated for the structures subjected to in- 
plane periodic loading at the left boundary. The response is given as the 
average displacement at the right boundary and depicted in figure 4c. For 
the square inclusions a drop in the response appears between 17 ~ 53 kHz 
and 17 ~ 79 kHz except for a single resonance peak, and for the diamond- 
shaped inclusions a drop is seen between 17 ~ 56 kHz and 17 ~ 74 kHz also 
here with a resonance peak appearing in the frequency interval. For these 
frequency ranges band gaps exist for the corresponding periodic materials. 
For both structures a resonance peak appears inside the band gap. This is 
a local resonance involving the corners of the structure and it thus reflects 
an effect of the finite structural domain. 

Thus, we can use a periodic material to create a structure that displays a 
significant decrease in the response in a certain frequency range. If we apply 
material optimization we can create a material with the largest possible 
band gap and consequently obtain a lower response. However, we cannot 
take into account effects due to the finite dimensions and the boundaries of 
the structure, and therefore structural optimization techniques are needed. 

In figure 4c is also shown the response calculated for the square inclusions 
with mass-dependent damping included. With strong damping the reso- 
nance peaks have disappeared from the response. However, the response 
drop associated with the band gap is still seen in the response curve. This 
was also noticed in a recent study of the vibrational response of phononic 



^Material data: E^iu = 70 GPa, paiu = 2700 kg/m®, Uaiu = 0.34, Eepoxy = 4.4 GPa, pepoxy = 
1200 kg/m®, Uepoxy = 0.37 
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(a) (b) 




(c) 




Figure 4 An epoxy matrix with 5x5 aluminum inclusions: (a) square inclusions, (b) 
diamond-shaped inclusions, and (c) the corresponding response of the two structures 
subjected to periodic loading at the left boundary, and the response of structure (a) 
with damping included (a = 0,/3 = 75000). 



band gap structures [14]. This important feature will be utilized in the 
optimization procedure to ensure convergence and avoid local minima. 

3. TOPOLOGY OPTIMIZATION 

In this section a short outline of the topology optimization method is 
presented. 

We want to distribute two materials in the design domain and for this 
purpose introduce a design variable Xg in a number of structural elements, 
here conveniently chosen to coincide with the finite element discretization. 
The material properties in each element are now linearly interpolated as 
follows 



p{Xe) 


= (1 - Xe)pi + XeP2 


(3.1) 


p{Xe) 


= (1 - Xe)pi +XeP2 


(3.2) 


\{Xe) 


= (1 - Xe)Xl + XgX2 


(3.3) 



where the subscripts 1 and 2 correspond to the two materials. 
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With the objective of minimizing the structural response we can now 
formulate a topology optimization problem 

min c = |a| L |a| 

X 

s.t. : (K + iOC - a = f (3-4) 

0<Xe<l, e = l,...,A^ 

where N is the number of finite elements and L is a zero matrix with ones 
at the diagonal elements corresponding to the degrees of freedom of the 
nodes, lines, or areas to be damped. 

The optimization problem is solved using Svanberg’s MMA [13]. We 
need to calculate the sensitivities of the objective function with respect to 
the design variables 



dc ^ /xrTdK ^dC ^odM 
— = 2Re hiflu ^ — 



where A is the solution to the adjoint problem 

(K + iflC - A = -La (3.6) 



with the overbar denoting the complex conjugate. Thus, for each iteration 
step we need to solve the problem for only one extra load case in order to 
obtain the sensitivities. 



4. RESULTS 

We now apply the optimization method to design structures that have 
minimal vibrational response when they are subjected to periodic loading 
at the boundaries. 

Consider the structures already analyzed in section 2 consisting of epoxy 
and aluminum. The periodic structure in figure 4a with square inclusions 
had low structural response in a large band gap frequency range. Thus, it 
can be expected that if we attempt to miminize the response for a frequency 
in this band gap frequency range we will obtain a topology close to the 
periodic one (also shown in figure 5a). 

Figure 5b shows the result of the structural optimization: a topology 
with the optimal distribution of aluminum and epoxy for minimizing the 
response at 14 = 71kHz. In order to obtain the square symmetrical topology 
we solved a multi-load problem by applying the load a each boundary and 
minimizing the response at the opposite boundary for each load. The op- 
timization was initially performed with mass-dependent damping included 
(a = 0, /3 = 75000) in order to ensure convergence of the design but for 
the last few optimization iterations the damping was removed. 
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(a) (b) 




(c) 




Figure 5 Optimization of a 10 x 10 cm structure subjected to in-plane loading, (a) 
periodic structure, (b) optimized topology for 11 = 71 kHz, and (c) the response of the 
two structures to periodic loading. 



We see that the optimal structure is near-periodic and resembles the 
periodic structure closely. It is noticed, when comparing to the periodic 
structure, that the largest difference is near the boundaries where alu- 
minum inclusions have been moved to the rim. There is also some vari- 
ation in size and shape of the inclusions due to the effect of boundaries. 
The reduction in response at the target frequency is ~ 20 dB compared to 
the periodic structure. 

We now consider the problem of out-of-plane vibrations. Figure 6a shows 
the 14 X 14 cm periodic structure and figure 6b the corresponding topology 
optimized structure obtained when optimizing for a minimal vibrational 
response at H ~ 45 kHz. 

The optimized topology in figure 6b is very close to being perfectly 
periodic, with the inclusions near the boundaries moved to the rim. It is 
also seen that the size of the inclusions are larger creating a larger gap in 
the response (figure 6c). For H = 45 kHz the response of the optimized 
topology is ~ 15 dB lower than for the periodic structure. 

5. CONCLUSIONS 

We have applied the topology optimization method to the design of 
phononic band gap structures. 
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Figure 6 Optimization of a 14 x 14 cm structure subjected to out-of-plane loading, (a) 
periodic structure, (b) optimized topology for = 45 kHz, and (c) the response of the 
two structures to periodic loading. 



The method provides a way to obtain the optimal distribution of two 
materials with different material properties, with the objective of e.g. mini- 
mizing the vibrational response of a structure subjected to a periodic force. 
In this paper we have shown that by using this method phononic band gap 
structures could be obtained that take into account the presence of the 
structural boundaries and finite dimensions. 

It was discussed how damping in the computational model was impor- 
tant. We applied strong mass-dependent viscous damping and this was 
useful because it eliminated resonance peaks in the response but retained 
the band gap effect. In this way resonance- associated local minima were 
avoided and a better convergence of the optimization algorithm towards 
band gap structures was assured 

A related application is in the design of wave guides [11, 12], where 
instead we maximize the response at certain structural points. The results 
obtained are promising with possible applications also in photonic wave 
guide structures. 

All results presented in this paper were obtained with a relative coarse 
discretization in a Matlab code. An efficient Fortran code is currently being 
developed for treating larger problems, with the aim of also treating the 
full 3D problem. 
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1. INTRODUCTION 

This investigation is concerned with acoustic scattering in a two dimen- 
sional waveguide with a membrane bounded cavity. The waveguide com- 
prises rigid inlet and outlet ducts occupying the regions 0 < y < a, |x| > i, 
together with a finite duct of height 6 > a in the gap |x| < 1. The struc- 
ture is closed by two vertical rigid surfaces at x = a < y <b forming a 
rectangular cavity. The interior region of the duct contains a compressible 
fluid of sound speed c and density p. The fluid in the cavity is, however, 
separated from the main body of fluid by a horizontal membrane which 
lies along y = a, \x\ < I. A plane wave, of harmonic time dependence 
^ jg ^j^g i-adian frequency, is incident in the positive x direc- 
tion through the fluid towards x = —i and is scattered at the discontinuity. 
The time dependent fluid velocity potential, l>, can be expressed as 

^{x,y,t) = <p{x,y)e-^‘^* (1.1) 

and henceforth the time-independent potential (p will be used. It is con- 
venient to non-dimensionalise the boundary value problem using typical 
length and time scales k~^ and uj~^, where k = ut/c. Thus, the non- 
dimensional quantities x, y etc. will henceforth be used. These are related 
to their dimensional counterparts by x = kx, y = ky etc. 

The fluid velocity potentials in the inlet and outlet ducts may be ex- 
pressed in the form of standard Fourier cosine series. In contrast, due to 
the presence of high order spacial derivatives in the membrane boundary 
condition, the eigen-system of the cavity region is non Sturm-Liouville. 
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Figure 1 Infinite rigid duct divided horizontally by a membrane. 



Further, the eigenfunctions are piece-wise continuous. Nevertheless, the 
system satisfies a known orthogonality relation, see [1]. This, together with 
the usual orthogonality property for {cos(n7ry/a)}, enables continuity of 
pressure/normal velocity to be imposed at the mouths of the inlet /outlet 
ducts and appropriate edge conditions to be applied where the membrane 
joins the structure. The two resulting systems of algebraic equations, for- 
mulated in terms of the amplitudes of the reflected and transmitted waves, 
are truncated and solved numerically. For brevity, neither the completeness 
of the eigenfunctions nor the regularity of these systems is proven here. 

In section 2 the travelling wave forms for the cavity region are discussed. 
It is shown that they can be categorised as either fluid-membrane coupled 
or uncoupled. A general expression, encapsulating both types, is derived 
and the appropriate orthogonality relation is stated. These results are 
used in section 3 where the problem of acoustic scattering in an infinite 
duct with membrane bounded cavity is solved using the mode-matching 
technique outlined above. In section 4, numerical results are presented 
in the form of a parametric investigation of the power distributed in the 
membrane and various fluid regions. 

2. TRAVELLING WAVE SOLUTIONS 

In this section a detailed discussion of the travelling wave forms for the 
cavity region is presented. It is appropriate, therefore, to consider the 
unforced boundary value problem governing the fluid velocity potential 
within an infinite rigid duct, of height 6, in which a horizontal membrane 
is situated along y = a, — oo < x < oo with 0 < a < 6, see figure 1. 

The velocity potential satisfies Helmholtz’s equation with unit wavenum- 
ber, that is 



(V2 + l)(^ = 0. 



(2.1) 
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At the rigid walls the normal component of velocity potential is zero: 

= 0, y = 0,b, — oo < X < oo. (2-2) 

dy 

The membrane at y = a, — oo < x < oo, is described by the condition 

=0’ y = (2.3) 

where y and a are the in vacuo wave number and fluid loading parameter 
respectively, see [ 1 ]. 



2.1. FLUID-MEMBRANE COUPLED MODES 

On using separation of variables, boundary condition (2.2) and continu- 
ity of normal velocity at y = a, it is found that (p has the form 






cosh(7y)e^*'^*, 

sinh( 7 a) 
sinh[ 7(6 — a)] 



0 < y < a 



cosh[ 7(6 — y)]e^*'^*, a < y <b 



(2.4) 



where 7 and are as yet unspecified but are related by 7 ^ — -|- 1 = 

0. Admissible values of 7 are determined by substituting (2.4) into the 
membrane equation (2.3). The resulting dispersion relation is 



K{j) = (72 + 1 - ^2)^sinh(7a) - a . . . ^ = 0. (2.5) 

smh[ 7 (o — a)J 

Since K('j) is an even function of 7 , it is convenient to denote the roots 
of (2.5) by ± 7 n, n = 0, 1,2, . . . and discuss only the positive roots. It is 
found that there is always one real root, 70 > 0 , and an infinite number 
of imaginary roots, 7 ^, n = 2,3,..., which are labelled with increasing 
distance up the imaginary axis. 



2.2. UNCOUPLED MODES 

In addition to the fluid membrane modes discussed above there are other 
possible waves forms for the cavity region. Firstly, the plane acoustic wave 
e**. This is a trivial solution to (2.3) and it follows that this mode can 
always exist without interaction with the membrane. Other uncoupled 
modes exist only if the duct height b can be expressed in the form b = pa/ q, 
for integer values of p and q. The modes of interest are a subset of the usual 
rigid duct modes: those that have zero velocity normal to the membrane 
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at y = a. These modes have the form 

— COS 



( jTm\ +ir^x 
\ pa ) 



(2.6) 



where Tj = (1 — and j = pm, m = 1 , 2 , 3 , . . .. Equivalently, 



cosh(7jy)e^*'^j^, 0 < y < a 



= 



(— 1)-^ cosh[7j(6 — a < y <b 



( 2 . 7 ) 



where 7j = ijTrq/{pa) and i^j = (7? + 1 )^/^ = tj. Thus, admissible wave 
numbers for the uncoupled modes are defined by 71 = 0 (always present) 
and 7j = ijirql (pa), j = p, 2 p, 3 p, . . . (present only for b = pa/ q). 



2 . 3 . 



THE GENERAL CASE 



For convenience the coupled and uncoupled duct modes are combined 
into one expression. It is found that. 



where 



and 



Pn = Tn(y)e=^*''"^, 0 < y < 6, 

V 7,1 - / cosh(7„y), 0 < y < a 

” ^ \^nCosh[7„(6-y)], a < y < 6 ’ 

sinh(7„o) 



(2.8) 

( 2 . 9 ) 



?n= < 



sinh[7n(6 - a)] 

1 , 

(-1)^ 



, n / 1 


and 


/ iJ-Kq 




n = 1 




(2.10) 


n / 1 


and 


7 n = ^ 
pa 




0,1,2,. 


. . now 


includes all admissible 



values for both fluid-membrane coupled and uncoupled modes, ordered 70, 
7i and then by increasing imaginary part. The functions T„(y) defined by 
( 2 . 9 ) and ( 2 . 10 ) satisfy the following orthogonality relation: 



^n(a)Tm(a) + a T„(y)Tm(2/) dy = EnS„ 



( 2 . 11 ) 



where the prime indicates differentiation with respect to y and 5 mn is the 
usual Kronecker delta. For fluid coupled modes the quantity En is given 
by 

y» d 



En = 



27n d'y 



K{l) 



7=7n 



(2.12) 
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0ii, = 0 — / 0 (j>2„ =0 f 1^.1, = 0 



Figure 2 Infinite rigid duct with a membrane bonnded cavity for —I < x < i. 



For the uncoupled modes 

ab 

En = ( 2 - 13 ) 

where = 2 for n = 0 and 1 otherwise. Equations (2.12) and (2.13) can 
be rearranged for the general case as 

En = ^[f3n{a) + en(^n{h-a)], (2.14) 

where 

(5n{x) = x+ ^ ^ ^ sinh( 27 „x). (2.15) 

27n(7n + 1 - M^) 

3. THE BOUNDARY VALUE PROBLEM 

The mode-matching solution for acoustic scattering in a waveguide with 
membrane bounded cavity is presented in this section. A detailed de- 
scription of the waveguide has been given in the introduction. This is 
not repeated here, instead the reader is refered to figure 2 which clearly 
summarises the non-dimensional geometry. 

A plane acoustic wave, of unit amplitude and harmonic time dependence, 
is incident in the positive x direction towards x = —i where it is scattered. 
It is convenient to split the velocity potential into three parts corresponding 
to the regions — oo < x < |x| < i and £ < x < oo. Thus, 



F>{x,y) 



ipi{x,y), — oo < X < —£ 
ip 2 {x,y), -£<x<£ 

(P3{x,y), £<x<oo 



(3.1) 
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The velocity potential, tp, satisfies the non-dimensionalised Helmholtz’s 
equation (2.1) with boundary conditions: 



dpi 

dy 


= 0, 


V = 


0,0, 


— OO < X < —i, 


(3.2) 


dp2 

dy 


= 0, 


y = 


0,6, 


—i<x<£. 


(3.3) 


dp2 

dx 


= 0, 


X = 


±£, 


a < y < b, 


(3.4) 


dp3 

dy 


= 0, 


y = 


0,0, 


£ < X < OO. 


(3.5) 



The membrane bounding the cavity has boundary condition 

A suitable edge condition must be applied to both ends of the membrane. 
In this article zero displacement is assumed, that is 

if 2 y{±^,a) = 0, (3.7) 

where the subscript y indicates differentiation. The eigen-function expan- 
sions for ipj, j = 1,2,3 are 

OO 

<^1 = ^ cos (^) (3.8) 

n=0 

OO 

P2 = + C„e-'""")Tn(y); (3.9) 

n=0 

OO 

ips = ^T>nCos (3.10) 

n=0 

where Yn{y) is given by (2.9). Here An and Dn are the complex am- 
plitudes of the reflected and transmitted modes respectively, T]n = 
(1 — n^TT^/a^)^/^ and i/n = (bn + 1)^'^^; n = 0, 1, 2, . . . . 

The coefficients An, Bn, Cn and Dn are determined by matching the 
fluid pressure and the normal velocity at the interfaces x = if, 0 < y < a. 
Continuity of pressure can be expressed as 

<7’i(-A y) = y), 0<y <a, (3.11) 



and 



V> 2 {^,y) = P3{^,y), 0<y<a. 



(3.12) 




Waveguide with a membrane hounded cavity 91 



Similarly, continuity of normal velocity gives 

dtpi 



d(p2 

dx 



i-^,y) = { 



dx 

10, 



and 



d(p2 

dx 



y) = { 



dx 

10, 



(-^,2/), 0 < y < a 
a < y < b 

{i,y), 0<y <a 
a < y < b 



(3.13) 



(3.14) 



On substituting (3.8)-(3.10) into (3.11)-(3.12) and making use of the 
orthogonality relation for {cos(n7ry/a)}, it is found that 



— 






CLCr, 



—ii 



<5on - (i?. 



m=0 









and 






where 



Rn.rrt. — / COS 



aCr 



mry 



(3.15) 



Rnm, (3.16) 



m=0 



cosh(7my)dy = 



(-l)”'7msinh(7ma) 

Im T 



(3.17) 



Similarly, on substituting (3.8)-(3.10) into (3.13)-(3.14) and using the 
orthogonality relation (2.11) it is found, after a little rearrangement, that 



Bn 4 “ Cn — 



sin(z^^.^) 

oo 



— iJY^{a) + ae ^^Ron (3.18) 



m=0 



and 



Bn ~ Cn. — 



cos(^iyfi£^ L 
oo 



— iHY^{a) + ae “i?on (3.19) 



m=0 
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It is straightforward to use (3.18) and (3.19) to eliminate Bm and Cm from 
(3.15) and (3.16). It is found that 



i’n = e *^(5on 



(3.20) 



E 



tan(z/m^) 



^ Em^m 
m=0 



Rr 



io. I 6 Rom ^ ^ ^jVjRjfn 
j=0 



and 



" 7 / C 

Xn = e don 

^n. 



(3.21) 



+ — E 



COt(l/m£) 



e„a ^ Eml^r, 

m=0 



R„ 



I ® Rom 'y ''j Xj Vj Rj m 

j=0 



where ifjn = {An - Dn)C'^"^ and Xn = {An + E>n)e*’^"^. 

The constants H and J are determined via the edge condition, (3.7). It 
is found that 



H = 






X^m=0 '4’m'nmR mn] 



E oo 

j=0 



tan{uj£) 




2 



(3.22) 



and J may be obtained from (3.22) on replacing ian{vn{j)() with cot(t'„Q)£). 



4. NUMERICAL RESULTS 

In this investigation it is the power distribution between the various fluid 
regions and the membrane that is of interest. The appropriate expressions 
for the power can be found in [1]. In each of the graphs presented below 
the membrane mass is 0.67 kg/m the tension is 1333 N/m the inlet/outlet 
ducts are of height 0.25 m. 

Figures 3 and 4 show power plotted against (. for frequency 560 Hz 
and with the cavity region of height 0.5 m. The reflected (bold line) and 
transmitted power (dashed line) are shown in figure 3. Although the two 
curves oscillate rapidly with ^ there is a clear envelope bounding them. 
The power in the membrane (bold line) and the power flux in the fluid 
(dashed line) of the region \x\ < ^ are shown in figure 4. The vast majority 
of the power is in the fluid, however, there are a number of spikes where the 
membrane and the fluid both transmit significant power but in opposite 
directions. These spikes signify resonant-type behaviour but, even though 
the individual components have magnitudes greater than one, the power 
balance remains intact. 
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Figure 3 Reflected (bold) and transmitted (dashed) power against 1. 




Figure 4 Fluid flux (dashed) and membrane (bold) power against £. 



When plotted against b the reflected (bold line) and transmitted (dashed 
line) powers show significantly less oscillation. This is shown in figure 5 for 
frequency 560 Hz and with cavity region half length 0.8 m. It is clear that 
for most values of b the power is almost entirely transmitted. At regular 
intervals, however, the transmitted power plummets whilst the reflected 
power peaks. This behaviour is consistent with a new mode “switching 
on” in the cavity region. 

Figure 6 shows the reflected and transmitted powers plotted against 
frequency for cavity region half length 0.8 m and height 0.5 m. The two 
curves exhibit rapid oscillations with no bounding envelope for frequencies 
less than approximately 350 Hz. As frequency is increased the membrane 
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Figure 5 Reflected (bold) and transmitted power (dashed) against b. 




Figure 6 Reflected (bold) and transmitted (dashed) powers against frequency /. 

response decreases and for frequencies above 350 Hz, the graph assumes 
a more regular form with the majority of the power being transmitted. 
Isolated spikes in the reflected power (with corresponding drops in the 
transmitted) are again evident and are indicative of modes being “cut-on” 
with the increasing frequency. 
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Abstract In this paper, we analyse the propagation of elastodynamic waves in a 
circular cylinder in the case of oblique incidence. We use a scattering 
matrix approach and derive an algebraic linear system which allows us 
to get a complete picture of the dispersion curves. This derivation is of 
the foremost importance, since it provides the right form for the algebraic 
system associated to a singular cylinder, basis of its generalisation to a 
doubly periodic array of circular cylinders. 



1. INTRODUCTION 

The study of phononic crystals has renewed the interest in physics of me- 
chanical waveguides; they may form the basis of new sonic devices such as 
phasers, audio and light filters. Although the field of acoustic waveguides 
was developed since the 60’s (see the classic book by Achenbach [1] for 
an overview), the mathematical formulations of these problems still have 
interesting and challenging issues. In this paper, we provide a complete 
analysis of the eigenvalue problem associated with an elastic cylinder of 
circular cross-section, by considering a representation of the displacement 
field in a suitable cylindrical basis consisting of adequate combination of 
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Bessel functions. These analytical findings are accompanied by numerical 
simulations and analysis of dispersion diagrams. Also, we discuss incon- 
sistencies in some classical articles on mechanical waveguides [6],[1],[3],[2] 
and compare our spectral analysis with [6],[1],[2]. By doing so, we provide 
a complete solution of the canonical problem of elastodynamics, which is 
required in analysis of oblique incidence of elastic waves propagating in an 
infinite array of circular cylinders (phononic crystal fibres). This paper has 
to be understood as the touchstone of this analysis [5] . 

2. GOVERNING EQUATIONS 

To study the propagation of elastic waves in a circular cylinder, it is 
convenient to use a system of cylindrical coordinates, with respectively r, 
6 and z for radial, angular, and axial coordinates. 

The motion of an isotropic and elastic medium with no body forces is then 
governed by the system of Navier equations: 

/xV2u + (A + m)VV.u = p^ (2.1) 

where, u is the displacement vector, (A, /x) are the two Lame constants, 
and p is the density of the medium. 

The displacement vector u can be written via a vector potential T' and a 
scalar potential (p in such a way that : 



u = V9?-|-V X T' 



(2.2) 



Taking (2.2) into account in (2.1), we are led on one hand to x V x 



^ + 






= — V^f, where g is an arbitrary scalar potential that we set to 



^V.(T'), and on the other hand to V.V 



p dt“^ 

we obtain that T' and (p are solutions of the two wave equations: 



\ + 2p ^ d^p 
V p — 



= 0. Finally, 






d'^p 

’ 






dt“^ 



(2.3) 



Where u? = and Uo = ((. 

Up to now, no assumption has been made on the geometry of the cylinder. 
If we consider a cylinder of circular cross-section, cylindrical coordinates 
can be used, and the differential equations for p, 'hr, 'Lp and z become : 



vV 



= 0 

v“l dt"^ 



(2.4) 






2 5^0 



4'^ 1 

V2 dt'^ 



Qg 



(2.5) 
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2 d'I'r 


^0 


1 02^0 


r2 QQ 


^2 


V2 dt'^ 


VHz- 


1 d^'ifz 


= 0 


Vn dt“^ 



3. BOUNDARY CONDITIONS 

The boundary conditions, for free motions are 



O'rr — ^rO — ^rz 



= 0 



(2.6) 

(2.7) 



(3.1) 



for r = Tc, where rc is the radius of the cylinder . The stress-displacement 
relations are given by 



dUr 1 f dUr dUz\ 

dr ’ 2 \ dz dr J 



^rd — 



1 

2 



(4(-)+-^) 

\ dr \ r / r dtt / 



and the stress-strain relations are 



(3.2) 



(Tj'f — j ^Tz — ? ^tO — * 



(3.3) 



, , , . „ , . dUr Ur 1 dUf) dUz 

Here A is the dilatation defined as: A = — 1 1 — -|- — — 

dr r r dO dz 



4. A CLASS OF NON-TRIVIAL SOLUTIONS 

Consider the following forms for T' and (p, as solutions of the previous 
equations : 



ip = /(r) cos nO cos{u>t + j3z) 


(4.1) 


4'r = hr{r) sin nO sin(tdt -|- (3z) 


(4.2) 


'^e = he{r) cos nO sin(tdt -|- (3z) 


(4.3) 


z = hz{r) s'mnO cos{(jjt + f3z), 


(4.4) 



where /? > 0 is the constant of propagation, and co is the radian frequency 
of an eigenmode. Representations (4.1)-(4.4) ^ generate a complete or- 
thonormal Fourier basis. 



'^We note that in the paper by Meeker and Meitzler [6] (formula (48), p. 130) and in the book 
by Achenbach [1] (formulae (6.107)-(6.110)5 p. 238), there are discrepancies in their choice of 
the exponential basis. 
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Using the previous basis for 'J' and tp, in the equations governing p, '1'^, 
and differential equations for /(r), hr{r), hg{r) and hz{r) are found. 
For /(r) and hz{r) the differential equations are : 



d^f{r) 1 df{r) 

dr^ r dr 



+ (^ia 



n 



)/(r) = 0 



(4.5) 



d?hz{r) Idhzir) ,,o 



n 



)hz{r) = 0 



(4.6) 



where = ^ - (3^ and - (5^. 

Considering the coupled equations with 'I'r and the differential equa- 
tions for hr{r) and hg{r) become 



d?hr{r) 1 dhr(r) ,,9 



n? + I 

J.2 



)hr{r) + 



2n 

J.2 



hg{r) = 0 



d^hg{r 



Idhgir) ,,9 , , 2n , , , 

2 “I ~i 1 " 2 — )ke{r) H 2 ^ 

ar^ r dr 

If we add and subtract (4.7) and (4.8), we end up with 



(4.7) 

(4.8) 



dr"^ 



{hr{r) + hg{r)) + 



~^{hr{r) + hg{r)) 
r dr 



+(^ife 



(n — 1)^ 

J.2 



){hr{r) + hg{r)) = 0 



(4.9) 



^{hr{r) - hg{r)) + --^{hr{r) - hg{r)) 
dr^ r dr 

+{klb - ){hr{r) - hg{r)) = 0 



(4.10) 



Thus, /(r), hz{r), {hr{r) + hg{r)) and (hr{r) — hg{r)) are solutions of the 
equations of Bessel type, and are given in terms of Bessel functions as 
follows: 





f{r) = Al^'>Xn{k±ar) 


(4.11) 


hr{r] 


1 -h hg{r) = A^J^t\Xn-i{k±br) 


(4.12) 


hr{r] 


1 - hg{r) = A^^l\Xn+i{k±br) 


(4.13) 




hz{r) = A^^A x^{k±_br) 


(4.14) 



where Xn{z) (respectively Xn) is either Jn{z), when 2 ; is real, or In{z) if 2 : 
is complex. 

At this stage, one is to remember that we have an additional degree of free- 
dom coming from the decomposition of u in terms of Lame potentials. We 
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thus require a compatibility condition. In [4], a divergence free condition 
for 'J' was chosen, together with a full exponential basis for ip and lead- 
ing to an intricate system of algebraic equations. Here, we take full account 
of the axial symmetry of the waveguide allowing us to take hr{r) = —hg{r), 
thereby removing (4.12). Now, the displacement field becomes 

Ur = + —hz{r) + fdhrir'^ cos nO cos{cot + j3z) (4-15) 

U 0 = (^— — f{r) — h'^{r) + Phr{r)'j sin n0 cos{u>t + f5z) (4.16) 

Uz = ^ ^ hr{r'^ cos nO sin{uit + f3z) (4.17) 

We note that the dilatation expands as follows: 

^ - ^f{r) - /32/(r)| cos(n6<) cos(wt -h [3z) 

= -|- /9^)/(r) cos(n0) cos(cot -|- fiz) (4-18) 

The tractions {arr, CTro, (Jrz) can be represented in terms of the potentials 
/(r), hz{r) and hr{r) as follows : 

arr = [-^ + ^ia) /(’’) + 2/^ f"{r) + f3h'^{r) 

-I-— (^h'z{r) — cos n9 cos{ujt + Pz) (4.19) 

o-re = - ^^) - p(J^^^hr{r) - /i(,(r)^ 

— (2/i”(r) -|- k‘j_jjhz{r))'^ sinn6cos{ujt -|- Pz) (4.20) 

c^rz = n\-2Pf'{r) - - \hr{r) + ^ ^ hr{r) 

I r I r J 

— (/3^ — /c5.b) hr{r) — —hz{r)'^ cosn6sin{ujt + Pz) (4.21) 

The boundary conditions ^ for free motions are : arr = CTrO = (^rz = 0 for 
r = Vc, where Tc is the radius of the cylinder. 

^We note the discrepancies in the expressions for the stress components a^g and (Jrz in the 
papers by Gazis ([3], eq. 17, p. 570) and Armenakas ([2], eq. 14, p. 825), and in Meeker and 
Meitzler ([6], eq. 67, p. 132). 
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5. FREQUENCY EQUATION 

For given geometric and physical parameters, we can now derive a fre- 
quency equation which constitutes a relationship between the conical pa- 
rameter (3, the number of circumferential waves n, and the eigenfrequency. 
For any chosen values of the elastic constants A, ^ and p and of the wave 
parameters (3 and n, the frequency equation yields an infinite number of 
values of uj. 

On the boundary conditions the stresses are depending on and 

An^\ The general frequency equation for a single cylinder can be obtained 
when the determinant of the algebraic system associated with (3.1) is set 
to zero: 



[n^ 






]Xn(fc±orc) 



-k±arcXn{k±arc) 



-{n^ - rlk‘iAXn{k±hrc) + k±i,rcX^{k±i,rc) 
+n{k±brcX'„{k±brc) - X„{k±brc)} 



n{nxn{k±arc) ~ k±arcXn(k±arc)} 



[Uiji _ n'^]X„{k±brc) + k±brcX'„{k_Lbrc) 
+n{k±brcX'„{k±brc) - X„{k±brc)} 



-rck±aXn{k±arc) 



X„(fc_L6rc) - %/^fc±6rcX(fcx6rc) 



2n{k_LbrcX!^{k±brc) - Xn{k±brc)) 



-[2n^ - rlk‘]^b]Xn{k±brc) + 2kj_brcX'^{kj_brc) 



= 0 



( 5 . 1 ) 



-nX„{k±brA \ 

This equation is written in terms of Bessel functions Xnikxa^c) and X„(/cj_f,rc). 
One has to consider Xn{z) and Xn{z) as either the Bessel function Jn{z) if 
its argument z is real, or the modified Bessel function In{z) if its argument 
X is imaginary. 

We note that the above determinant is real, which enables us to look for a 
change of sign in the determinant for two consecutive values of the eigen- 
frequency a;, as an evidence of root between these two values. One can also 
see that there is no shift in the indices of Bessel functions involved in the 
matrix, which indicates the advantage of the canonical basis (4.1)-(4.4). 

6. ANALYSIS OF THE FREQUENCY 

EQUATION AND NUMERICAL RESULTS 

6.1. AXISYMMETRIC MODES 

If we consider the motion independent of 6 (i.e. for n=0 in the general 
frequency equation), two kinds of modes occur, and these modes are un- 
coupled. First, there are torsional modes, which involve a displacement u$. 
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Second, there are longitudinal modes, which are governed by Pochammer’s 
equation and involve displacements Ur and Uz ■ 

The diagrams were plotted in the same conditions as in the paper by A. 
E. Armenakas [2] and as in the book of J. D. Achenbach [1] in dimension- 
less normalised frequency and angle of incidence and for a given 
Poisson’s ratio v = 0.3. 

Torsional waves. The frequency equation for the torsional modes is 
given by : 

rck±bXo{k±brc) - 2Xi{k±brc) = 0 ( 6 . 1 ) 

The cut-off frequency line : k±b = 0 (;^ = /3) is also plotted on the same 
diagram (Figure 1). On the Figure 1, we note that the line corresponding 
to the first root and the cut-off frequency line coincide. In comparison with 
the paper by A. E. Armenakas [2] (Figure 7, p. 830), we print an additional 
root for the frequency ^ = 5.7. 




Figure 1 torsional waves : dispersion curves for normalised frequencies versus 

normalised angles of incidence 



Longitudinal waves. The frequency equation for the longitudinal 
modes is given by Pochammer’s equation : 

‘^k^arc{k\b - 0^)xi{kFarc)Xi{k±_brc) - rl{k\^, - f3^fxo{kFarc)Xi{ki_brc) 

-^rll3‘^kxak±bXi{k±arc)Xo{kxbrc) = 0 ( 6 . 2 ) 

where (x, X) G (/, I) when k\^<f) and /c^ f, < 0, 
and (x, X) G (/, J) when k\^ < 0 and f, > 0, 
and (x, X) G ( J, J) when k\^> 0 and k‘j_fj>0. 

We note a discrepancy between our results given in Figure 2 and the work 
by Armenakas ([2], Figure 8, p. 831). Our results are consistent with 
Pao and Mindlin [7]. Here there are two cut-off frequencies associated to 
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different types of waves i.e. the first one for k_\_a = Q = j3) and the 
second one for k±_b = 0 = /3)- These two cut-off frequencies are plotted 

on the left diagram of Figure 2. 




Figure 2 Longitudinal waves: dispersion curves for normalised frequencies versus 

normalised angles of incidence (^^)- 

In comparison to the paper by Armenakas [2] (Figure 8, p. 831), for the 
range of frequencies between 0 and 6.5, four additional roots are found. 
For a large angle of incidence, new phenomena can be observed. We can see 
that the dispersion curves touch each other at different points (consistent 
with the work by Pao and Mindlin [7]), contrarily to the curves provided by 
Armenakas, which have an asymptotic linear behaviour. We also observe 
that new roots appear along the cut-off frequency’s line k±a = 0 {^ = /3). 

We have also plotted the dispersion curves for the lower ranges (^ G 
[0,1] and G [0)4]) (Figure 2, right), which is consistent with the work 
by Armenakas [2] (Figure 8, p. 831). In the second part of Figure 2, 
we observe that the slope of the curve representing the second root may 
be negative. This phenomenon cannot be obtained in a classical optical 
waveguide [9], but may arise for instance in similar problems for photonic 
crystal fibres. 

6.2. FLEXURAL MODES 

To determine the frequency equation for flexural modes, one has to sat- 
isfy three homogeneous boundary conditions (3.1), which lead to equation 
(5.1). This frequency equation was studied in detail by Pao and Mindlin 
[7]. The low flexural modes (Figure 3, left) agree with Achenbach ([1], fig. 
6.17, p. 248) and Armenakas ([2], fig. 10, p. 833) for a small angle of 
incidence. We note that for a large angle of incidence (Figure 3, right) our 
dispersion curves touch each other at different points: this is consistent 
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with the work by Pao and Mindlin [7], but differs from Armenakas ([2], fig. 
10, p. 833). 





Figure 3 Flexural waves: dispersion curves for normalised frequencies ( versus nor- 
malised angles of incidence 

7 . CONCLUSION 

We have presented a model analysis of conically incident elastic waves 
on a single cylinder of circular cross-section. Our solution involving a 
canonical basis is used to generate dispersion diagrams for propagating 
modes. This study has been used to construct a rapidly convergent series 
representation for a solution of problem of oblique incidence of elastic waves 
on an array of circular cylindrical fibres via the multipole method [5]. 
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Abstract Rice et al. [1] studied a perturbation problem for the wave equation in a 
space containing a moving discontinuity surface. We analyse the solutions 
of the wave equation in a 3D layer, which contains a ’’crack” propagat- 
ing dynamically, using the singular perturbation technique developed by 
Willis and Movchan [3]. The dynamic weight function is discussed for 
time-dependent Neumann boundary conditions on a semi-infinite ’’crack” 
extending at a constant speed V in a 3D layer. The Fourier transform of the 
weight function is constructed by solving a scalar Wiener-Hopf problem. In 
this case the weight function is no longer homogeneous (due to the geom- 
etry considered). Within the first order perturbation theory framework, a 
relationship between the intensity factor and a small time-dependent per- 
turbation of the ’’crack” front is found; we also analyse the transfer function 
which relates the ’’crack” front position and the energy release rate. 



1. PROBLEM DESCRIPTION 

Rice et al. [ 1 ] considered a crack propagating dynamically in an un- 
bounded solid, and it was addressed within a model framework, involving 
a single “displacement variable” u satisfying a scalar wave equation. We 
consider a 3 D layer bounded by the two planes X3 = ±a. The layer contains 
a ’’crack” extending dynamically, so that at time t it occupies the region 
x\ — Vt < 0 , —00 < X2 < 00, X3 = 0 . The medium through which the 
’’crack” propagates is isotropic, with the material constant and the mass 
density p. The problem we want to solve consists of the wave equation 
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and the Neumann boundary conditions on the ’’crack” surfaces 

= -P{t,Xl,X2), Xl<Vt, 

X3=±0 

where P{t, xi,X2) is given. We also assume that u = 0 for X3 = ±a, and 
u and a = ^{du/dx^) are continuous ahead of the ’’crack”, that is, for 
X3 = 0 , xi > Vt. 

In what follows we shall use the method of [ 3 ] to analyse the associ- 
ated a field in the vicinity of the ’’crack”. We shall begin by constructing 
the corresponding weight function which will then be used in the integral 
identity (see [ 3 ], formula ( 3 . 11 )) 

[t/] > 1 = cr — S * [u] = 0 (1.2) 

to evaluate the intensity factor at the ’’crack” tip. In ( 1 . 2 ) [/] denotes the 
jump of / across the plane X3 = 0 , i.e., [/] = - f 1^3=0- ■ The 

quantities a and S are evaluated for X3 = 0. 

2. DYNAMIC WEIGHT FUNCTION FOR A 3D 
LAYER 

To find the weight function, we consider the coordinate transformation 
X = xi — Vt, and define the weight function as a solution of equation ( 1 . 1 ) 
satisfying the following conditions: 

(a) [U] = 0 for X < 0 ; 

(b) [/ = 0 for X3 = ±a; 

(c) S = fj,{dU / dxs) is continuous and vanishes for X3 = 0 and X > 0; 

(d) U kX~^^‘^S{x2)S{t) as X ^ 0 +, where k is a constant. 

We would like to emphasise that, due to the geometry considered, the 
weight function U is no longer homogeneous. 

Taking the Fourier transform with respect to X,X2,t, 




/ oo ^00 roo 

/ / U{t,X + Vt,X2,X3) 

-00 J — 00 J — 00 



we arrive at the equation 



d^U 



dx^ 



= YU, 



(2.1) 
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where 7^ = w' = w — V and c = p/fi. Using the 

symmetry we find the solution U of (2.1) in the form 

U = ylcosh( 7 X 3 ) + sinh( 7 X 3 ), X 3 G (0,a), (2-2) 



where A and B are constants. The boundary conditions (a) — (c) give 



A = — iltanh( 7 a), B = (/xy) 



X3=0 



Using (2.2) and (2.3) we derive the following relation 

i^7(c^',6,6) 



(2.3) 



(2.4) 



where p(w',^i,^ 2 ) = fanh(a 7 (ti;', ^ 1 , ^ 2 ))- From the conditions (o) and (c), 
with CO, ^2 fixed, we deduce that [U](^i) is analytic in the upper half-plane 
7m(^i) > —idi (we shall call it a “ ” function and denote [U]^"'“^), and 

S(.^i) is analytic in the lower half-plane 7m (^ 1 ) < id 2 (we shall call it a 

“ — ” function and denote ^); here d\,d 2 > 0. In the strip S = {^1 G C : 
—id\ < 7m(^i) < id 2 } both functions are analytic. 

The function p(^i) has infinitely many poles and zeros, which are given 
by 



cP{n) _ u)V 
Si — c2_y. 

cAn) _ LoV 
SI — 



{u,^ - - amiWzT!)) (p„i«,) 

- (c^ - V^)^l - f ^ (zeros) 






Figure 1 illustrates the position of the poles and zeros of p(^i) for a = 1 , 
c = 1 , w = 1 -|- 0.3f and ^2 = 0. 

Since p(^i) ^ 1 as ^ 00 , we can write it as a product p+p-, where p+ 
is analytic in the upper half plane 7m (^ 1 ) > —id\ and p_ is analytic in the 
lower half plane 7m (^ 1 ) < id 2 ] the functions and have the form 



p± = exp 



^ logp(C) 1 

C-6 V ’ 



(2.5) 



with (5 > 0 chosen in such a way that both contours of integration lie in 
the common strip of analyticity S. Since p{Ci) — 1 decays exponentially as 
— > 00 , both integrals in (2.5) converge. The remaining factor 7 (.^i) in 
(2.4) can be factorised as follows: 



7(el) = «(6-e^)^/'(6-e^)^/^ 
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/ y2xl/2 

where a = 1 ^ , and 



ef = - 



;2 _ y2 g2 _ y2 



c(o;2 _ (^2 _ y2)^2)l/2_ 



Equation (2.4) can then be written in the form 

p2^P+(a) p2^a/u(6 - ?P^/^ 

Applying Liouville’s theorem we obtain 

p(+) ^ V^p+(^i) y(-) ^ 



(6-ap'/^ 



p-Ui) 



As ^ oo, 



p± ~ exp 



f — 1 1 r°<2=F*i5 'I 



and therefore, 



1 1 ^oo^iS 

~ 1 - . I / logMO^C, 

.^1 ih zO 27TZ J —oozfiS 



[I7](+) f 1 + ^ 

^ ^ (a + 0z)^/H 6 + o^;’ 
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where 

A— 1 poo—iS 

^ - 7 ^ logtanh(7(C)a)(iC- 

2 iTXl J-oo-iS 

Numerical calculations show that 

/ oo—i5 

logtanh(7(C)a)(iC = 0; 

-oo-iS 



the latter agrees with the result of [3], [5] for the entire space. 



(2.10) 



( 2 . 11 ) 



3. APPLICATION TO A WAVY ’’CRACK” 

Assume now that the ’’crack” occupies the region x\ — Vt < eif{t,X 2 ), 
— oo < X 2 < oo, X 3 = 0, where 0 < e <C 1 is a small parameter, and 
the function (p is bounded. A solution will be sought using first order 
perturbation theory, for small e. The fields u and a associated with the 
perturbed ’’crack” are represented as + Art and + Au, where 
and are the fields corresponding to the unperturbed configuration. The 
identity (1.2) applies to both the unperturbed and the perturbed fields. 
Subtracting one identity from the other gives 



* Acj-S(“) * [Art] =0. 



(3.1) 



We can write a as a(t,X,X2,0) = —P{t,X,X 2 )H{—X) + X,X 2 ), 

where 

~ I - P{t, 0, X2) + AaV2| h{X), 

and using the result of [4] we have 

M ~ - B{-Xf/^^H{-X). 



Therefore, applying (1.2) we obtain 



AK = e 



Q ‘A’Kq + 



7T 



(fA 



A and Kq can be found from [2] 



Pa / 7T 



^=XV^’ ^o = Ta,/-. 



/2a 

a 



(3.2) 



(3.3) 




no 



4. ENERGY RELEASE RATE AND 
TRANSFER FUNCTION 



Let us define the energy release rate G as G = 



2fia 



We shall follow the 



method of [5] and find the transfer function h which relates the ’’crack” 
front position and the energy release rate. For the perturbation of the 
’’crack” front described above, we can write K = Kq + sKiip and V = 
Vo + Eip, where Kq is the intensity factor for the unperturbed ’’crack”. 
Since K‘^B{V) = G{V), we obtain: 

{Kq + eKi^f{B{VQ) + e^B')Vq) = G, 
where B{V) = {2^a)~^. Thus, 



AG 



= e{2 






Kq 



+ <f 



B{Vo) J 



Taking the Fourier transform gives 



(4.1) 



AG 



= <2£i- 



iVqU) 



eGq \ Kq c2(1-Fo7c2) 



Lf. 



Since — — = we obtain 

Kq iVo 



AG 



= {2 



AK 

1^ 



IVqU) 



ifE 



We can now use the expression (3.2) to derive 



AG 
e Go 



K 



iQK„ + (i/2)‘/"A) - AL; 



c" - 



ip. 



(4.2) 



(4.3) 



Thus, the relationship between ’’crack” front position and energy release 
rate has the form 

= (4.4) 



where the transfer function h is given by 



h = 



(27t)1/2^ + 2Q- 
Bq 



A 



WqU) 

c" - Vl 



-1 



(4.5) 



Since in (4.4) AG ^ 0 at the ’’crack” front and Ep remains finite, h should 
tend to infinity when we approach the perturbed ’’crack” front. Hence, to 
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determine the velocities of the ’’crack” front waves, we are looking for the 
poles of h. The latter, considering the values for yl, Kq in (3.3) gives us 
the following 



4aa 



C2 - 



= 0 . 



(4.6) 



Taking into account the structure of given by (2.10) and the rep- 

resentation (2.6) for we arrive at the following equation 

rOO — 2(5 

logtanh(7(C)a)(iC = 0; (4.7) 



^ - (c^ - Vg)g)‘y . 1 

4ao — V? 






^ J — 00 — 2(5 



Vn 



where 7 (C) = ' '1 ^ K + 2^C + C 2 “ ^ 



who 






r " c2 



1/2 



We are going to analyse the structure of equation (4.7), for large a. The 
integrand in (4.7) is exponentially small for large a and therefore we obtain 



Writing 



„ 3/2 (^2 _ (^2 _ vg ) g ) l /2 

4aa c2 — Vq 

we can solve (4.8) for v to obtain 



(4.8) 



V 



2 




16a^w^ 



16o2w2 -|- (c2 — 




(4.9) 



As a ;g> 1, 



+ Vq c 



2 



16 o 2 w 2 ’ 



which shows the presence of ” crack” front waves for 0 < -s/v"^ + Vq < c for 
a ’’crack” propagating within a layer of finite thickness. 

However, in the limit as a ^ 00 we obtain v'^ + Vq = c^. Therefore, for a 
’’crack” propagating in an infinite space, there are no ’’crack” front waves 
whose total velocities satisfy 0 < \Jv^ ^ Vq < c. 



Acknowledgments 

J.P. Bercial- Velez acknowledges the support of an EPSRC studentship. The author 
is very grateful for stimulating discussions with Prof. A. B. Movchan and thanks the 
referees for constructive comments and suggestions. 



References 

[1] Rice, J.R., Ben-Zion, Y. and Kim, K.S., (1994) “Three-dimensional 
perturbation solution for a dynamic crack moving unsteadily in a model 
elastic solid”, J. Mech. Phys. Solids, Vol. 42, No. 5, 814-843. 




112 



[2] Sih, G. C., Chen, E. P., (1970) “Moving cracks in a finite strip under 
tearing action” Journal of the Franklin Institute Vol. 290, No.l. 

[3] Willis, J. R. and Movchan, A. B., (1995) “Dynamic weight functions 
for a moving crack. I. Mode I loading”, J. Mech. Phys. Solids, Vol. 43, 
No. 3, 319-341. 

[4] Freund, L. B., (1998) “Dynamic fracture mechanics”, Cambridge Uni- 
versity Press. 

[5] Woolfries, S., Movchan, A. B., Willis, J. R., (2002) “Perturbation of a 
dynamic planar crack moving in a model viscoelastic solid” Int. J. Solids 
Struct. , Vol. 39, Nos. 21-22, 5409-5426. 




SUMMATION OF GAUSSIAN BEAMS IN 
3D PROBLEMS OF RADIATION AND 
SCATTERING OF ELASTIC WAVES 



V. Zalipaev 

Faculty of Mathematical Studies, University of Southampton 
vvz@maths.soton.ac.uk 

Abstract The method of Gaussian Beams Summation is applied to the two important 
problems of the theory of elastic waves - the scattering of compressional 
wave from a planar crack embedded into a homogeneous and isotropic elas- 
tic medium and time-harmonic radiation of a normal transducer of arbi- 
trary shape directly coupled to a homogeneous and isotropic elastic solid. 
The problems are studied in the case of high-frequency approximation. 
Moreover, the radiating near zone of transducer and the near zone of the 
field scattered from crack is analyzed. The radiated and scattered fields 
have the ray structure of main beam and edge diffracted rays. A family 
of the edge diffracted rays is singular near to caustics. A well-known ray 
asymptotic solution of the Geometrical Theory of Diffraction (GTD) is not 
valid near to caustics. Application of the method of Gaussian Beams Sum- 
mation to both problems in the neighborhood of caustics has proved to be 
efficient from the point of view of asymptotic and computational analysis. 



Introduction 

One of the main methods to study radiation, propagation or scattering 
of elastic short waves is the application of the ray asymptotic method. The 
leading order of a ray asymptotic solution is represented as a product of 
rapidly oscillating function and slowly varying amplitude (see, for example, 
[1] and [2]). The amplitude involves a square root of geometrical spreading 
in the denominator. Derivation of the ray solution is based on so-called ray 
coordinates, which determine ray trajectories and wave front surfaces. The 
geometrical spreading characterizes divergence of rays and is calculated as 
a Jacobian of a transformation between the Cartesian and the ray coordi- 
nates. However, in practice a family of rays, the ray method solution is 
based on, frequently becomes singular. This means that the Jacobian of 
a transformation between the Cartesian and the so-called ray coordinates 
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vanishes at some manifolds called caustics (geometrical spreading is zero). 
These manifolds could be a surface, a line or a point. Thus the ray solution 
becomes singular. There are some methods to tackle the problem. One of 
them is the Gaussian beams summation method GBSM (see review [3]). 

This talk describes the application GBSM to 3D problems of the scat- 
tering of compressional wave from a planar crack embedded into a homo- 
geneous and isotropic elastic medium and time-harmonic radiation of a 
normal transducer of arbitrary shape directly coupled to a homogeneous 
and isotropic elastic solid studied before in [4] and [5]. The problems are 
considered in the case of high-frequency approximation (HFA). Both, the 
edge of a crack and the transducer rim, may have an arbitrary shape of 
smooth edge. For both problems the near zone of radiated or scattered 
field is considered. The ray structure of radiated or scattered fields has 
direct rays of main beams, radiated or reflected, surrounded by a geomet- 
rical shadow boundary (penumbra) as well as a family of edge diffracted 
rays emitted by the transducer rim or the crack edge. 

The Geometrical Theory of Diffraction (GTD) asymptotic solution is 
applicable to both problems. However, it fails, firstly near the penumbra 
of the main beam, and then, near to caustics of diffracted rays of com- 
pressional and shear edge waves. The traditional recipe of GTD to treat 
singularity near to penumbra has been used. The main subject of the talk 
is the application of GBSM to treat singularity near to caustics in both 
problems . The unique property of Gaussian beam being regular, near 
to, or exactly on caustics of an arbitrary geometrical structure, is used to 
represent HFA of contribution of compressional and shear edge diffracted 
waves in the form of a double integral over Gaussian beams. This is based 
on a fan of rays covering the neighborhood of the observation point lying 
near caustics. 



1. SCATTERING OF A PLANE P-WAVE 
FROM A PLANAR CRACK 



Gonsider the first time-harmonic problem in which the incident field 
illuminating the crack S' is a plane compressional wave (see Fig. 1) given 
by 



P(inc) ^ P ikpnf^^-x 



(1.1) 



where the unit displacement vector in the Gartesian coordinate system is 



n. 



= sin 6^ cos ifo ex + sin 9^ sin tpo By — cos 6^ 



In the paper, fca = (x^/ca is a wave number, uj is the frequency and Cq, is 
the speed of the compressional wave if a = P and shear if a = 5. Then 
the time-harmonic displacement field u = _j_ ^(scat) jj^side the solid 
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Scattering of a plane P wave from crack 




Figure 1 Scattering of compressional plane wave from crack S. 

is described by the reduced elastodynamic equation 

(cp — c|)Vdivu + c|Au + = 0, (1.2) 

the total vector displacement of the scattered held decomposes into 

P and S waves (scat) (scat) _ total displacement satishes 

the zero surface traction boundary condition on the crack surface 

{dr’'"^)l« = dfb = o, (1.3) 

where are the components of the stress tensor of the total held. We 

are interested in the high-frequency approximation of the displacement of 
the scattered held namely, we assume that kpp ;§> 1, where p is 

the radius of curvature of the crack edge or transducer rim. Moreover, 
only the case of the near held is studied, that is, the distance between the 
observation point and transducer or crack is supposed to be comparable 
with their dimensions. 

Let us assume that the observation point does not lie in the vicinity of 
the geometrical shadow boundary. Let denote so-called specular 

point which is the point of rehection of the incident ray from crack plane 
according to the law of geometrical optics (elastodynamics) or the point of 
intersection of the incident ray with crack plane. High-frequency asymp- 
totic approach based on the uniform stationary phase method and Green 
formula which was developed in [4] yields the asymptotics of the scattered 
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filed in the form: 

^ ^a(GE) ^ u«(di/)(x), (1.4) 



where the first, geometric elastodynamic, term is 



z < 0, 



(1.5) 

where Ha = 1 if g S and Ha = 0 if ^ S. The polarization 

vector is given by 



p-P^e/) 



= 



^S{ref) 



= n 



s 

r± ) 



where the directional unit vectors for P and S reflected waves as well as 
the unit vector of particle motion for S wave (see, for example, [2]) are 



n“ = sin 0" cos <^o + sin 0“ sin (/?o + cos 0" e^. 



where sin 9^ 
coefficients 



n^j_ = ( — cos 9^ cos (/9o, — cos 9^ sin (/9 q, sin 9^), 

= sin 9 P csjcp. The following are P and S plane wave reflection 



sin20^ sin20® — cos^ 29^ {ks Ikp)^ 
sin20C sin 20® + cos^ 20®(fcg/fcp)^ ’ 



Rs 



— 2 sin 29^ cos 29^ks/kp 
sin20Csin20® +cos2 20®(fes/fcp)2' 



The second term is the edge diffracted P or S waves. According to 
GTD, it is represented by contributions of two or four rays coming from 
the so-called edge flash points s^, which obey the Snell’s law for P wave 

< et{s),n[^^ >=< et{s),n{s) >, 

and for S wave 

kp < et{s),n[^^ >= ks < et{s),n{s) >, 

where <, > stands for a scalar product, and s is the arc length along the 
edge, ej(s) is the unit vector tangent to the edge, n(s) is the unit vector 
pointing direction from an edge point x(s) to the observation point x. They 
are critical points of the phase function r“(s) given by 

/cq,t"(s) = kpnf^^ ■ x(s) -|- kad{s), d{s) = |x — x(s)|. 

If all are isolated from each other, we have the GTD contributions of 
the flash points given by 

Me 

u“('^*/)(x) = ^ u“('^*^)(x), 

m=l 
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Keller’s Diffraction Cone 




Figure 2 Keller’s diffraction cone in scattering of a plane wave from edge 



where 



u 



a(dif) 

m 



(x) 



pO )+i(-l)-^/4 . ^ 0{k~^)), (1.6) 



and Met, which equals 2 or 4, is the number of flash points. The Keller’s 
diffraction coefficients D°‘{s^, ip^) and the components of the polarization 
vector can be found in [4] . This is a ray asymptotic solution. In accor- 
dance with GTD, an incident ray that hits a flash point x(s)^) generates 
two cones of the edge diffracted rays of P and S waves. The corresponding 
ray coordinates are (Sm, (see [1, 2]), where rff = and 

is the polar angle (see Fig. 2), so that the unit directional vector lying on 
the cone surface is given by 



n“ = et(s" ) cos 0“ -h e„(s" ) sin 11" cos sin 11" sin (/?" . 



(1.7) 



The geometrical spreading is 



7 ° 

U YY 



d{x,y,z) 



It is known that the GTD ray asymptotics of edge waves described above 
(nonuniform asymptotics) are singular, first, in the vicinity of geometrical 
shadow boundary (penumbra). Geometrically, the specular point x.°^(GE) 
gets very close to one of the flash points x(s") . In this case, applying the 
uniform GTD, to two leading order we obtain 



Me 

u"("“‘)(x) = u"(P'=^)(x) + ^ u"(‘’'*'^)(x), 

m=l 



(1.8) 
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where the extra term cancelling the singularity looks like this 



u 



“(pen)/ N _ 



(x) = 



cx\ a(ref) i/cQ,n“-x 



z > 0, 



P(pen) _ 



P TP/ P\ •: 

= -nincF(v„ )e 



z <0. 



The function F(v) is expressed via the Fresnel integral 



F{v) = ^ 

V 7T2 



f 



iF , e 
e at + 

2tv 



( 1 . 9 ) 



(1.10) 



(u“)^ = fco(r“ - n“ • x), 2 : > 0, 



{v’nf = kp(T^ 2 < 0 . 



2. SUMMATION OF GAUSSIAN BEAMS. 

CAUSTICS OF THE SCATTERED FIELD 

The GTD ray asymptotics of edge waves (1.6) (nonuniform asymptotics) 
are singular in the vicinity of caustic surface as the geometrical spreading 
in the denominator of the amplitude vanishes. This corresponds to a coa- 
lescence of two or three flash points. One of alternative methods to replace 
the GTD asymptotic solution in this case is Gaussian beams summation 
method (GBSM) (see review [3] and there cited references as well as the 
history of the method). If the observation point crosses a smooth part of 
the caustic surface, two flash points coalesce. If three flash points coalesce, 
that means that the observation point comes near caustic cusp. In the Fig. 
3 (a), you can see the caustics of the edge diffracted P wave in the case 
of normal incidence and elliptic crack with a = 4As and b = 2 A 5 . This 
is a vertical cylinder based on astroid. In case of oblique incidence with 
6^ = 30° and (po = 45°, a piece of caustic surface of the edge diffracted 
P wave is shown in Fig. 3 (b). We have approximately the same picture 
of the P edge wave caustics for the case of a circular crack and oblique 
incidence. In all cases four edge cusps can be seen clearly if the edge curve 
is convex. Thus, it is obvious that the caustics is a closed surface located 
near the main incident or reflected beam. If the observation point is inside 
caustics we have four flash points and, consequently, four incoming edge 
rays. If the observation point is outside caustic surface we have two flash 
points and two incoming rays. 

Gonsider first the scalar 3D case of acoustic wave propagation describing 
by the Helmholtz equation (A -|- u;^/c^(x))rt(x) = 0, where frequency uj is 
a large parameter. Let I be a ray of a ray asymptotic solution. Then, the 
equality 

X = x(cr) ei{a)qi + e2{a)q2 

represents an orthogonal coordinate system (a, q±, ( 72 ) describing the neigh- 
borhood of the ray I given by x = x(it), where a is the arc length along the 
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Figure 3 Parts of P edge wave caustics in the case of normal incidence - a, and in case 
of oblique incidence with 9^ = 30'^, = 45° - b, and elliptic crack with a = 4As and 

h = 2As. The crack is illuminated from above. 



ray. Here ei and 62 are mutually orthogonal unit vectors lying in the plane 
orthogonal to I for arbitrary a. This coordinate system is always regular 
within asymptotically small neighborhood of the ray. A solitary Gaussian 
beam as a localized asymptotic solution to the Helmholtz equation calcu- 
lated at the point M with coordinates a, q\ , Q 2 inside asymptotically small 
neighborhood of the ray I is given by 

u{M) = J~^^exp{iuj{To{M) + ^<Tq,q >)}(! -b 0 ( 0 ;“^/^)), (2.1) 



where q = (qi,q 2 ), and co(<t) is the speed of wave propagation calculated 
along the ray 1. The eikonal tq{M) is determined by 

t„{M) = r ( 2 . 2 ) 

Jao Co(o-) 

The symbol <Tq.,q> means a quadratic form with a complex symmetric 
2x2 matrix T = PQ~^. The 2x2 matrices Q and P satisfy the system 
ODE in variations 



Q = CQ{a)P, 



P = -- 









^ij = 



d^c 

dqidqj 



Di=(?2=0 



It is important that this solution is always regular whatever a geometri- 
cal structure of caustics takes place as the detQ never vanishes. This is 
an asymptotically localized solution as the matrix T has definite positive 
imaginary part Im{< Tg, (7 >} >0. It decays exponentially away from the 
fixed ray 1. 
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The desired form of asymptotic solution which is regular near caustics 
is the integral over Gaussian beams (GBS) with a weight where the inte- 
gration proceeds over a domain such that the corresponding rays totally 
cover the neighborhood of the observation point lying near to caustics. 

Thus, for displacement representing contributions of compressional and 
shear diffracted edge waves, namely, for the part corresponding coalescing 
flash points, to the leading order we have the following GBS integral 

^^==^exp{i/c„(ro“(s,(/?) + ^< T°^q,q >)}dsdif 

•(1 + 0(A:-V2)), (2.3) 

where the eikonal is 




Tois, ‘f) = kp/ko^nf^c ■ x(s) -h d{s). 

The complex solutions of = P, = 0 are chosen in the following way 



= 

so that we have 



oi -|- ia2(J 0 

0 oi -|- ia2<T 



pa _ 



ia2 0 
0 ia2 



ia2 



r“(cr) = = I 



^a2 

ai+m2cr 



(2.4) 



(2.5) 



Parameters a \ , 02 are positive numbers which must be chosen in such a 
way that the width of Gaussian beams is as small as possible. The domain 
of integration in the GBS integral must be chosen in such a way so that 
discretising the GBS integral using, for example, the rectangular formula, 
we have a rather dense fan of rays totally covering the neighborhood of the 
observation point. 

Away from the caustic surface, where the family of rays are regular, 
the GBS integral may be evaluated asymptotically using the saddle-point 
method. Thus, this result must coincides with the ray asymptotic solution. 
Matching both asymptotic expansions we can determine the unknown am- 
plitude A"(s, (p) 

p-iTvIi . 

A“(s,(^) = ^^^fc„det(P«G« - G“Q“)P“(s,(^)p“, (2.6) 

where 






d(s)sinn“ — (i(s) cos 12" sin (/?/p(s) 

0 sinl2" — d(s)(12" -|-cos(/9//3(s)) 
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G;{s,^) = 



sin 11“ — cos 11“ sin 99//o(s) 
0 — (11“ + cos (/9//3(s)) 



Symbol 11“ means a derivative with respect to s. Inside a smooth caustic 
boundary layer if two flash points with s“ and S 2 coalesce, the P and S 
wave component of the scattered field is 



u“("“‘)(x) = (2.7) 



m=3 



where is represented by the GBS integral in (2.3). 



3. RADIATION BY NORMAL TRANSDUCER 



Let us consider the radiating field of a time-harmonic normal transducer 
of arbitrary convex shape (domain S). It is directly coupled to an elas- 
tic homogeneous half-space. We seek solution which satisfies the reduced 
elastodynamic equations and the following boundary conditions for the 
component of the stress tensor 



^zx\z=0 — (^zy\z=0 — 0, <Tzz\z=Q — Qj if X G S, and O'zz\z=0 — 0, if X ^ 5*, 

where Q is the amplitude of the load per unit square element of S. In 
the Kirchhoff approximation offered in [5], in which the near zone of the 
radiating field was studied, each point of the transducer treated as a point 
source. Thus, the radiating field is the integral over S of HFA of the Green 
function of the Lamb problem. Using this model, in the radiating near zone 
of HFA the compressional edge diffracted wave of a solution is represented 
in the form of the following curvilinear integral (for the shear edge wave 
we have similar result) 



^p(dif) ^ exp {ikpd{s)) 

ikp Jg d(s) < e„(s), n(s) > 



f^{0{s))n{s)ds + ..., 



f^(e) = ;^(2sin^ 9 - 7"^) cos6»[(2 sin^ 6 - 7"^)^ sin^ 261 A/7-2 _ 35^2 gj-i 

/. 7 T II. » 

_i d(s) 

7 = Cs/Cp, 6^ = COS , 



27T/i 



where e„(s) is the unit vector in the plane z = 0 normal to the edge, and 
n(s),d(s) have the same meaning as in section 1. Evaluating this integral 
with the aide of the phase stationary method (see, for example, [6]), if all 
critical points Sm are isolated, we obtain the GTD ray asymptotics 






1 

ikp 



M 

exp{ikpR{sm) 

m=l 



< e„(sm), n(sm) > 




+ ..., 



where geometrical spreading is given by Jm = d{sm){^ — d{sm) cos (pmPm^), 
and the number M of edge diffracted rays is equal to 2 or 4. As the critical 
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polar angle polar angle 



scattered P wave 




Figure 4 Absolute values of x and z components of P and S waves are given in the case 
of oblique incidence 9^ — 30°, = 45° scattered from elliptic crack with a — 4As, 

b — 2Xs calculated at the points of the vertical cut with R — 5Xs, = 45°, using GBSM 
and BIEM. 

points are found from < et(sm),n(sm) >= 0 (see the section 1 in the case 
of the normal incidence), we have 

n('Sm) — ^n(^m) COS sin ^Pmi — F 

If two or more critical points coalesce, the observation point gets near to 
caustics of the edge diffracted rays and Jm vanishes. Applying the GBSM 
in a similar way as it was done for the scattering from crack, we come to 
the GBS integral representing a contribution of coalescing critical points 




4. NUMERICAL RESULTS 

The computer code was implemented on the basis of the above time- 
harmonic uniform asymptotic solution to the problem of scattering from 
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crack, which includes ray asymptotics, penumbra term and GBSM con- 
tribution. This has been tested against the code based on the boundary 
integral equation method (BIEM) and made by Glushkovs Eugene and Na- 
talia. We present results for the scattering from elliptic crack with semi- 
axes a = 4 A 5 and b = 2 A 5 in upper half-space, Xs = 2nfks. The direction 
of the incident P wave is given by 0^ = 30° and tpo = 45°. We show the 
magnitudes of scattered P and S waves components 

|^S(scat)| |^5(scat)| ^ Correspondingly, cal- 

culated at the points of the vertical cut defined in the spherical coordinates 
hy (p = 45° and R = 5 A 5 , and polar angle 6 varies from 0° and 90°. In this 
case the observation point crosses the penumbra surface and smooth part 
of caustics. As it can be seen clearly there is a good agreement between 
both results as the problem parameters suit the domain where applicability 
regions of both approaches overlap. 

5. CONCLUSION 

Application of GBSM to describe HEA of contribution of edge diffracted 
waves in the problem of scattering from cracks and radiation by transducer 
was considered. This method is independent of the type of singularity of 
caustics, which makes the method universal. The code based on GTD and 
GBSM computing the diagram of radiated or scattered field proved to be 
fast and quite accurate. The present realization of this method does not 
need caustics to be constructed. 
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Abstract We consider vibrations of a massive three-dimensional body supported 
by thin cylindrical rods which are parallel to each other. We assume that 
the number of rods, say K, is greater than three and the junction points 
(where the rods are attached to fl*) do not belong to the same straight 
line. We present comparisons between explicit asymptotic formulae and 
finite element computations to prove the efficiency of the approach. 



Background and structure of the paper 

This work is based on the results of the spectral analysis included in 
the book by Kozlov, Maz’ya & Movchan [1] and is developed for elastic- 
ity problems posed in parameter dependent domains containing subsets of 
different limit dimensions (multi-structures). Multi-structures may involve 
large three-dimensional bodies as well as thin rods, thin plates or thin 
shells. In the present paper we consider a multi-structure which consists 
of a finite size body 0,* connected to a set of parallel thin elastic rods. It is 
assumed that one of the ends of each rod is connected to Q* and the other 
end is fixed (clamped). The objective of this work is to derive explicit 
asymptotic formulae for the first six eigenfrequencies of vibration of the 
multi-structure. 

In the earlier papers by Aslanyan, Movchan and Selsil [2], [3], [4], we per- 
formed the analysis for 2D-3D multi-structures involving three dimensional 
bodies and axi-symmetric thin shells. The formal asymptotic procedure 
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is accompanied by explicit formulae for the eigenfrequencies of vibrating 
multi-structure; these formulae are new and were not derived elsewhere. 

The structure of this paper can be outlined as follows: In Section 1 
we formulate the problem and introduce main notations. The skeleton of 
the multi-structure and the albegraic relations for forces and moments are 
described in Section 2. Finally, we give explicit asymptotic formulae for 
the first six eigenfrequencies and present comparisons with the results of 
finite element simulations. 



1. FORMULATION OF THE PROBLEM 

Let us consider a multi-structure 11* which consists of a three-dimensio- 
nal body and a number of thin cylinders that are parallel to each other; 
the superscript * is used to indicate that the multi-structure is defined in 
dimensional coordinates. Here, £ is a small non-dimensional parameter, 
which denotes the normalised thickness of the thin rods. 

We assume that a three-dimensional body H* has the Lipschitz boundary 
9H* such that part of its boundary is located in the plane X 3 = 0. We also 
assume that the axis OX 3 is directed downwards and the centre of mass of 
the body H* belongs to this axis, i.e. 



x*dx\dx2dx*^ = 0 , j = 1 , 2 . 



( 1 . 1 ) 



Here x* = are dimensional coordinates. We introduce a two- 

dimensional bounded Lipschitz domain g* whose closure belongs to the 
disk of radius rj), with the centre at the origin. Then, we can define the 
multi-structure H* as 

H* = H*UH* (^)U---UH* iL>3, (1.2) 



where 

n: = {x* : 0 < < I* ((x^ - a* (^’)), (x^ - a* (^))) G g*} , (1-3) 

j = 1, ... ,K are thin cylinders connected to the flat part of the surface 
did* at the points (a^ j = 1,...,K. We require that these 

“junction points” do not lie on the same straight line. We also assume, 
for the sake of simplicity, that all the rods have the same cross-sectional 
shape. 

In the text below we use the following dimensional normalisation con- 
stants 

kq = 1 cm, Ki = 1 g, = 1 sec, 

and we define the non-dimensional system of coordinates by x = Kq^x*. 
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The vibrating multi-structure is described by the characteristic linear 
size a* = kqq of the rigid body 17*, the characteristic length Iq = kqIq 
of the thin rods, the characteristic size of cross-section rg = kqUo of the 
thin rods. Young’s modulus E* = kiE/{koK 2 ), the density p* = kip/kq, 
Poisson’s ratio ly of the material of the multi-structure and the frequency 
of the vibrations to* = ujjK 2 - 

We also need the scaled dimensionless coordinates 

y = r = 

to 

Now, we can define the thin cylinders as 

nW = 5i(£)x[o,/(^)), (1.5) 

where 

9j{e) 

£ 



Here, 5 is a two-dimensional bounded Lipschitz domain independent of e, 
whose closure belongs to the unit disk, with the centre at the origin. 

We denote the part of the boundary corresponding to the base region of 
the thin rod by so that 

5, = 

Now, let us consider the spectral problem 

-Lu = Au, y G He, (1.8) 

cr(")(u) = 0, yG(9He\5e, (1.9) 

u = 0 , y gSW, j = l,...,K, ( 1 . 10 ) 

where u = {ui,U 2 ,U 3 )'^ is the displacement vector, n is the unit outward 
normal on SHg, and L, are defined by 

L := A -F 
3 

(n) \ ^ 

cj) := 

i=i 



{(yi, 2/2) : e ^ ((yi - (2/2 - 4 ^^)) e 9 } > 



ro 



1X3) "fc 

/o ’ k 



M 



lU) = 



lU) 

k 



k = l,2, j = l, 



,K. 



(1.6) 



(1.7) 



( 1 . 12 ) 
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respectively. Here, aij are dimensionless components of the stress tensor 



C^ij 



\dyj dyi) 



+ 



2u 

1 - 2u 




(1.13) 



and 

A = 2(1 + 0^(2. (1.14) 

is the dimensionless spectral parameter. 

The problem (1.8)-(1.10) has a non-negative discrete spectrum which 
consists of isolated eigenvalues of finite multiplicity (see, for example, Bir- 
man & Solomyak, Chapter 10, Section 1 [5]). Let us enumarate these 
eigenvalues (taking into account multiplicities) in non-decreasing order as 



0 < Ai < As < ••• < < .... (1.15) 



A rigorous mathematical analysis of this problem can be found in Kozlov, 
Maz’ya & Movchan [1]. In particular, they have shown that (see Theorem 
6.3 on page 264 in Kozlov, Maz’ya & Movchan [1]) 

A, = qje^+0{s^), j = 1,2,3, (1.16) 

A > Coe^, (Co > 0). (1.17) 

Here, qj, j = 1,2,3 are the roots of the equation (6.3.24) in Kozlov, Maz’ya 
&: Movchan [1]. In the present work, using the results from Kozlov, Maz’ya 
& Movchan [1] , we extend the investigation of the spectrum of the problem 
( 1 . 8 )-( 1 . 10 ). 



2. SKELETON OF THE MULTI- STRUCTURE 

Let us now consider the balance of principal forces and moments within 
the multi-structure following Aslanyan, Movchan & Selsil [3] . The interac- 
tion between the rigid body and the thin elastic rods is characterised by 
lock forces and lock moments which are applied at the junction 

points. We assume that the force F* and the moment M* are applied to 
Q* . Then, the equilibrium equations have the form 



K 



F* = 0 , 


(2.1) 


k=l 




K 




X = 0 . 


(2.2) 


k=l 
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F* = '^F„ M* = ^kMi, i = 1,2,3. 



We define the rigid-body displacements of fl* as 

Q* -|- X X* , 

where a and j3 are constant vectors. We use the notations 

a* = Koai, ^ = jfillQ, i = 1,2,3, 
q :/3 = (ai, 02, /^S) aS) A, /?2)^, 

FM = (Fi,F2,M3,F3,Mi,M2)^, 



= 



{a-hb X y} , 



ab = (ai, 02, 63, as, &i, ^2)^- ( 2 . 9 ) 

We refer to Kozlov, Maz’ya & Movchan p.l78, [1] for the representation of 
the vector FM: 

/ 4 AmT \ 

+ P.IO) 

where the dimensionless matrices A, B,D and E are given by 



A = V — 
^ ,(k)3 

k=l 






F = V 2 



Di 0 - 

0 D 2 

-Dibf^ D2bf'^ hf^‘^D2 + b^2^‘^Di + l^^'^‘^Di/12 



- bf\f^ 






( 2 . 11 ) 



(2.12) 



0 0 



0 -D 2 -D 2 b\^> , E = J2 



Di 0 — ^1^2 



000 
0 ZI 2 0 

0 0 F>i 



(2.13) 



Here, Di, i = 1, 2, 3,4 are the normalised stiffness coefficients defined as 
Dk = Elo f yldyidy 2 , k = l,2, D 3 = Elomes 2 g, (2.14) 



D4 = 2(1 + 12) j +Vi^^‘^\?dyidy 2 , 



(2.15) 
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where the function is a solution of the Neumann boundary value problem 



Ay? = 0, y e g, 

dip „ 

^ = y2«i - 2/1 n2, y G og, 

an 



(2.16) 

(2.17) 



and rii, i = 1,2 are components of the unit outward normal n on the 
boundary dg. 

We note that the matrices A and B are non-singular (see Kozlov, Maz’ya 
& Movchan, p.l75 [1]) since the junction points are not located on the same 
straight line. 

On the other hand, we have (see Aslanyan, Movchan & Selsil [3]) 



FM = I 



3 (Gi G2 

° V Gs G 4 



where 



/O 0 Ko 

Gi = diag{flo, ^^0, -^3}, G*2 = GJ = j 0 —Kq 0 

\0 — i?i3 —R 23 

/Oo 0 0 \ 

G 4 = j 0 Ii —Ri2 1 , 

\ 0 —Ri 2 h ) 



(2.18) 



(2.19) 



^ 0 = dyidy2dy3, Kq= y3dyidy2dys, 

Jq Jq 

h= (2/1 + 2/2 + 2/3 - 2/fc) dyidy2dys, k = l,2, 3 , 
Jn 

Rij = / yiyjdyidy 2 dy 3 , i,j = 1 , 2 , 3 , i^j. 

Jn 

It follows that the characteristic equation can be written as 

, , / - tGi -tG2 

^ * V - tGs + e^E - tGi ) 

where t = puj'^Iq is a dimensionless spectral parameter. 

At this point, we consider two cases: 



(2.20) 



(a) Let t = e'^q, q > 0. In this case, the equation (2.20) takes the form 



/A-gGi D^-qG2\_ 

0(e2) ii+0(e2))-U. 



(2.21) 
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Since the matrix B is non-degenerate, equation (2.21) can be reduced 
to the form 

det(A - ^Gi) = 0, (2.22) 

which coincides with equation (6.3.24) from Kozlov, Maz’ya & Movchan 

[!]• 

Let us now denote the roots of the equation (2.22) by qj, j = 1, 2, 3. 
From (2.19) and (2.20) it follows that 

=e% + O(e^), j = 1,2,3. (2.23) 

The matrix A, defined in (2.11) is symmetric and positive definite 
(see Kozlov, Maz’ya & Movchan p. 174-175 [1]). Hence the roots 
j = 1, 2, 3 are positive. 

(b) Let 

t = e^q. (2.24) 

In this case, equation (2.20) takes the form 

, f —qG\ + 0{e^) — qG2 + 0(£^ 

V + 0{£^) B-qGi+ 0(e 

or neglecting higher order terms we obtain 

( 2 . 25 ) 

We denote the first positive roots of equation (2.25) by qj, j = 4, 5, 6. 
From (2.20), (2.24) and (2.25) it follows that 

tj = e'^qj + 0{e^), j = 4,5,6. (2.26) 

Assuming that the junction points k = 1,2, ... ,K are not lo- 
cated on the same straight line we conclude that the matrix B, de- 
fined in (2.12), is symmetric positive definite (see Kozlov, Maz’ya & 
Movchan p.l75 [1]). Hence the roots qj, j = 4,5,6 are positive. 

3. EXPLICIT FORMULAE FOR THE 
EIGENFREQUENCIES 

In this section we consider the multi-structure (see (1.2)) where is 
the cube a*(g)a*(8)a*. The four parallel thin rods j = 1,2, 3, 4 (AT = 4) 
have the same cross-sectional shape. We define this shape as the square 
— {r^/2) < xi,X 2 < (rg/2). The thin rods are assumed to have the 

lengths l*G'> = I*, j = 1,2, 3, 4 independent of j. The points where 
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the thin rods are connected to the body (the junction points) have the 
coordinates: 



= (a^,a^,0), = (_«*, 0), 

a*(3)) = = (a^-a^O), 



where 0 < aj < {a* / 2). We note that the characteristic length of the thin 
rods is equal to Iq = 1* = kqIq. 

Let us denote the density of the material by pg, the Young’s modulus 
and the Poisson’s ratio by E and respectively. 

Remembering that y = x/Zq (see (1-4)) we obtain 



a = p, = j = l,2,3,4, b\^'> = k = l,2, j = l,2,3,4, 

h to 

e = g = {{yi,y2) ■ -(1/2) < yi,y2 < (1/2)}, 

Di = D2 = D3 = Elo, D4 = -^ 4 , 0 , 

where ~ 0.1414. 

The matrices A, B, Gk, k = 1, 2, 3, 4 have the form 

A = dmg{4Elo,4Elo,8af^ + ^A.o}, B = diag{4.EZo, 4L1^, 4L1^}, 

<0 1 + h l‘0 



Gi=diag{^,^,^}, G2 = GI = 

tg tg Utg 



^ 5a^ 5a® 

G4 - diag{-^,^,^}. 

Using these formulae we derive 



/O 0 - 






n “ 



\0 0 0 




(3.1) 

(3.2) 



k = 
k ~ 





(3.3) 

(3.4) 
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Now, we consider the following particular values: 

a* = 100 cm, = 200 cm, j = 1, 2, 3, 4, 

rg = 4 cm, = 25 cm, 

E* = 2.1 10^^ p% = 7.8-^, u = 0.3. 

cms^ cm'* 

We note that s = (1/50) <C 1 in this particular case, and 



Difl 



1 

3 



64 



OO 



E 



tanh(7r(2/c + l)/2) 
(2fe + l)5) 



(3.5) 



Using (3.1)-(3.4) we obtain 

/i = /2~0.93, fs-lM, U = f5- 28.58, 46.67. 

The numerical results (using the finite element package COSMOS/M) give 



/i = /2~0.93, fs-lA, /4 = /5~ 28.14, /g 46.31. 

Comparing these numerical results with the results of our analytical for- 
mulae we see an almost perfect agreement. 
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Abstract The two-term interior asymptotic expansion is derived for low-frequency 
longitudinal vibrations of an elongated elastic rectangle. The consideration 
starts from the second-order theory of plate extension with the second- 
order boundary conditions involving a dynamic correction. 

A multi-parametric nature of the associated stress state is emphasized. The 
contribution of the self-equilibrated component of end data is investigated. 



INTRODUCTION 

It is well known (see for example [2, 3, 6]) that the compound asymp- 
totic expansions for thin plates and shells include both interior components 
and boundary layers localized near edges. As a rule, the former are of a 
greater interest for structural analysis. In fact, all the applied engineering 
theories for plates and shells refer only to the interior stress state. At the 
same time asymptotic considerations can not ignore boundary layers. The 
point is that they affect the boundary conditions for the interior equations. 
Consistent boundary conditions in asymptotic structural theories have to 
be treated as decay relations for boundary layers (e.g. see [4]). In the lead- 
ing order these usually agree with the Saint- Venant principle stating static 
self-equilibrium of external loads. In this case, the relevant interior govern- 
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ing equations follow from the Kirchhoff plate theory or the Kirchhoff-Love 
shell theory. 

Higher-order asymptotic theories have to start both from refined interior 
equations and boundary conditions. Higher-order equations derived by 
asymptotic integration of the 3D equations in elasticity may be found in 
[5, 10]. Higher-order boundary conditions should utilize advanced decay 
relations incorporating possible deviations from the traditional formulation 
of the Saint- Venant principle. To our best knowledge, improved boundary 
conditions have been developed only for static problems (see also [8]). 

In this paper we introduce the second-order decay condition for longitu- 
dinal motion of a semi-infinite elastic strip taking into account a dynamic 
correction. The associated boundary conditions are combined with the 
second-order dynamic theory of plate extension to establish the two-term 
interior expansion for forced harmonic vibrations of an elongated rectangu- 
lar strip. The proposed expansion allows a further insight into structural 
dynamic response. In particular, it takes into consideration low-frequency 
motions induced by statically self-equilibrated end data. 

1. STATEMENT OF THE PROBLEM 

Let us consider the harmonic motion of an elongated elastic rectangular 
strip 0 < xi < /, —h <X 2 <h;rj = h/l <C 1 (see Fig 1). 




Figure 1 Elongated rectangular strip under end loading 
In the case of plane strain, the equations of motion can be written as 



E 



d^vi dh 



2(1 -I- I dxf 



Vi 

dx“j 



E 



/ 






2(1 + u){l — 2v) \ dxj dxidxj 



+ X7W — tt:; I +pvJ Vi — 0, 

( 1 . 1 ) 

= 1 , 2 ), 

where Vi = Vi{xi,X 2 ) are displacements, E is Young’s modulus, v is Pois- 
son’s ratio, p is the mass density, lo is the circular frequency. 
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The formulae expressing the stresses an, a 2 i and (T 22 in terms of dis- 
placements become 



E(1 — 12 ) f dv\ V dv 2 \ 
(1 + u){l — 2u) 1 — 1 / dx2 ) ’ 

E{1 — ly) / V dv\ dv 2 \ 
{1 + v){\ — 2v) \1 — 1 / dx\ dx 2 ) ’ 
E / dv 2 dv\ \ 

2(1 -|- v) \tlxi dx 2 ) ' 



(1.2) 



Below we restrict ourselves to boundary conditions corresponding to the 
traction-free faces X 2 = Eh and the edges xi = 0 and x\ = I both loaded 
by the stress of magnitude ao{x 2 ) exciting low-frequency vibrations. Thus 
we assume: 



cj2i(xi,±/r) = 0, a22{xi,±h) = 0, 

= = (1.3) 

^iiLi=o = = ^0(^2), 

and 

A = ^ <C or A = A?? <C 1. (1.4) 

It is well known that the leading order low-frequency approximation 
for the interior rectangular domain, i.e. outside the end zones of the 
width 0{r]) affected by boundary layers, corresponds to the elementary 
plate theories. In particular, we arrive at the equation for plate extension 
(fJo(x 2 ) = o'o(— X 2 )) in terms of the leading order longitudinal displacement 



~d^ 



+ 



A^(l-^) 

2 



V = 0 



(1.5) 



where 

^^i(e,C) = ^nO + - 



The boundary conditions become 



dV 



?=o 







( 1 . 6 ) 



where 





(1.7) 



The ID equation (1.5) represents the leading order approximation of the 
2D initial equations of motion (1.1) in the case of the homogeneous face 
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conditions (1.3)i-(1.3)2, whereas the boundary conditions (1.6) follow from 
the static Saint- Venant principle applied to the end stress <to(x 2 ). This 
states that the interior solution depends only on the non-self-equilibrium 
component of the end data, while the self-equilibrated one forms boundary 
layers localized near ends. 

To establish a two-term asymptotic expansion for the interior domain 
we should refine both the leading-order equation of motion (1.5) as well as 
the boundary conditions (1.6). 



2. SECOND-ORDER EQUATION OF MOTION 
AND SECOND-ORDER BOUNDARY 
CONDITIONS 



The asymptotic procedure for deriving higher order dynamic plate the- 
ories has been established in [5, 10]. In the case under consideration the 
second-order equation of motion can be written as 



£v 

~d^ 



+ A^ 



1 — u \ 

2 12 ) 



V = 0. 



(2.1) 



It is clear that the correction to the elementary theory of plate extension 
(the second term within the brackets of (2.1)) is of order O(A^). 

Below we also exploit the two-term asymptotic expansion for the longi- 
tudinal stress (Tii(^,C) expressed in terms of F(^). It is 



with 



cr„{{,0 = E + Ayv®({)) . (2.2) 



d?(f) 



1 / _ \ dF 

1 — \ 4(1 — ly) ) d^’ 

v{2v — 1) dV 
4(1 — v){l — i^2) di ' 



(2.3) 



To refine the classical boundary conditions (1.6) we need to improve the 
static decay conditions for a semi-infinite strip [7, 9] by incorporating a 
low-frequency correction. 

Below we start from the formula 

/ (l - So(C)dC = 0, (2.4) 

where Sq(C) is a prescribed end longitudinal stress (Sq(C) = ^o(~C))- 
The condition (2.4) involves a correction of order O(A^) (the second 
term within the brackets of (2.4)) to the traditional formulation of the 
Saint- Venant principle requiring self-equilibrium of the end data So(C)- 




The two-term interior asymptotic expansion 141 



The derivation of a second order decay condition may be based, for ex- 
ample, on the Laplace transform technique similar to that developed in 
[9] for the static equilibrium of an elastic semi-infinite strip. In this case, 
the condition (2.4) does not allow asymptotically small poles (A <C 1) as- 
sociated with low-frequency propagating modes (see author’s forthcoming 
publication [1] for more detail). It is essential that, as it is demonstrated 
in Appendix, all the decaying Lamb modes (e.g. see [10]) satisfy to the 
proposed decay condition to within the error O(A^). Such a test proves 
the validity of the latter. 

As usual, we utilize then the substitution 

So(C) = ^o(C)-^ii(C,0 (2.5) 



with = 0 or = 1. 

By introducing the two-term expansion (2.2)-(2.3) for cr{^,C) into the 
decay condition (2.4) we obtain the second-order boundary conditions 

^ (1 -h aA^) f ao{C)dC (2.6) 
Jo 



dV 


dV 




Hi 


?=o 


?=i 


with 








a - 


= - 


where 







E 



3(1 - z/) 



b = 



C^cjo(C)dC 



MC)dC 



(2.7) 



(2.8) 



3. TWO-TERM INTERIOR ASYMPTOTIC 
EXPANSION 



The sought for two-term expansion follows immediately from the for- 
mulae of Section 2. In particular, for the longitudinal stress along the 
centre-line it becomes (<t(^) = (Tii(.^,0)) 



a{^) = A cos 






(3.1) 



where 
A = 



6(1 — zv) 



'1 + 



1 - 



Z.2A2 



4(1 - Z.) 



sec 



A / Z^2^2 






3(1 - z.) 



ao{C)dC. 



(3.2) 
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As it might be expected the last formula depends on two parameters r/ 
and A. Only for A ~ 1 it takes an one-parametric form involving the single 
parameter A = Ary. For higher frequencies (1 <C A <C ry“^) the contribu- 
tion of secondary terms entering trigonometric functions exceed that for 
algebraic ones. The first of them is of order O(A^ry^) and corresponds to 
the second-order equation of motion (2.1), while the second one is of order 
0{)?rf) and associated with the second-order boundary conditions (2.6). 
It is also follows from this that the elementary plate solution 



cj(^) = Ao cos 



~ (2e-l)A 

4 



V2(l - i^) , 



(3.3) 



where 



An = sec 






MC)dC 



(3.4) 



is justified only for A <C i.e. not over the whole low-frequency band 

A <C (A <C 1). These observations fully agree with general conclusions 
in [5, 10]. 

Numerical results are presented in Fig. 2 and Fig. 3 (T=a/E). The nearly 
self-equilibrated load iTo(C) = E{cos7tC -|- e) (e <C 1) is studied. The two- 
term expansion (3.1) (continuous lines) is compared with the elementary 
solution (3.3) (dash lines) for u = 0.4, r] = 0.05 and E = 1. The figures 
clearly demonstrate an increasing contribution of the self-equilibrated cos- 
sinusoidal component for small £ and moderate A. It is interesting that 
even a quasi-static distribution along the longitudinal direction depends 
considerably on the self-equilibrated component (see Fig. 2). 



4. CONCLUDING REMARKS 

The proposed two-parametric formula (3.1) (which depends on the ge- 
ometric parameter rj and the dimensionless frequency A) is based on the 
second-order theory of plate extension as well as the second-order boundary 
conditions incorporating a dynamic correction. It confirms that for higher 
frequencies (1 <C A <C rj~^) the effect of higher order terms in the boundary 
conditions (2.6) becomes negligible compared with those in the equation of 
motion (2.1). Another interesting feature is that the second-order bound- 
ary conditions allow investigation of vibrations excited by self-equilibrated 
end data. It should be also mentioned that the developed methodology 
might be adapted for more general problems in structural mechanics. 
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Appendix: Testing of decay condition 

Symmetric Lamb modes can be written as (e.g. see [10]) 



m^o;/3sinhacosh(/3C) — 



7^ — yj sinh /3cosh(aC) 



= rn^ — ^ -A^, (3“^ = rn^ — h? , 7^ = ^ , 

where x = xi//i, C is an arbitrary constant and m is a root of the Rayleigh- 
Lamb dispersion equation 

7 ^cosha--- — a^mr cosh/3 = 0 (^-2) 

p a 

For the decaying low-frequency modes (A.l) (A <C 1) we have m ~ 1. 
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The substitution of this into the static decay condition, expressing the 
Saint- Venant principle, yields 



/r. AN 7 A CEuhP'sm^c? m r 



At the same time the refined decay condition (2.4) provides higher ac- 
curacy. In the latter case we get 



/‘(l--fc^)An(0,CK~A‘ 
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Abstract We present here an analysis of electromagnetic waves propagating through 
a doubly periodic array of inclusions which are not necessarily circular. A 
small perturbation to a circular boundary is introduced, and this can be 
used to derive the effective boundary conditions for the perturbed inclusion. 
We examine the effect of this pertnrbation on the dispersion cnrves for the 
material, and compare this with a hnite element modelling of the perturbed 
structure. 



1. INTRODUCTION 

The problem of waves propagating in a photonic crystal is well known, 
however most studies of this make simplifying assumptions about the struc- 
ture under consideration. We study here the effect of perturbation of the 
boundary of the cylinders in the array. This perturbation may be inherent 
in the structure, resulting from the manufacturing process of the photonic 
crystal, or it may be the result of a sound wave moving through the array. 
In this way the perturbation could be used to model the coupling between 
light and sound in photonic crystals, and also to examine the behaviour of 
light in such an array when the photonic crystal is ‘squashed’. 
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In this paper we examine the case when the perturbation of the boundary 
of each cylinder is small in comparison to the cylinder’s radius. In this way 
the solution for this perturbed problem can be calculated directly from the 
solution of an array of unperturbed cylinders, in terms of a correction term 
which is on the order of the size of the perturbation. 

There are several methods available to solve the classical (unperturbed) 
problem; these can be loosely categorized into plane-wave methods, multi- 
pole methods and transfer matrix methods [5, 6, 9]. In this case it is most 
appropriate to use a multipole method known as the generalised method of 
Rayleigh, since this gives a semi-analytic expansion of the solution around 
each circular inclusion. The method itself will not be given here, and can 
be found discussed at length elsewhere [6, 8] . 

As a means of comparison, and being of no small interest itself, we also 
compare the results derived using the asymptotic method with a direct 
calculation using finite elements. This combination of finite elements and 
the Bloch condition is new and is interesting enough to warrant additional 
attention, because highly accurate results can be obtained quickly for in- 
clusions of arbitrary shape. 

2. OUTLINE OF THE PROBLEM 

We consider an array of ‘squashed’ cylinders. By this, we mean cylin- 
ders whose original circular cross-section has been slightly perturbed. We 
impose here the restrictions that the spacing between the cylinders should 
not vary and that the perturbation for each cylinder be exactly the same; 
in this way the problem is strictly doubly periodic. A time-harmonic elec- 
tromagnetic wave propagating through this material can be represented by 
a scalar function u{r, 9), which obeys everywhere the Helmholtz equation 

{A + k‘^)u = 0, (2.1) 

where k is the spectral parameter (in this case, the frequency divided by the 
wave-speed) and A is the Laplace operator in two dimensions. The doubly- 
periodic nature of the problem requires that the Bloch-Floquet condition 
be satisfied throughout the unit cell[3], thus: 

u{x + d) = , (2.2) 

where x = (r, 9) and d is any vector which can be drawn from the centre of 
one elementary cell to the centre of another. The vector keioch is commonly 
known as the Bloch vector, and the relationship between k and \<-Bioch is 
known as the dispersion relation for the array. 
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3. PERTURBATION FOR THE TE MODE 
WITH PERFECTLY CONDUCTING 
CYLINDERS 

We begin with a single, unperturbed, cell of the array, as shown in 
Figure 1, and consider the exterior region Qq, with a boundary OCqUB, 
where Cq = {{r, 6) : r < a} is the circular region which corresponds to the 
body of the central inclusion, and B is the outer boundary of the central 
unit cell. 



d 



d 




B 



Figure 1 The geometry for the unperturbed problem. 



Within the region Qq we introduce the unperturbed field uo{r, 9), which 
satisfies 

{A + k^)uo = 0, (3.1) 



where /cq is the unperturbed spectral parameter. On the boundary of the 
inclusion we specify, for the purpose of this demonstration, homogeneous 
Neumann conditions 



dug 

dn 



= 0 , 

dCo 



(3.2) 



which are appropriate for a Transverse Electric wave incident on a perfectly 
conducting cylinder. As mentioned previously, the periodicity of the prob- 
lem requires that the Bloch-Floquet condition be satisfied throughout the 
unit cell i.e. ug satisfies (2.2). In particular this condition can be used to 
prescribe the boundary conditions on the exterior edge of the unit cell B, 
and so completely determine the problem for ug, to within a multiplicative 
factor. The solution ug can be normalised with respect to the energy, and 
so we specify that 



\ugfdA = 1. 






(3.3) 



We now note that this problem for circular cylinders is very well studied, 
and there are at least three different methods available by which the solu- 




150 



tion can be constructed [5, 6, 9]. This solution can be used to construct 
the solution for the perturbed array. 

We now perturb the boundary, so that dCo dC\ . The new boundary 
of the inclusion can be described by the curve ri, where 

ri{6) = a + €h{0), (3.4) 

where h{6) is a smooth function and e is a small parameter such that 
ehiO) <C a. The region of the perturbed inclusion is C\ = {{r,9) : r < 
a + eh{6)} and the region is the remaining region within the unit cell. 
Without loss of generality, we specify that h{9) > 0, so that the unper- 
turbed inclusion Cq lies entirely within Ci. 




Figure 2 Left: the geometry for the perturbed problem. The dashed line shows the 
unperturbed circular boundary. Right: the contour to be used for the application of 
Green’s theorem. 



The solution to the perturbed problem is denoted by with the per- 
turbed spectral parameter fci, and it satisfies 

(A + A;?)tn = 0, (3.5) 



with the boundary condition 



du\ 

dn 



= 0 . 

dCi 



(3.6) 



The function u\ also satisfies the Bloch-Floquet condition (2.2). 

We would like to examine the effect of the perturbation of the bound- 
ary on the spectral parameter fep. To do this, we apply Green’s theorem 
within the region fli, using the perturbed field u\ and a function which 
is the complex conjugate of uq, which we designate uq. Using the contour 
depicted in Figure 2, we obtain 



{uqAui — uiAuo)dA 



Hi 




- Uo 



dui 

dn 



)dt 



(3.7) 
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We now take into account the fact that the function uq satisfies a conjugate 
quasiperiodicity condition to (2.2), specifically: 

iio(x + d) = uo(x)e“*^bloch'‘^. (3.8) 

This causes the integral around the outer boundary B to be zero in (3.7). 
In addition, we know that the function uq and ui satisfy the Helmholtz 
equations (3.1) and (3.5) respectively, and so we deduce that 

(-fci+/co) f [ uiUodA = f {ui^ -uo^)d£ . (3.9) 

The problem is regularly perturbed, and so we know that the field will 
behave ‘reasonably’ in response to the perturbation of the boundary [1]. 
Specifically, we can say that 

ui = UQ + 0{e) 

In this case the eigenvalues will also behave reasonably, and we can write 



= ^0 + dk (3-11) 

where 5k is of order 0(e). With this in mind, we can write equation (3.9) 
as 

-2ko5k J J \uo\‘^dA = j -uj^^)dl + 0{e^) . 

(3.12) 



Because of equations (3.3) and (3.10), we also know that 



\ue)\^dA = 






IrtopdH. + 0(e) 



' Ho 

= l + 0(e) 



(3.13) 



and so, regardless of the boundary conditions on dC, we can write 

We will now evaluate the integral on the right-hand side. Firstly we note 
that for the Neumann problem we have duxjdn = 0 on dOi, and so 



1 

2ko 




u\^^d£ + O(e^) . 
on 



6k 



(3.15) 




152 



Next, we would like to obtain a representation of duo/dn in terms of the 
values of the function uq on the unperturbed boundary. We represent the 
curve dCi as being a level curve of where 



$(r, 9) = r — eh{9) 



(3.16) 



The unit normal vector at each point is then given by n = V<h/|Vd>|. The 
gradient of is 



and therefore 



V^>| 



dCi 



15^>^ 

dr r 89 



n|aci =r- 



eh'{9) 



J dCi 



9 + 0{e^) . 



(3.17) 



(3.18) 



Now: 



duo 


_ duo 


eh' (9) 8uo 


8n 


aci dr 


dCi d9 



+ 0 (e 2 ) 



dCi 



Thanks to the Helmholtz equation (3.1) we deduce 



duQ 

dn 



dCi 



ufa\i 2 - \ eh{9)d‘^uo 

= - eh{9)kQUo\g^^ - ^2 Q02 

+ O(e^) 



(3.19) 



eh' (9) duo 



dCo 



a? 89 



dCo 



(3.20) 



Noting that u\\q(j^ = uq\q)j^ + 0{e), we then substitute (3.20) into the 
integral (3.15) to yield 



5k = / no ' -eh{9)kQUo - 



2ko 



>dCo 



2 _ eh{9) druQ eh' {9) 8 uq 



x2 89"^ 



89 



d£ + 0{e^ 



= ^/ (ft(«)l»ol" + 

^ JdCo 



h(9) 8 ‘^uq h'(9) 8uo\ _ 9 . 

(3.21) 



This can be evaluated if the function uq and its derivative on the boundary 
are known. Let us now expand the function uq on the boundary in a Fourier 
series, so that 

00 

^olaco = E ’ (3.22) 

£= — 00 

where the coefficients am are known. We will also specify that the function 
h{9) which controls the perturbation can be written in a similar manner. 
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so that 

OO 

h{9) = Y, . (3.23) 

n=—oo 

The expression for the perturbation can then be written explicitly in terms 
of these values. Substituting into (3.21), 




OO 

= enkoa Y ~ 

£,n=—oo 



n(n+i) 

(fcoa)2 






(3.24) 



Here the complex conjugate is denoted by the overline. Shuffling the sum 
indices, we obtain the formula 



OO 

5k = evrfcoa E hffi— eaeami^ 

£,m=—oo 



im 

{koaY 



(3.25) 



4. FINITE ELEMENT MODELLING 

Since we want to use a variational approach, let us reformulate (2.1) as: 



-V • (V u) = A:\ in y \ C , — = 0 on (4.1) 

on 

where C is the metallic inclusion and Y = ]0; 1[^ denotes the elementary 
cell of the previous section (for the sake of simplicity, we take d = 1 in this 
section). 

As for the weak formulation, the condition of zero normal derivative of 
u on the metallic boundary (homogeneous Neumann boundary conditions) 
is naturally fulfilled and one just has to exclude C from the basic cell Y : 

TZ{u, u')= _ Vtt • Vu' dxdy — k^ _ uu' dxdy (4.2) 

Jy\c Jy\c 

Existence and uniqueness of the solution is ensured by the Lax-Milgram 
lemma applied to the function u and its conjugate u in the Hilbert space 

H^{^Bioch,y) = |u G F/oc(M^,C) , u is (kBioc/i,T)-periodic| (4.3) 

of (ks/oc/i, E)-periodic functions (i.e. satisfying (2.2)) which are square 
integrable on every compact subset of M^, with values in C and with locally 
square integrable gradients. 
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The discrete formulation is set up with nodal elements (first order trian- 
gular elements). In order to find Bloch modes with the finite element 
method, some changes have to be performed with respect to classical 
boundary value problems that will be named discrete Bloch conditions [4], 
A scalar discrete field U{x,y) on the square cell Y with Bloch conditions 
relates the left and the right sides. The set of nodes is separated in three 
subsets: the nodes on the left side, i.e. with x = 0, corresponding to the 
column array of unknowns uj, the nodes on the right side, i.e. with x = 1, 
corresponding to the column array of unknowns Ur, and the internal nodes, 
i.e. with X g]0, 1[, corresponding to the column array of unknowns u. One 
has the following structure for the matrix problem (corresponding in fact 
to natural boundary conditions i.e. Neumann homogeneous boundary con- 
ditions): 



A 




= b 



(4.4) 



where A is the (square Hermitian) matrix of the system and b a column 
array. The solution to be approximated by the numerical method is a 
discrete Bloch function U{x,y) = U^{x,y)e^^^Bioch^+^^Biochy) ^ JJ^ being Y- 
periodic and in particular C/}j(x + l,y) = U^{x,y). Therefore, 



U{l,y) = U^{l,y)e^^^Bio.h+kli,.hV) = [/(Q, y)e^^mo.h (4.5) 



and the relation between the left and the right side is: 

Ur = u\e''^Bioch (4.6) 



Consequently, the set of unknowns can be expressed in function of the 
reduced set u and ui thanks to: 

fui|=pf"^ with P = I 0 I 1 (4.7) 

Vur/ 

where I and 0 are identity and null matrices respectively with suitable 
dimensions. The finite element equations related to the eliminated nodes 
have now to be taken into account. Thanks to periodicity of the structure, 
an element sitting on the left of the right side of the basic cell Y corre- 
sponds to an element on the left of the left side of the basic cell. Therefore 
their contributions (i.e. equations corresponding Ur) must be added to 
the equations corresponding to uj with the correct phase factor e~^^Bioch. 
This amounts to multiplying the system matrix by P* i.e. the Hermitian 
conjugate of P. Finally, the linear system to be solved is: 



P*AP 



u 

Ul 



= P*b 



(4.8) 
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where it is worth noting that the system matrix is still Hermitian which 
is important for numerical computation. Now a generalized eigenvalue 
problem (with natural boundary conditions) Au = ABu is transformed to 
an eigenvalue problem with Floquet-Bloch boundary conditions according 
to P*APu^ = AP*BPub Such problems involving large sparse Hermi- 
tian matrices can be solved using Lanczos algorithm that gives the largest 
eigenvalues [7]. Physically we are in fact interested in the smallest eigen- 
values and therefore A~^, the inverse of A, instead of A itself must be 
used in the iterations. Of course, the inverse is never computed explicitly 
but the matrix-vector products are replaced by system solutions thanks 
to a Generalized Minimal Residual method (GMRES) [7]. method. It is 
therefore obvious that the numerical efficiency of the process relies strongly 
on Krylov space techniques and the Arnoldi iteration algorithm [10]. The 
practical implementation of the model has been performed thanks to the 
GetDP software [2]. 

5. NUMERICAL RESULTS 

Using the generalised method of Rayleigh, we were able to solve the un- 
perturbed problem for uq and were able directly to extract the coefficients 
ai from the Fourier expansion of the boundary. Using the formula (3.25) 
we were then in a position to calculate the correction 5k for an arbitrary 
perturbation. 

In Figure 3(a) we can see the dispersion curves for an array of elliptical 
inclusions, where the major and minor axes are 0.25 and 0.20 respectively 
and the axes of the ellipses are oriented along the y axis. A diagram 
showing the path taken in the Brillouin zone is included in Figure 3(b). 

It is interesting to note that, for waves travelling in the y-direction, the 
elliptical array behaves almost identically to an array of cylinders with the 
same cross section in x. The difference in the dispersion relation for waves 
travelling in the y-direction is more apparent. 

In Figure 4 we can see the dispersion curves for an array of elliptical 
inclusions, with major and minor axes 0.2d and 0.3d respectively. Here 
we have compared the results with the finite element calculation. One can 
see that the asymptotic formula gives quite good results even when the 
perturbation is no longer small: in this case, eja = 0.5. In the case when 
the eccentricity is higher (e.g. elongated ellipsis of major and minor axes 
O.ld and 0.4d), we have numerically checked that the asymptotic approx- 
imation fails. It is also apparent on Figure 4 that the asymptotic formula 
breaks down for higher values of k. For higher frequencies the second order 
approximation (involving terms of order e^) would be required to obtain 
an accurate solution. 
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Figure 3 (a) Dispersion curves for a TE wave moving through an array of perfectly 

conducting cylinders. The crosses represent the dispersion diagram for an ellipse elon- 
gated in the y direction, with minor {x) axis 0.20d and major (y) axis 0.25d. Also shown 
is the curve for the unperturbed problem, which is an array of circular cylinders of ra- 
dius 0.20d. (b) The path traversed by knioch within the first irreducible segment of the 
Brillouin zone. 




Figure 4 Dispersion curves for a TE wave moving through an array of elliptical inclu- 
sions, with major and minor axes 0.2d and 0.3d. A comparison with the results from a 
finite element method is shown. 



6. CONCLUSIONS 

We have used an asymptotic approach to calculate the effect on the 
dispersion relations for a medium in response to the perturbation of the 
boundary of the included material. The formula which results could be 
used to optimise the shape of the cylinders for some desired property of 
the dispersion relation, for example, to increase the band-gap in a certain 
direction. In addition this technique could be used, in conjunction with 
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elasticity theory, to calculate the opto-acoustic properties of structured 
materials. 
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Abstract Two dynamical (harmonic) problems for an isotropic elastic media with 
spatially varying functional inhomogeneity are considered: the propagation 
of surface anti-plane shear SH waves, and the stress deformation state 
of an anti-plane vibrating medium with a semi-infinite crack. The shear 
modulus and mass density are assumed to be functions of depth into a half- 
space. In the shear wave problem the existence conditions and the speed of 
propagation of surface shear waves has been found. In the crack problem 
the asymptotic expression for the stress near the crack tip is analysed, 
which leads to a closed form solution of the dynamic stress intensity factor. 



Introduction 

There is currently considerable interest in the problem of the propa- 
gation of elastic anti-plane waves in functionally graded inhomogeneous 
materials [1-6]. Such materials have a number of important applications 
in coating technology. For example, high-temperature-resistant ceramic 
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thermal barrier coatings are used in jet engines to improve turbine effi- 
ciency, component durability, and fuel economy. Cutting tools coated with 
wear- resist ant ceramic layers have higher cutting performance and longer 
life. In functionally graded coatings, the composition and microstructure 
vary continuously with distance into the material, eliminating any mis- 
match of material properties at the interface between the coating and the 
substrate [7]. This enhances the bonding strength, reduces the residual 
thermal stresses, and significantly improves the durability of the coating. 

Shear surface waves in a half-space with a slight surface inhomogeneity 
are considered in [1]. In [2] it is shown that the existence conditions for 
surface wave propagation essentially depend on the parameters describing 
the inhomogeneity. The problems of diffraction, propagation and reflection 
of elastic waves in piecewise homogeneous and functionally inhomogeneous 
media are discussed in [3-6] . Also of great interest is the problem of finding 
the stress-strain state of inhomogeneous media that include defects such 
as cracks and inclusions. By choosing the inhomogeneity in an appro- 
priate way, one can control the stress-strain state (SSS) of the material. 
The problem of the definition of the SSS of piecewise homogeneous and 
functionally inhomogeneous elastic bodies and containing a crack has been 
considered by many authors [7-1 Ij. In the present paper we investigate 
the problem of anti-plane shear waves in materials with a spatially varying 
functional inhomogeneity, and the definition of the SSS in such materials 
with a semi-infinite crack. The speed of surface waves, and dynamic stress 
intensity factor near the edge of the crack, are determined analytically, and 
from this it is possible to demonstrate how the values of these quantities 
are influenced by the parameters characterising the inhomogeneity. 



1. THE EQUATION OF MOTION 

Consider the propagation of an anti-plane deformation 

u = (0,0,u^(x,2/,t)) ( 1 . 1 ) 



in an isotropic inhomogeneous linearly elastic body. Assuming that the 
shear modulus fj, and mass density p are functions of the depth y, the 
equation of motion for Uz{x,y,t) has the form [3] 






Uz 






1 d 



, .duz 



p{y) d'^Uz 
p{y) 



dx^ ' p{y) dy 
Considering solutions of the type 

Uz{x,y,t) = [/r(y)]“^/^^'(x,y)e*‘^*. 



= 0 . 



(1.2) 



(1.3) 



we get 



A^' -F fe^(y)^' = 0, 



(1.4) 
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where 






pjy) , ,2 

Ky) 



,2 



2 ^ 4 ;u2 • 



(1.5) 



2. PROPAGATION OF ANTI-PLANE SHEAR 
SURFACE WAVES IN AN 
INHOMOGENEOUS SOLID 

In considering the propagation of anti-plane shear waves in the elastic 
half-space D = {|x| < oo,y > 0}, we consider a solution of equation (1.4) 
of the type 

'h(x,2/) = d>(y)e-", (2.1) 

where a is the wave number, and is the amplitude of the waves. Substi- 
tuting in (1.4) we obtain 



dy^ 



— [a^ — k^{y)]^ = 0 . 



(2.2) 



Assuming that the boundary dD = {y = 0, |x| < oo} is traction-free, so 
that 

duz 

<yyz = = 0, when y = 0, 

oy 



over y = 0 the function must satisfy the boundary condition 

y'(0), 



y(0) 



4>(0) -24> (0) = 0. 



(2.3) 



We further assume that the displacement vanishes at infinity, whence 



4>(y) ^ 0, when y ^ oo. (2.4) 

As can be seen from (1.5), equation (2.2) has a simple solution when 
k‘^{y) = = const, see [3-5, 7, 11]. We consider the case when k^{y) / 

const, and show analytically that surface wave propagation is possible in 
this case. Consider an inhomogeneity of the following type: 



y(y) = yo = const. 



p{y) = P 0 + 



cosh^(/3y) ’ 



(2.5) 



where yo; 7 * 0 ) and p\ are constants characterizing the inhomogeneity. In 
this case 

cosh^(/3y) ’ 



— k^{y) = — k^ — 



(2.6) 
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where 



kl = 



J^po 



Vo = 



= 



_ ^ 2 _ Pl^ _ ^ 

Po ~ v^' ^ ~ PO ~ 

The solution of equation (2.2) subject to the attenuation condition (2.4) 
can then be presented in the following way: 



^(y) = ^oe 






UJ 

—y 



T/2- 









CO 

n' 



where 



CO 



a 2 > 0’ 



V 

or equivalently — < 1, 
Vo 



(2.7) 



(2.8) 



and V = CO /a is the relative speed of the surface wave. Substituting the 
solution (2.7) into the boundary condition (2.3) we obtain 



V 






Vq + Vi V Po Pi 



PO 



(2.9) 



The solution (2.9) satisfies the condition (2.8). In other words, inhomo- 
geneities of type (2.5) lead to the existence of SH waves on the free surface 
of the half space. Note that when /3 = 0 (homogeneous material) it fol- 
lows from (2.9) that h^/Vo = 1 and the condition (2.8) is not satisfied. 
This means, that SH waves do not propagate over the free surface of a 
homogeneous half-space. 



3. VIBRATION OF AN INHOMOGENEOUS 
MEDIUM WITH A CRACK 

Consider an elastic isotropic inhomogeneous infinite body with an inner 
“tunnel” crack x < 0, y = 0, subject to an anti-plane force ^(xje'^^*. For 
this case the boundary conditions are: 



ayz{x,0,t) = x < 0, 

Uz{x, 0) = 0, X > 0. 



(3.1) 



In addition to the conditions (3.1), we require that Uz{x,y,t) ^ 0 as |y| ^ 
oo. 

Applying a Fourier transform with respect to x, the solution of (1.2) can 
be represented in the following way: 



OO 

Uz{x,y,t) = e*“^* J D{a) (j^o(«) + /3tanh(/3y)) e“'^°^“^^e“*"*do;, (3.2) 

— OO 
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D{a) 



— t'o(a) + 



/?2 



cosh^(/3y) 



— i'o{a) ptanh{(5y) 






(3.3) 

where D(a) is an unknown function which will be found from the boundary 
conditions (3.1), and the function i'q is chosen in the form 



z/o(a) = 



{a^ — M^)2 , |a| > 

— i(M^ — a^)5, |a| < 



(3.4) 



where 

^0 

Using boundary conditions (3.1) we get the following system of integral 
equations for D{a); 



f i'o{a)D{a)e *"^da = 0, x > 0, 

— OO 

< (3.5) 

. n ( 

/ (t'oC®) “ /3^)D{a)e~^°‘^da = , x < 0. 

, — OO 1^0 

For simplicity we assume that q{x) = qo = const. (The case 
q zfz const can be considered in an analogous way.) To determine D(a), the 
inverse Fourier transform should be applied to both equations (3.5). Two 
unknown functions are introduced, one of which is defined for 
X < 0, the other for x > 0. A Wiener-Hopf problem is then obtained by 
eliminating D(a) [12-15]. The path of integration in equations (3.5) has 
to be indented so as to avoid the points a = — M, a = M and a = 0. The 
branch points a = will not be part of the path of integration along the 
real axis as shown in Figure 1. 

Contour integration around a path from — oo to oo connected by a semi- 
circle of infinite radius in the upper a plane and application of the residue 
theorem and Jordan’s Lemma show that the second equation in (3.5) would 
be satisfied if 



D{a) = 



qo 1 M{a) 1 

iUo 27ri M(0) a ’ 



(3.6) 



where M{a) is an undetermined function, analytic above the path of inte- 
gration, with |M(a)/a| ^ 0 as |a| ^ oo in the upper half-plane. 
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Figure 1 The a plane with cuts 



Similarly, the first equation in (3.5) can be satisfied if 

VQ{a)D{a) = N{a) (3-7) 

is viewed as the transform of a function, which is zero for x > 0, so that 
N{a) is analytic in the lower half-plane and |A^(ct)| ^ 0 as \a\ oo. 
Eliminating D(a) from equations (3.6) and (3.7) we get 

N{a) ^ go 1 1 1 

M{a) Fo — (M^ -|- /3^) M(0) a 

One of the essential steps encountered in the Wiener-Hopf technique is 
the decomposition of the function E{a) = \/ o? — {a^ — (M^ -|- in 

the form of a product 

E{a) = E^{a)E-{a), (3-9) 

in which £'_|_(q;) and E-{a) are analytic and non-zero in the upper and 
lower half-planes, respectively. 

It is easy to check that E±{a) = \/a ± H/(a ± from 

equation (3.8) we obtain 



go 1 1 1 \/a — H 

Fo 2m a M(0) a - \/(H^~+)^’ 
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M(0) = 



(3.10) 



The function D{a) can be determined from equation (3.6) or (3.7) and 
can be represented in the form 



D{a) = - 



qo 1 



1 



pLo2m lo2 a{a — cv2)^/a+AJo' 



CO 



I up' up 






(3.11) 



From (3.3) we now obtain the following expression 



duz 

O'yz ~ Qy ~ ^0- 



T/2 y2 



“ { + — rIzTT “ i^o(a)/?tanh(/3y)^ e 

cosh^(/3j/) y 

a{a — C02){a + coqYP 



^iujt ^—ickx 



da 
(3.12) 

for the stress. 

As a result, from the Abel theorem [12] relating asymptotic properties 
of transforms, on the line y = 0 we have 



or 



c, 



yz 




(1 - i)e*“*x 2 



X 



+ 0 , 



i^3 



lim 

x^+0 



1 

x2 a 



yz{x, 0, t) 




0 



^iujt 



(3.13) 



(3.14) 



When the parameter f3 characterising the inhomogeneity of the media is 
zero, formula (3.14) coincides with the formula for the stress intensity factor 
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obtained in [14,15] for homogeneous media, namely. 



T^hom 

^3 



(1 — i)qo\ ■ From (3.14), 



UJ 




(3.15) 



which means that the inhomogeneities of the type considered decrease the 
coefficient of intensity compared to the homogeneous case. From (3.12) the 
elastic stress near the top of the crack has a singularity of the form 
(i.e. A = const, when x +0). This means that the 

inhomogeneity considered does not change the character of the singularity 
of the elastic stress near the crack tip compared with the homogeneous 
case. 



4. CONCLUSION 

Some dynamic (harmonic) problems for functional inhomogeneity of 
elastic media are considered. Inhomogeneity of the media is given by spa- 
tially varying continuous differentiable function. It is assumed that the 
media is in anti-plane stress deformation state. The following two prob- 
lems are considered : 

1. propagation of surface anti-plane SH waves, 

2. the stress-deformation state of vibrating medium with semi infinite 
crack. 

It is shown that 

a) a surface SH wave can propagate through free surface of half space 
and the speed of propagation is determined, 

b) when |x| ^ 0, the elastic stress near the crack tip has a singularity 

a ~ i.e. the considered inhomogeneity does not change the character 

of singularity compared with the homogeneous case. 

c) inhomogeneities of the type considered decrease the stress intensity 
factor compared with that of homogeneous case. 
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1. INTRODUCTION 

Dissipative silencers are widely used to attenuate broad-band noise in 
heating, ventilation and air-conditioning (HVAC) ducts. In general a duct- 
ing system of this class is of rectangular cross-section and consists of several 
sections of duct and a variety of components. A typical silencer comprises 
a finite section of duct with layers of porous material positioned parallel to 
one of the duct walls. In the simplest configuration a section of the duct 
is “lined”, that is, two layers of porous material are positioned in contact 
with opposite duct walls. Further layers may be inserted, each one posi- 
tioned centrally and parallel to the duct lining, to form what is commonly 
is referred to as a “splitter silencer” . 

For engineers wishing to determine the efficiency of such devices, a prag- 
matic model for the porous material is required and the usual choice is an 
“equivalent fluid” . In this formulation the porous material is replaced with 
a fluid in which the speed of propagation, Cp, and density, pp, are consid- 
ered to be complex. Much experimental work has been done on relating 
Cp and Pp to the bulk acoustic properties of real porous materials and the 
complex values of these parameters are known in principle (see [1]). The 
major advantage of such a model is that it permits the use of modal anal- 
ysis. To date, however, design techniques commonly rely on quantifying 
the attenuation of the fundamental acoustic mode and possibly the first- 
order mode. Whilst this approach will provide some insight into silencer 
performance, it necessarily suppresses the complex multi-modal behaviour 
present in larger ducts and/or at higher frequencies, and omits the influence 
of the outlet/inlet planes of the silencer. 
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The eigensystem for a silencer is Sturm-Liouville in type. Yet industrial 
application of mode-matching techniques for analysing the performance 
of a dissipative silencer is, at best, rare. This is due, in part, to the 
difficulty of reliably locating the roots of the dispersion relation which 
contains complex parameters. As the imaginary parts of these increase 
(corresponding to low frequency and/or highly absorbent materials) the 
problem of root location intensifies. As the number of layers of porous 
material in the silencer increases, the algebraic complexity of the dispersion 
relation further compounds the problem. Not only is it difficult to locate all 
the roots in a given region of the complex plane, but there are few reliable 
techniques for determining if any roots are missing. Although the effect 
of a missing root on the results obtained through mode-matching depends 
on the location of the root, it is always undesirable and often the cause of 
significant inaccuracies. 

In this article it is shown that, if the transmission loss is the physical 
quantity of interest, it is not necessary to solve the dispersion relation. 
An exact system of equations, by which to determine the reflection and 
transmission coefficients, is derived using the analytic properties of the 
eigensystem in the silencer region but without explicit knowledge of the 
eigenvalues. In section 2 the method is demonstrated for a simple silencer 
comprising a finite length lined duct inserted into an otherwise infinite 
rigid duct. Numerical results are presented and the implications of this 
approach for analysing the splitter silencer are discussed in section 3. 

2. A SIMPLE DISSIPATIVE SILENCER 

A typical HVAC duct can be modelled as a three-dimensional, infinite, 
rigid duct occupying, say, the region \y\ < b, \z\ < c, — oo < x < oo of 
a Cartesian frame of reference. The section of duct lying in the region 
0 < X < 2.^ is lined, on two opposite walls, with a porous material which 
occupies the space a < \y\ < b, \z\ < c, b > a. A compressible fluid of sound 
speed c and density p fills the interior of the duct. The porous media is 
modelled as an equivalent fluid with complex speed of propagation Cp and 
complex density pp = Zajcp where Za is the impedance of the material. 

A plane wave, of unit amplitude and harmonic time dependence 
where w = ck, is incident through the fluid in the positive x direction 
towards x = 0. Since the forcing is independent of z and there is no change 
of geometry or material property in the z direction, the two-dimensional 
version of the model problem is considered. Further, since the x-axis is a 
line of symmetry, it is sufficient to consider only the upper half of the duct 
(0 < y < 6) with a rigid surface at y = 0 (see figure 1). 
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Figure 1 Infinite rigid duct with finite length dissipative silencer. 



2.1. THE BOUNDARY VALUE PROBLEM 

It is convenient to non-dimensionalise the boundary value problem using 
typical length and time scales k~^ and uj~^. Thus, x = kx, y = ky etc. 
where the “barred” quantities are dimensional. The time-independent fluid 
velocity potential is defined for each duct region in figure 1. For the inlet 
and outlet ducts (x < 0 and x > 2i respectively) the velocity potentials are 
governed by Helmholtz’s equation and must satisfy the rigid wall conditions 
at y = 0 and y = b. Thus, 

(V2 + l)^,(x,y) = 0, 0<2/<6, i = l,3 (2.1) 

and 

^ = 0, y = 0,6, j = l,3. (2.2) 

The velocity potential in the silencer region (0 < x < 2i) must satisfy 
Helmholtz’s equation with unit wavenumber in the central passage, 0 < 
y < a and with wavenumber c/cp in the porous media a < y < b. At the 
interface between the porous media and the fluid {y = a) it is assumed that 
the pressure and normal velocity are continuous whilst at the rigid duct 
walls the normal velocity is zero. It follows that the potential ip 2 must 
satisfy the following: 



+ I)ip 2 {x,y) = 0, 0<y<a, 

(y^ -T‘^)ip 2 {x,y) = 0, a<y<b, 



(2.3) 

(2.4) 




172 



where T = icjcp^ together with 



ip2{x,a ) = !3ip2{x,a^), 



d(f2 

dy 



I -N dcp2, +. 
(x,a ) = (x,a^) 



where f3 = pp/ p, and 



dp2 

dy 



dy 



= 0 , 2 / = 0 , 6 . 



(2.5) 

(2.6) 



(2.7) 



At the interfaces between the inlet / outlet duct and the silencer the con- 
ditions of continuity of pressure and normal velocity are applied. Thus, at 

X = 0 



whilst at a; = 2t 






dipi 

dx 



(0,y) 



v>3{‘2£,y) 



f V2(0,y), 


0 < y < a 


(2.8) 


1 Pp2{0,y), 


a < y < b 


dx 


0 < y < b 


(2.9) 


iP2{2i,y), 


0 < y < a 


(2.10) 


\ Pip2{2l,y), 


a < y < b ’ 




0 < y < b. 


(2.11) 



2.2. EIGENSYSTEM FOR THE SILENCER 



Equations (2.3)-(2.7) describe the unforced boundary value problem for 
a lined duct of any length. The travelling wave forms in a duct of this type 
are easily determined by separation of variables. A typical mode travelling 
in the positive x direction has the form ip 2 n{x,y) = Yn{y)e^”^ where 



Yniy) 



Yiniy), 0 <y < a 
Y 2 n{y), a<y <b 



(2.12) 



and the wavenumber is defined below as a root of (2.20). The eigen- 
functions Yn{y), n = 0, 1, 2, . . . are the solutions to the eigensystem: 



F/' 


- = 0, 0 < 2 / < a; 


(2.13) 




II 


(2.14) 




- A^F 2 = 0, a <y < b; 


(2.15) 




Y'{b) = 0; 


(2.16) 




Fi(a) = /3F2(a); 


(2.17) 




F/(a) = F2'(a) 


(2.18) 
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where 7 ( 5 ) = (—1 — and A(s) = (F^ — the branches being 

chosen such that 7 ( 0 ) = +i and A(0) = +F. 

It is easily shown that 



cosh( 7 „i/), 



I 7nSinh(7„a) 



A„ sinh[An(6 — o)] 



0 < y < a 



cosh[A„(& — y)], a < y < b 



Here 7 n = 7 (sn),An = A(sn) and Sn, n = 0, 1, 2, . . . are those roots of the 
dispersion relation K(s) = 0 with Re(sn) > 0 where 

K{s) = cosh( 7 a) + m cosh[A (6 - a)]. (2.20) 

Asinh[A(o — a)\ 

Note that the roots Sn-, n = 0, 1, 2, . . . are numbered by increasing real part. 
Thus, the mode with wavenumber sq is the least attenuated. 

The orthogonality relation for this set of eigenfunctions (c.f. [2]) is 



dy ~\~ /3 I Y2nY2m dy — SmnEn 



(2.21) 



where 6mn is the usual Kronecker delta and 

p _ U„(n) d 

^ s''**' 



(2.22) 



the prime indicating differentiation with respect to y. 



2.3. MODE-MATCHING SOLUTION 

The velocity potentials (pj, j = 1,2,3 can be written as eigenfunction 
expansions in the form: 



00 . 

j=0 


(2.23) 


f2{B,e-‘^^ + C^e‘nYAyy, 


(2.24) 








(2.25) 



where £j = 2 for j = 0 and 1 otherwise. Note that the incident wave 
takes the form and rjj = (j^vr^/ft^ — 1)^/^ with t]q = i, these definitions 

being appropriate for the choice of time dependence. The orthogonality 
property for {cos(n7ry/6)} together with (2.21) enable conditions (2.8)- 
( 2 . 11 ) to be enforced at the interfaces x = 0 and x = 2i, 0 < y < b. 
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Two linear systems of equations are obtained, the solutions of which yield 
the complex amplitudes Aj, and Dj. For brevity the details are omitted, 
however, the first system is 



Xn — 



2i 

1/2 

Vn 



^On — 



br]. 



1/2 Aon 



9 “ A • 

, 1/2 ^ Aj Yj2 
brirl j=0 Ejl]/ 



where Xn = {An + Dne and 



(2.26) 



Ajn — 'y ^ tciIlh.{Sm£) Rjml^n 



m=0 



(2.27) 



with 



Rjm = cos(^)Yi'^(a) 



1 



1 



7m + (i7r/&)2 + {jTv/b)^ 

p 1 



JTT . . JTVa . , . 

+ ^ sin( — j ^ ^ ^ 



(2.28) 



The second system of equations, for = {An — Dne~‘^'^"^)r]n‘^ , is identical 
in structure to (2.26) but with Ajn replaced with fl(j, n). The quantity fljn 
is obtained from (2.27) by replacing tanh(sm^) with coth(sm^). 

Equation (2.26) (and the equivalent for ■i/’n) many be solved by trun- 
cation and numerical inversion of the matrix. Crucial to this process is 
accurate knowledge of sufficient roots, Sm, of (2.20). As previously dis- 
cussed, missing roots are often the source of significant inaccuracies and, 
due to the complex nature of these roots, the Argument Principle is the 
only reliable method of ascertaining whether all the roots in a specified 
area of the complex plane have been found. If, however, one or more are 
missing it is of limited help in locating them. The question arises then: is it 
possible to solve equation (2.26) without knowledge of s„, n = 0, 1, 2, . . .? 

2.4. RECASTING THE MATRIX ELEMENTS 



Expression (2.27) can be recast in a form where the summation takes 
place over eigenvalues that can be expressed in closed form. (This is not 
the case with Sn, n = 0,1,2,... which, although well defined, must be 
determined numerically.) The key is expression (2.22) which relates the 
quantity En to the derivative of the dispersion relation. This enables (2.27) 
to be recognised as the sum over a family of poles for a carefully selected 
integral. The appropriate integral is 



Ijm — 



-1 

27ri 



s^7sinh(7o) 
K{s) coth(sl') 



Lj{s)Lm{s) ds 



(2.29) 
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where 



with 7 



X .7 PM 

72 + (W^)2 

(-1 - s 2)1/2 and A = (r2 - 
Pj{s) = cos( — ) - y sin( 
Qj{s) = cos( — ) - y sin( 



_ Qj{s) 

A2 + Ijirfb^' 

and 

j-Ka (3 cosh[A(6 — a)] 
b Asinh[A(6 — a)] ’ 
jvra cosh[A(6 — a)] 
b Asinh[A(6 — a)] 



(2.30) 



(2.31) 

(2.32) 



The path of integration in (2.29) lies along the imaginary axis and is in- 
dented to the left(right) of any poles on the upper(lower) half of the imag- 
inary axis. Therefore, since the integrand is an odd function of s, Ijm = 0. 
The integrand has poles at s = rjj and s = rjm (which produce a double 
pole when m = j = 0) and families of poles when 

i) K{s) = 0, i.e. s = Sn, ; 

ii) cosh(s^) = 0, i.e. s = an = (2n -|- l)i7r/(21'); 

hi) sinh[A(6 — a)] = 0, i.e. s = t'n = [T^ -|- n^7r^/(6 — a)^]^/^, 

where in each case n = 0, 1, 2, . . .. The first family of poles yields Ajm and, 
on evaluating all the other pole contributions, it is found that 



2 2 
Ajm = fPjm T (1 <^jo)(l 

(1 bjo)fjm T (1 bmo) fmj} 

+ 6jm{l - Smo)gm + hmo<^jo{ ^0 tanh(z/Q^) - atan(£)} 



(2.33) 






-h ^ tanh(jyo^){hmo(l - ^jo)hj -h Sjo{l - 5mo)^m} 



where d = b — a and Ujm, Vjm are given by: 

“ cr^7((Tn)sinh[7(cJn)a 
n=0 



Pjm — 



K{a„ 



Lj (^(7n)L m (<7n)j 



J7T . jna rrnr . myro 

Vjm = — sm(^— )— sm(^— ) 2^ — tanh(r'„t') 



b ' b 
P 



n=0 

1 



(j7r/6)2 -h 72(z/n) {j7r/b)‘^ + x‘^{l^n) 

p 1 



(m7r/6)2 -h 72(zy„) {m'K jbY -h \^{vn) j ' 



(2.34) 



(2.35) 
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The functions fjm, hj and Qm are defined by: 

fjm = 7?jtanh(?7jT)y sin(^)Lm(r/j), 

^ _ jvr . ^jvra^ f P ] 

and 



(2.36) 

(2.37) 



9m = Vm tanh{r]mi) { ~ + 



a bsm(2rmra/b) 2rmr rmra Q mi fl- 
H ; — sin( 



mvr . , rmra , 

- ^r?mtanh(??m^) 



isedrirjmtj + 



4rmr b 

tanh(r/m^) 



9m 



(rmr/b) sin(m7ra/6) 

[A(r/m) sinh[A(?7m)d] 



d + 



b ' T2 + 1 
P^(77^) (2.38) 

sinh[2A(??m)d] 



2A(ry„ 



It should be noted that expressions (2.33)-(2.38) hold provided 7 ^(cr„) + 
ijir/b) / 0 for any n or j. At the discrete frequencies, or duct configu- 
rations, for which this is zero the analysis is altered slightly due to the 
presence of an isolated higher order pole in the integrand of (2.29). 

A similar expression for ^jm can be obtained using the integral (2.29) 
but with the term coth(s^) in the denominator of the integrand replaced 
with tanh(sf'). The result is obtained from equations (2.33)-(2.38) by: 

i) redefining the eigenvalues an as an = mri/i, n = 0,1,2, .. . ; 

ii) replacing every occurrence of tanh with coth; 

hi) replacing, in gm, the term £sech^(?7m^) with —£/ sinlP {i]m^)', 

iv) replacing, in the fifth term of (2.33), — atan(.^) with acot{£). 

Then, having recast the matrix elements into a form that is independent 
of the roots of (2.20), equation (2.26) (and the equivalent for pn) many 
be truncated and solved numerically. The results presented below were 
obtained by truncating the systems to 40 terms. 



3. RESULTS AND DISCUSSION 

The usual measure of performance for a dissipative silencer is transmis- 
sion loss C = — 201og]^Q(T) where T is the ratio of transmitted to incident 
power given, for this problem, by 



1, 



OO 

n=0 






-9*n\ 



(3.1) 
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where rjn = jlr? — In this section two graphs of the transmission 

loss against frequency are presented. In both cases the duct height is 1.5 
m, the lining is 1.25 m thick and the silencer half-length is 0.5 m. The 
spikes, apparent on both graphs, correspond to the “cut-on” frequencies 
for modes in the inlet /outlet ducts. 

In figure 2 the duct lining comprises E-glass. This is an acoustically 
dense material with flow resistivity 30716 rayl/m (where 1 rayl is 1 Nsm“^) 
and thus, for low frequencies, \ fi\ » 1 with Re(/3) > 0 and Im{(5) < 0. The 
dashed line is the transmission loss obtained using (2.27) to calculate Ajm 
(and fljm) with an inefficient rootfinder. The solid curve is the transmis- 
sion loss using (2.33) for Ajm and the analogous expression for ifjm- The 
inaccuracy caused by missing modes is clear. For frequencies of 60-153 Hz 
the second mode is missing, for 154-600 Hz, the third mode is missing and 
for frequencies above 600 Hz the fourth mode is missing. Clearly, for this 
configuration, the lower the mode that is missed the bigger the inaccuracy. 

Figure 3 shows the transmission loss for a “Delany and Bazley” material 
with flow resistivity of 4000 rayl/m. As in the previous figure, the solid 
curve is the transmission loss calculated using the recast forms for Ajm and 
^jm- The dashed curve is the transmission loss obtained using an inefficient 
rootfinder. In this case, the second mode is missing for frequencies in the 
range 50-160 Hz, the third mode is missing for 161-172 Hz and the second 
and/or third is missing for higher frequencies. 

This article has demonstrated that it is possible to calculate transmis- 
sion loss for a simple dissipative silencer without solving the dispersion 
relation. For the lined silencer considered here the method provides only 
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Figure 3 Transmission loss for a Delany and Bazley material; the plot of jC versus /. 

an alternative approach as the wavenumbers can be determined if reason- 
able care is taken. For a splitter silencer, however, the dispersion relation 
is more complicated and reliable location of the eigenvalues for all frequen- 
cies presents significant problems. Under such circumstances it is clearly 
an advantage to re-express the problem in terms of eigenvalues that are 
explicitly defined. 
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Abstract We describe a method for the calculation of Green’s functions for an array 
of dielectric cylinders. The method is to first construct quasi-periodic 
Green’s functions, with Bloch vector fee. This function also obeys the 
appropriate electromagnetic boundary conditions on the surface of each 
cylinder. The Green’s function for a single source in the array can then be 
calculated by averaging the quasi-periodic result over the Brillouin zone. 



1. INTRODUCTION 

Photonic band gap materials are the focus of intensive research and de- 
velopment, with the aim of providing the analogue of semiconductors for 
photons [1]. The first phase of their development was to produce struc- 
tures with an optical band gap in which the only waves which exist are 
evanescent. An example of a structure that achieves this is a stack of 
gratings composed of high refractive index cylinders, which can now be 
fabricated routinely using lithographic methods from the semiconductor 
industry. Much current research is focused on the creation and exploita- 
tion of defects in regular arrays, which act as the equivalent of doping [2]. 
It is our purpose here to present a new and accurate technique for the 
generation of localized Green’s functions which may be used to model the 
electromagnetic fields around defects in two-dimensional photonic crystals. 

Many previous authors have studied defects in photonic crystals [1] . For 
two-dimensional structures, one common method [3] uses transmittance 
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through a slab of the crystal structure of finite thickness to indicate the 
locations of defects. Their field structures may also be calculated. A 
second approach [4] is to embed the defect in a supercell, and then replicate 
the supercell periodically, calculating the modes of the resultant structure 
using plane wave expansions of fields. A popular approach is to use the 
finite difference time domain method (FDTD) [5], in which a dispersion 
behaviour is assumed for the rod material, enabling Fourier representations 
in a temporal solution of the field problem. Figotin et al [6] use a resolvent 
method, leading to an iterative procedure for constructing defect states. 

The method we describe here is designed to permit easy generalization 
to provide a complete basis of localized functions with a source at a pre- 
scribed point in a two-dimensional photonic crystal. The functions obey 
boundary conditions on the surfaces of all cylinders in the infinite crystal, 
and the method works well even with cylinders made of material having a 
high (or complex) dielectric constant ratio with the matrix material, unlike 
plane wave methods. It deals with each frequency separately, unlike FDTD 
methods, and so does not need to assume dispersion models for dielectric 
or lossy cylinders. It starts off by assuming a quasiperiodicity, rather like 
the supercell method, but then by averaging over different quasiperidoc- 
ity factors, succeeds in constructing a Green’s function which corresponds 
to a single source term- i.e., corresponds to the solution in an infinite do- 
main with no periodicity property. This characteristic would also render the 
solution difficult or impossible to obtain with finite element techniques . 
Furthermore, the numerical technique is well adapted to parallel computer 
implementation, if large scale numerics are needed. 

2. THE PHASED ARRAY OF SOURCES 

We consider first the problem depicted in Figure 1, which depicts a 
phased array of point sources placed in a doubly-periodic lattice of circular 
inclusions. We would like to find a function which has the correct behaviour 
at the source points and also which satisfies the appropriate boundary 
conditions on the perimeter of each inclusion. Such a function can be 
thought of as a quasiperiodic Green’s function for the lattice. 

The inclusions have a radius of Tc and are separated by a distance d, and 
possess transport properties which are different from the matrix material 
which surrounds them. The geometry of the array is represented by the 
lattice vector Rp, where p = {md, nd) G TZ^ is a multi-index which points 
to the centre of the p — th cylinder. 

We assume that the material is strictly periodic, so if we represent the 
wave by a scalar field u(r, 9) then it must obey the Bloch-Floquet condition 



u{r + Rp) = 



(2.1) 
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Figure 1 The two-dimensional array of inclusions, with regularly spaced sources of out- 
going waves. 



where k-Q is the Bloch wavevector. Within the matrix material, external 
to the circular inclusions, the field u satisfies the Helmholtz equation 

(A + k^)u = '^5{r -ro- . (2.2) 

p 



Here k is the characteristic frequency of the wave. Within the inclusions 
themselves we have 

(A -h n^A:2)u = 0 (2.3) 

where n is the refractive index of the inclusions, relative to the surrounding 
material. 

On the surface of every cylinder we can specify the appropriate boundary 
conditions; for purpose of illustration we consider the TM mode where the 
cylinder material is non-magnetic. The boundary conditions in this case 
are: 

u = u*”* (2.4) 

(2.5) 



du _ 
dr dr 

We note that it would be possible to study the TE polarisation by setting 
the second boundary condition to be dujdr = \ j du''^^ j dr . 

The problem is now determined uniquely. In order to solve it we follow 
[7] and expand the total field in terms of multipoles around the origin: 



u{r,9)= ^ (AmJmikr) + BmYmikr)) e 



imO 



(2.6) 



m=—oo 
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Here Am and Bm are coefficients which we seek to determine. It should be 
noted that the expansion (2.6) is applied around the boundary of the central 
inclusion (It’s radius of convergence, in fact, extends out to the source 
point). From the boundary conditions (2.4), (2.5) we can immediately 
write 



A 



m 



-MmB 



m 5 



(2.7) 



where 



nJ'm{nkrc)Ym{krc) - Jm{nkrc)Y^{krc) 
nJ'm{nkrc)Jm{krc) - Jm{nkrc)J'm{krc) 



for the TM mode. In order to solve the problem we must have an additional 
relation between the coefficients Am and Bm- By identifying the part of 
the field which is singular at the origin as coming from the contribution of 
the central cylinder, while the regular part arises from all the effect of all 
the sources external to the central cylinder, one can derive the identity: 



OO 

AmJm{kr)e^^^ 

m=—oo 



OO OO 



l=— OO i= — oo 

+Us{r,e) , (2.9) 



where Us{r,6) is the field arising from all the sources in the array, and the 
coefficients Sj are the lattice sums 

Sj = , (2.10) 

p^{0,0} 

We can write the total source field as 
Us{r,e) = - ro - Rp\) 

p 

= - ro\) - ^ -ro- Rp\) 

p^{0,0} 



( 2 . 11 ) 
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We can now use Graf’s addition theorem [8] in order to re-expand this field 
in coordinates based in the central unit cell: 

Us{r,e) = - ro|) 

^ Je{k\r - H^^\kRp)e^^^A 

p^{0,0} \£=— oo / 

oo 

-^Hj^^\k\r - ro\) - ^ [S'/ + iSj]Je{k\r -ro\)e~^^^^-^o , 

£=—oo 

(2.12) 



where the coefficients S/ are defined to be 

5/ = Y (2.13) 

p^{0,0} 

(2.14) 



Using the convenient result [9] that 

S/ = “<^^,0 ) 



(2.15) 



it can be seen that 

1 1 “ 

w(r,6 <) = -Uo(A:|t‘ - T-ol) + I Y Sj Je{k\r -ro\)e~^^^^-’^o 

^=—oo 

(2.16) 

The first term in equation (2.16) comes from the presence of the source in 
the central unit cell; the second term arises due to the sources in all the 
other cells of the lattice. 

We now re-expand the field about the origin. Taking into account the 
fact that r < vq: 

Yo{k\r - rol) = Ye{kro)Je{kr)e^^^^~^<^^ . (2.17) 

e 

Also, 

Je{k\r - ro\)e-^^^^-^o = ^(-l)™J,_„(A:ro) . 

m 

(2.18) 
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Therefore the source field, expanded around the origin, is: 

Us{r,6) = I Jm(kr)e'^'^ 

m 

m \ ^ / 

The Rayleigh identity (2.9) is then 



oo oo 



^ Arr,J^{kr)e*^^ = E E Bei-lY+^SY_^J^{kr)e^^' 

m= — OO m= — oo£= — cc> 

+ ^ E (T-(fc’'o)e-™®°) J^{kr)Y^‘> 

m 

m V / 

By equating coefficients of Jm{kr)e^'^^ , we conclude that 

= Y.{-ir+^sr^Bt 

i 

I 

or, by using Am = -MmBm, 

MmB^ + Y,{-ir+^Sj_mBi = 

£ 



(2.19) 



( 2 . 20 ) 



( 2 . 21 ) 



(2.22) 



We can put this linear identity into a more compact form by re-writing it 
as 

MmB^ + Y^{-ir+^Sj_^[Bi + i JRfcro)e'“«] = -iy„,(fcro)e-'™®“ , (2.23) 



and then we define 

B^ = B,+ ^-J^{kro)e^^^^ . (2.24) 

The linear system (2.23) can then be re-written as 
M^B^ + ^(-1)'"+^S']1^B™ 

i 

= -j(W(fcro)e-™®° -hM^J,„(A:ro)e-™''«) . (2.25) 

This is an infinite linear system which can be solved for the coefficients 
Bm^ from which the original coefficients Am and Bm in the field expansion 
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(2.6) can be deduced. The system is not very well conditioned and solving 
directly for large values of the truncation order can be problematic. For 
the purpose of solving the system numerically we can follow [10] and define 
a new variable Xm = and then solve for the unknown coefficients 

Xm- The new system is then well-behaved and the coefficients can be 
immediately recovered. 

The expansion of the field about the central cylinder is 

oo 

u{r,0)= {AmJm{kr) + BmYm{kr))e^^^ (2.26) 

m=— OO 

with the coefficients Am and Bm given by the solution to the system (2.25), 
together with the boundary condition equation (2.7). If we require the 
function to be expanded about the cylinder then we take advantage of 
the quasiperiodicity of the field u and write 

OO 

u{r\ e') = Y. {A^mJm{kr') + B^Mkr')) (2.27) 

m=— OO 

where (r', 9') = r + Rp are the local coordinates in the cell, and 

AP^ = BP^ = Bme^^^-^^ . (2.28) 



3. THE DEFECT GREEN’S FUNCTION 

The field due to the phased array of sources constructed in the previous 
section satisfies the differential equation 

(A + k^)u = YKr-ro- , (3.1) 

p 

when expanded about the central cylinder. It has been mentioned that 
this represents a quasi-periodic Green’s function which also satisfies the 
right boundary conditions; we would now like to use u{r, 6) to construct a 
defect Green’s function, which has a single source placed somewhere in the 
unit cell and still satisfies the appropriate boundary conditions on all the 
cylinders in the array. 

We first denote {f{r,9))-Qi to be the average of a function / over all 
values of fee in the first Brillouin zone. In particular, we define a new 
function gd{r, 9) as 





188 



Expanded about the central cylinder we can write this new averaged func- 
tion as 

OO 

gd{r,e)= ^ {A^Jm{kr) + B^Ym{kr))e^^^ (3.3) 

m=—oo 

^From equation (2.2) the new function satisfies 
(A + e)gd = Y,S{r-ro- Rp) 

p 

= S{r - vq) (3.4) 

This last step we have taken because 

In addition the averaged function will still satisfy the boundary conditions 
required on the edge of each cylinder. 

We can now identify gd{r, 0) as a defect Green’s function for the array. 
The expansion about the cylinder is 

OO 

aAr',<r)= Y, («>BZ^».(*''') + {BS.)Bzr„(kr'))e‘”''’' (3.6) 

m=— OO 

where (r', 6') are again the coordinates in the local cell, and 

«)bz = , (3.7) 

We can also see that the boundary conditions in the cell are satisfied, 
because 

(Obz = 

= • (3-8) 

This last step is possible because the boundary coefficients Mm do not 
depend on the Bloch vector fee- 

4. NUMERICAL RESULTS 

In Figure 2 we show the response of an array of cylinders due to a single 
source located at the very centre of the central cylinder. The cylinders each 
possess a radius of Tc = 0.374 and a refractive index of 3.0. The source 
radiates into the TM mode, at a frequency of kd/n = 1.7931. This is 
outside the band gap, which extends in this case between 1.548 and 1.708, 
as can be seen in Figure 2(b). 
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Figure 2 (a) Plot of the response field to a source located in the middle of the central 

inclusion, outside band-gap. (b) The dispersion relation for the material, showing the 
frequency of the source. 

In Figure 3 we can see the response if the frequency of the source is 
shifted so that it lies just within the first band-gap, at a frequency of 
kd/rr = 1.5862. It can be seen that the fields are strongly localized around 
the central source; this can be attributed to the fact that the waves are not 
permitted to propagate outwards due to the presence of the band-gap. 
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Figure 3 (a) Plot of the response field to a source located in the middle of the central 

inclusion, with frequency within the band-gap. (b) Dispersion relation for the material, 
showing the frequency of the point source. 



[4] D. Cassagne, A. Barra, and C. Jouanin. Defects and diffraction in photonic crystals. 
Superlattices and microstructures, 25:343-346, 1999. 

[5] S. S. M. Cheng, L.M. Li, C.T. Chan, and Z.Q. Zhang. Defect and transmission 
properties of two-dimensional quasiperiodic photonic band-gap sytems. Phys. Rev. 
B, 59:4091-4099, 1999. 

[6] A. Figotin and V. Goren. Resolvent method for computation of localized de- 
fect modes of h-polarization in two-dimensional photonic crystals. Phys. Rev. E, 
64:056623:1-056623:16, 2001. 

[7] R. C. McPhedran, N. A. Nicorovici, L. C. Botten, and Ke-Da Bao. Green’s function, 
lattice sum and Rayleigh ’s identity for a dynamic scattering problem, volume 96 of 
IMA Volumes in Mathematics and its Applications, pages 155-186. Springer- Verlag, 
New York, 1997. 

[8] M. Abramowitz and I. A. Stegun, editors. Handbook of Mathematical Functions, 
pages 355-433. Dover, New York, 1972. 

[9] R. C. McPhedran and D. H. Dawes. Lattice sums for an electromagnetic scattering 
problem. ,J. Electromagn. Waves AppL, 6:1327-1340, 1992. 

[10] V.V. V.V. Zalipaev, N.A. Movchan, C.G. Poulton, and R.G. McPhedran. Elas- 
tic waves and homogenization in oblique periodic structures. Proc. Roy. Soc. A, 
458:1887-1912, 2002. 






BOUNDARY ALGEBRAIC EQUATIONS FOR 
LATTICE PROBLEMS 



P.G. Martinsson^, G.J. Rodin^ 

^ Department of Mathematies, Yale University, 10 Hillhouse Ave, New Haven, CT 06511, 
USA 

per-gunnar.martinssonOyale.edu 

2 

Texas Institute for Computational and Applied Mathematics, The University of Texas at 
Austin, Austin TX 78712, USA 

gjr@ices.utexas.edu 



Keywords: Discrete potential theory, discrete Laplace operator, lattice Green’s func- 
tion. 

Abstract Boundary algebraic equations corresponding to Dirichlet boundary-value 
problems on lattices are introduced. These equations are based on the 
lattice Green’s function, from which discrete single- and double-layer po- 
tentials are derived. Structurally, the boundary algebraic equations are 
similar to the boundary integral equations of classical potential theory. 
Numerical experiments indicate that boundary algebraic equations possess 
excellent spectral properties. 



1. INTRODUCTION 

In this paper, we present a new method for solving conduction prob- 
lems defined on periodic lattices of finite extent. Conceptually, the new 
method is similar to the boundary integral equation methods of classical 
potential theory (Mikhlin, 1957). In particular, in the new method, the 
discrete boundary-value problems defined on lattices are re-formulated in 
terms of equivalent boundary algebraic (as opposed to integral) equations 
that involve lattice Green’s functions as the kernels. As a result one re- 
places sparse algebraic problems defined on the entire domain with dense 
algebraic problems defined on the domain boundary only. This replace- 
ment is particularly useful for very large problems because (i) the dense 
algebraic problems involve less unknowns, (ii) they can be solved using 
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0{N) summation methods, and (hi) they involve much smaller condition 
numbers than the sparse algebraic problems defined on the entire domain. 

Due to the space constraints, we restrict our attention to Dirichlet 
problems defined for two-dimensional structures made of square lattices. 
For these problems, we develop boundary equations involving the dis- 
crete single- and double-layer kernels and present several example prob- 
lems which support the notion that boundary algebraic equations posses 
superior spectral properties. For further details, we refer to Martinsson 
( 2002 ), who also provides a detailed treatment of lattice Green’s functions 
and the corresponding 0{N) summation methods. 

The paper is organized as follows. In Section 2, we introduce the nota- 
tion and define the discrete Dirichlet boundary-value problem. In Section 
3, we introduce the discrete single- and double-layer kernels and construct 
the boundary algebraic equations for the homogeneous Dirichlet boundary- 
value problem. In Section 4, we generalize the boundary algebraic equa- 
tions to inhomogeneous problems and irregular lattices. In Section 5, we 
present numerical examples that demonstrate the superior spectral prop- 
erties of the boundary algebraic equations. 

2. PROBLEM STATEMENT 

Consider the lattice obtained by connecting each node in to its four 
nearest neighbors by links of conductivity one. Poisson’s equation for heat 
conduction on this lattice reads 

[2tu](m) = f(m), V m G I?, ( 2 . 1 ) 

where u(m) is the unknown temperature and f(m) is a prescribed heat 
source. The discrete Laplace operator is defined by 

[2lu](m) = 4u(m) — u(m -|- e\) — u{m — ei) — u(m -|- 62 ) — u(m — 62 ), 
where ei = [ 1 , 0 ] and 62 = [ 0 , 1 ]. 

Next we consider heat conduction on the finite lattice obtained by con- 
necting the nodes in a finite subset D C Z^, see Fig. la. The boundary 
of D is denoted by F and is defined as the set of points with less than 
four neighbors in D. With the introduction of the set of interior nodes 
:= D\F, the discrete homogeneous Dirichlet problem reads 

|[ 2 tu](m) = 0 , men., 

\ u(m)=g(m), m G F, 

where g(m) are prescribed nodal temperatures. 
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Figure 1 (a) An example of a lattice domain, = F U The black circles form the 

interior and the white circles form the boundary F. (b) Illustration of the set D„ (the 
grey square) for a boundary node n (grey circle) along a straight edge, (c) Illustration 
of D„ for a corner node. 



3. SINGLE AND DOUBLE LAYER KERNELS 

Using Fourier analysis, it is possible to derive a fundamental solution of 
(2.1) in the form 



6(m, n) = 



g-i(m-n)-^ _ 



(27t) 2 7(_7r,7r)2 4sin^ ^ + 4sin^ ^ 
This function satisfies the following equation 



dC 



[216] (m,n) = 



1 if m = n 

0 if m / n 



m,n £ Z^. 



(3.1) 



When |m— n| is large, the function 6 closely approximates the fundamental 
solution of the Laplace operator, in fact 6(m, n) = — (27r)“^ log |m — n| + 
0(|m — n|“^) as |m — n| — > oo, see Duffin (1953). However, the behavior is 
quite different when |m — n| is small, for instance, 6(m, m) is finite. As far 
as boundary algebraic equations are concerned, 6(m, n) is the single-layer 
kernel. 

In order to define a discrete analogue of the double layer potential, we 
envision H to be embedded in the infinite lattice Z^. The double layer 
kernel n) is then defined as the flux through the boundary T at the 

boundary node n that is induced by a point charge at node m. Letting 
denote the nodes in Z^\H that connect to the node n (see Fig. lb,c), we 
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can write 

©jy(m, n) = ^ ©(m, k) — ©(m, n). 

The double layer kernel could alternatively be defined by first introducing 
an exterior difference operator du by setting dyu{n) = X^fceD„(^(^) “^(^)) 
and then defining <5iy{m,n) = d,y^&{m,n). 

4. BOUNDARY ALGEBRAIC EQUATIONS 

4.1. INDIRECT BOUNDARY ALGEBRAIC 
EQUATIONS 

In order to construct an indirect boundary algebraic equation corre- 
sponding to (2.2) we make the ansatz 

u(m) = ©(m, n)cp{n). 

ner 

Then automatically, [2lu](m) = 0 for m G The boundary condition is 
satisfied if the sources ip{n) are chosen so that 

'^^(d{m,n)(p{n) = Q{m) Vm G T . (4.1) 

ner 

This formulation is characterized by a positive definite matrix (Martinsson, 
2002) and therefore has a unique solution for any g. In contrast, the integral 
equation corresponding to (4.1) is of the first kind, and uniqueness of its 
solution is not generally guaranteed. 

Alternatively, we can use the double layer kernel in the ansatz, 

u(m) = 

ner 

which leads to the algebraic equation 

E® y{m,n)ip{n) = Q{m) Vm G T . (4.2) 

ner 

Here v?(n) represents a layer of dipoles formed by placing couples of heat 
sources of opposite signs on the boundary of H and the boundary of (the 
white nodes in Fig. la). The spectral properties of (4.2) are similar to those 
of the discretization of the corresponding second kind integral equation. 

4.2. DIRECT BOUNDARY ALGEBRAIC 
EQUATIONS 

To formulate a direct boundary algebraic equation corresponding to 
(2.2), let us consider two thermal states of H. The first state involves 
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the nodal temperatures u and boundary fluxes corresponding to the so- 
lution of (2.2); of course at this stage only the nodal temperatures on T 
are known. The second state involves the nodal temperatures and fluxes 
generated by imbedding within an infinite lattice and placing a unit heat 
source at a point m on T. These nodal temperatures and fluxes are ®(n, m) 
and n), respectively. Then by applying the reciprocity theorem to 

these two states we obtain: 

u(m) -|- ^ n)u(n) = ^ ©(n, m)uy{n) . 

ner ner 

By imposing the boundary condition and replacing (3{n,m) with (3{m,n), 
we obtain a direct boundary algebraic equation 

^ ©(m, n)u;/(n) = g(m) ^ ©;/(m, n)g(n) Vm G T . (4.3) 

ner ner 

As expected, this equation is similar to the indirect equation based on the 
single-layer kernel. 

Remark: We defined the boundary is such a way that it does not include 
a vertex node at a 270° angle, such as the re-entrant corner node in Fig. la. 
If it is desired to prescribe boundary conditions at such a node, this can 
easily be done by including an additional unknown for each such node in 
the system of boundary equation. We have found that such en enrichment 
of the system does not significantly change the conditioning. 



5. INCLUSIONS 

The methods presented in Section 4.1 can be extended to analysis of 
lattices with inclusions. To this end, let us consider the perturbed Dirichlet 
problem 

I [(21 - 2tr)u](m) = 0, mGO_, 

\ u(m) = fl(m), m G T, 

where 2lr represents a (typically local) perturbation due to inclusions. The 
first step is to reformulate (5.1) as an unperturbed problem 

I [2lu](m) = fr, mGS2_, 

\ u(m)=g(m), m G T, 

where fr = 2lrU are fictitious heat sources applied to the unperturbed lat- 
tice. For concreteness, let us suppose that 2lr represents J removed bars. 
The nodes of the j-th bar are denoted k_^ and Now, there exists 

S' '4’U) (to be determined), such that the effect of removing the bar j is 
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identical to adding charges —ip{j) and +V’(j) at the nodes and to 
the unperturbed lattice. Thus 

J 

fr(m) = ^ V'(j) 6{m, — 5{m, , 

i=i 

where 6 is the Kronecker symbol. With a single layer potential on the 
boundary, the ansatz is now 

,/ 

u(m) = 0(m, n)(p{n) + E [6(m, (5.3) 

nsr j=l 

To determine (p and ■0 we first invoke the boundary condition, 

J 

g(m) = ^ 6(m, n)(p{n) + ^ [®(m, /c^^) — 6(m, fc^^)]'0(j), m G T. 
nsr j=l 

(5.4) 

Then we get J additional conditions by requiring that the flux through the 
removed bar i equals 0(i), which is to say that 0(i) = u(fc^^) — u(fci*^), or 

0(f) = ^ [6(/c^\ n) — n)] (p{n) + 

ner 
J 

[®(/c^\ /c+^) — 6(/c^\ /c^^) — /c+^) + ©(A:^\ A:^^)]0(i). (5.5) 

i=i 

Combined, equations (5.4) and (5.5) uniquely determine the heat sources 
ip and 0. 

A double layer equation can be obtained by simply replacing ©(m, n) 
in (5.3) by the double layer kernel &y{m,n). An alternative technique for 
deriving equations that govern lattices with inclusions is to use the direct 
methods of Section 4.2. One will find that the sums in the reciprocity 
theorems will include the nodes k)^ and that the resulting equations are 
very similar to the ones derived above. 

6. CONDITIONING OF THE BOUNDARY 
EQUATIONS 

In this section we will present several examples that indicate that the 
conditioning of the boundary algebraic equations is superior to that of the 
difference equation (2.1). Furthermore, as far as conditioning is concerned, 
we show that the boundary algebraic equations are at least as good as 
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Figure 2 The geometries we used to estimate the condition numbers. Reading from left 
to right, first row first, we label them: “the square”, “the L-shape”, “the slit” and “the 
shortcut” . The long side of the square has 2N + 1 nodes. 

discretized integral equations. To this end we consider Dirichlet problems 
on the four domains shown in Figure 2, namely: 

■ A square with {2N + 1) x {2N + 1) nodes. 

■ A square with one quadrant removed, i.e. an L-shaped domain. 

■ A square with a horizontal slit extending along the middle third of 
the middle row. 

■ A square with a horizontal shortcut extending along the middle third 
of the middle row. 

We let K, Ks and Kj) denote the matrices associated with the original 
difference equation, the single formulation, and the double layer formula- 
tion, respectively. For each geometry, we computed the condition numbers 
for these matrices for N in the range between 2 and 50. Results of the 
computation are summarized in Table 1. 

The numbers in the table lend support to our belief that the conditioning 
of boundary algebraic equations is superior to that of the original difference 
equations. Further, the condition numbers for the square are consistent 
with the condition numbers for discretized integral equations, see Atkinson 
(1997). Remarkably, the condition numbers for the L-shaped domain are 
essentially the same as for the square. The results for the last two problems 
indicate that the double-layer formulation possess good spectral properties 
even for more challenging problems in which periodicity is locally violated. 
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cond(K) 

cond(iTs) 

cond(KD) 



Square L-shape Slit Shortcut 



o.SSiV^ 

401V 40iV 

7.0 7.3 



l.eiv^ 0.281V3 

4iV2 4,21V2 

0.631V 0.681V 



Table 1 Asymptotic estimates of the condition numbers for different boundary equations 
and different geometries. 



However, at this stage our understanding of the spectral properties for such 
problems is incomplete. 

In passing, we note that although the condition numbers for the single 
layer potential perform somewhat poorly, the estimates in the tables can 
be improved by a factor of 10 using Wieland’s deflation technique. 
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Abstract A general perturbation solution for the stress-intensity factors at the edge 
of a propagating crack whose surface is slightly undulating and whose edge 
is not quite straight is briefly reviewed, in the case that the medium through 
which the crack propagates is viscoelastic. This solution (which was gen- 
erated in collaboration with A B Movchan) has already been exploited to 
demonstrate the persistence of “crack front waves” in the high-frequency 
limit, as well as to find the lowest-order corrections (which induce disper- 
sion and attenuation) when the frequency is large but not infinite. So far, 
crack front waves have been studied, allowing only in-plane perturbation 
of the crack edge. Here, the corresponding formulae are summarised for a 
general three-dimensional perturbation, together with the forms to which 
they reduce in the high-frequency limit. Such formulae are expected to 
form the basis for an explanation of “Wallner lines” . At finite frequency, 
they provide a base for conducting a general study of the linear stability 
of a rectilinear propagating crack. Such a study has been completed in the 
special case of two-dimensional perturbation (plane strain), reported by O 
Obrezanova in these Proceedings. 



1. INTRODUCTION 

The problem to be studied concerns a crack whose configuration at time 
t is 

Se{t) = {x : — oo < x\ <Vt A- e^p{x2,t), 

— oo < X2 < oo, X3 = X2)}. (1.1) 
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The functions (p and ip are smooth and bounded and 0 < e <C 1; the 
case e = 0 defines the configuration of the crack without perturbation. 
The medium is loaded so that stress and displacement would be 
generated in the absence of the crack. The crack induces additional fields <r, 
u. The medium through which the crack propagates is linearly viscoelastic 
(including elastic as a special case) . 

Having found the solution for the perturbed crack, the objective is then 
to develop equations that define the perturbation functions cp{x 2 ,t) and 
V’(xi,X 2 ), given that the crack propagates in such a way as to respect the 
Griffith energy balance, and also a condition of “local symmetry” (made 
more precise later). When specialised to Mode I loading and restricted to 
a perturbation in the plane X 3 = 0, so that ^{xi,X 2 ) = 0, these equations 
deliver the “crack front wave”, first found during a computation by Mor- 
rissey and Rice [1] and confirmed analytically by Ramanathan and Fisher 
[2], using formulae for the perturbed crack which were originally derived 
by Willis and Movchan [3]. Subsequently, the more general development 
of Willis and Movchan [4] extended the analysis to propagation through a 
viscoelastic medium and, in the process, demonstrated that the solution of 
Ramanathan and Fisher was strictly valid only asymptotically, as frequency 
tends to infinity. The solution of Ramanathan and Fisher is valid (asymp- 
totically) even when the medium is viscoelastic; this was demonstrated in 
[4] and, in addition, the lowest-order “correction” when the frequency is 
large but finite was found, for a general isotropic viscoelastic medium. 

Here, a similar path is followed for the case of an out-of-plane pertur- 
bation {ip{x 2 ,t) = 0, ip{xi,X 2 ) / 0). The general formulae for the pertur- 
bation are summarised and then simplified in the high-frequency limit. It 
appears that, in this limit at least, the dispersion relation has no root that 
is exactly real, but there is a root with small imaginary part if the crack 
is running sufficiently fast. Conceivably, the inclusion of nonlinear terms 
and allowance for linear dispersion might give rise to a persistent nonlinear 
wave, as observed experimentally by Sharon, Cohen and Fineberg [5]. At 
this stage, however, this is no more than speculation. A more thorough 
study is planned. 

The basic perturbation formulae, specialised to plane strain (no depen- 
dence on the coordinate X 2 ), have been employed by Obrezanova, Movchan 
and Willis [6] in a general study of the stability of rectilinear propagation; 
a summary of this work appears in [7] in this volume. 

2. FUNDAMENTAL IDENTITY 

In this section an identity which is fundamental to the subsequent devel- 
opment is derived, in a form that applies for a general viscoelastic medium. 
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Note first the relation 

u = — G * <T, (2-1) 

where u and cr denote the values of the displacement vector (with com- 
ponents Ui) and the traction vector (with components £1*3) on the surface 
X3 = 0 of the half-space X3 > 0. G is the Green’s function that relates 
them. 

The symbol * denotes convolution over x\, X 2 and t. It is assumed that all 
waves emanate from the surface X3 = 0. A similar identity applies to the 
half- space X3 < 0: replace G by minus its transpose, — G^. 

Now, write three column vectors like u side by side to form a matrix 
U(-|-0), and let X)(-|-0) represent the matrix formed from the three corre- 
sponding vectors cr. Then 

U(+0) = -G*S(+0). (2.2) 

The argument (-1-0) signifies values on the boundary of the upper half- 
space. 

Next, apply similar reasoning to the identity for the lower half-space 
X3 < 0, to get 

U(-0) = G^*S(-0). (2.3) 

Now note that 

{U(+0)}^ * cr(-O) = -{H(+0)}'^ * G^ * <t(-0) 

= -{E(+0)}'^*u(-0), (2.4) 

{U(-0)}^ * cr(+0) = {E(-0)}^ * G^ * cr(+0) 

= -{E(-0)}^*u(+0). (2.5) 

Subtracting the second line from the first and rearranging gives the identity 

[U]^ * (cr) - (U)^ * [cr] = -[Sf * (u) + {-Ef * [u], (2.6) 

where (/) = ^ifi+0) + /(-O)) and [/] = f{+0) - /(-O). 

It is helpful to employ coordinates that move with the crack: replace xi 
by A = x\ — Vt. The operation of convolution survives, with functions 
regarded as functions of X,X 2 ,t and the convolutions taken over these new 
variables. 

Now revert to the crack problem. For the unperturbed crack problem, 

[cr] = 0, [u] = 0 when A > 0, cr = (cr) = — cr“ when A < 0. (2.7) 

Interpret Eq. (2.6) relative to the moving frame, and perform factorizations 
of the Green’s function so that U and E display the related properties 

[E)] = 0, [U] = 0 when A < 0, E = (E) = 0 when A > 0. (2.8) 
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This is fairly straightforward because the conditions (2.8) imply 

[U] = -(G + G^) * (S), (U) = -KG - G'^) * (S). (2.9) 

The first of these relations defines a Wiener-Hopf problem; the second 
then gives (U) directly. The Wiener-Hopf problem uncouples into two 
sub-problems. One, associated with the opening mode I of the crack, is 
a scalar problem. It was solved in the case of elasticity in [3], and for a 
viscoelastic medium in [9]. The remaining problem involves modes II and 
III, coupled. It was solved in the case of elasticity in [ 8 ]; the method is 
equally applicable to the viscoelastic problem. 

The field [U] has a singularity proportional to X~^^‘^H{X)5{x2)6{t) as 
X ^ 0. Choose the constant of proportionality to be ( 2 / 7 t)^/^I. Then, call 
[U] the dynamic weight function for the crack problem. With this choice, 
letting X -|-0 in the identity (2.6) generates 

K= lim [U]'^*cr“, (2.10) 

X^+0 

where K denotes the vector of stress-intensity factors {Kjj, Kuj, Kj)"^ . 
The right side of this equation involves the known (effective) loading on the 
crack faces. For a more general problem, with different loading applied to 
each face, a convolution with (U) would also participate. The function (U) 
thus represents a dynamical version of Bueckner’s non-symmetric weight 
function [ 10 ]. 

3. THE PERTURBATION SOLUTION 

The asymptotic solution (as e ^ 0) will be non-uniform, on account of 
the singularity at the crack tip, whose position is perturbed. The problem 
can be approached via matched asymptotic expansions: away from the 
crack (i.e. for any fixed X 3 / 0 and also X = xi — Ft / 0), the additional 
stress field will have expansion 

(Tij a^j + ealj. (3.1) 

The field is the field generated by the unperturbed crack. The pertur- 
bation cjb has to be such that 

CTijUj + crf^nj = 0 on the crack faces (3-2) 

is satisfied, correct to order e. In addition, cjb may have a singularity of 
order (X^ -|- since the shifted crack edge appears as a singularity 

in the “outer” region. 
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Close to the crack edge = 0(e)), introduce a new coordi- 

nate system: 

( 1 eV^,i \ / X -eif\ 

X = 2:2 = 1 £^,2 X2 (3.3) 

\^3/ \-eV’,i -£V^,2 1 / \x3-e'(/'/ 

Relative to this frame, the stresses (crh) have an asymptotic form so that 

0) 0) ~ {K^+£Kl)/{2T:xi)^^‘^+{Pf+ePl)+{A^+eA\){xiY^‘^. (3.4) 

Formally, now, apply the identity (2.6), using the weight function fields 
discussed above, and take a as the outer expansion (3.1). Mathematically, 
it is possible to consider the relation in the limit as X ^ 0. Then, the 
convolution of the stress ahead of the crack with [U] involves the inner 
limit of the outer expansion. This can be identified with the outer limit (to 
order e) of the inner expansion, which contains the parameters introduced 
in Eq. (3.4). The relation that emerges gives an explicit representation for 
the stress-intensity factor perturbation K^. It is necessary to expand the 
weight function [U] as far as its second term. To this order, 

/ 2 \ 1/2 

[U](X,X2,t) ~ f -j lX-^/^H{X)S{x2)5{t)+X^/^H{X)Q{x2,t). (3.5) 

The convolution of X~^!‘^ with the term proportional to X~^!‘^ in the 
outer expansion makes no contribution because it is proportional to S{X), 
which is zero for any X > 0. However, the convolution of X^/^Q with this 
term does make a finite contribution, involving the unperturbed stress in- 
tensity factor K®. The term proportional to A® in (3.4) contributes, after 
expansion, a term of order X~^/^ which participates in the final expres- 
sion. In the case of elasticity, the function Q is a homogeneous generalized 
function (or distribution) of degree —3; in the case of viscoelasticity it is 
not homogeneous, but its high-frequency component reduces to the corre- 
sponding elastic form. The function [U] has no simple form, but its Fourier 
transform can be found explicitly; similarly, the Fourier transform of the 
term Q can be found immediately from the large-argument expansion of 
the Fourier transform of [U]. 

Now here is the formula, taken from [11], as corrected in [12]^: 



^Strictly speaking, these formulae have been derived only for the case of elasticity; their mod- 
ification for viscoelasticity would require allowance for the frequency-dependence of the speeds 
a and b of dilatational and shear waves. Only the case of Mode I loading has so far received 
explicit treatment in the case of viscoelasticity [9]. 
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K~K°+£K\ (3.6) 

where 

K}j = -Qu * ^ (sn + ^^ 12 ^ ^3 

+ [t^]ii * + [Uhl * - {U)3i * [Pi')], (3.7) 

Kjii = -Qi2 * V'OlsP/ - h,2i023K^ + [P]l2 * (P^')) 

+ [P]l2 * (Pi')) + [P]22 * (Pi')) - (P)32 * [Pi')j, (3.8) 

Kj = Q 33 * + (^) <^^11 + [P]l3 * (Pi')) + [P]23 * (Pi')) 

(3.9) 

The functions that appear in these equations are as follows: 

i/2 

Sll + ^Si2, 

+ /3^)(a + 2/3) - 2, 

Jl(y^ (■*■ “*■ 

4af5 — (1 + 2a^ — /3^)(1 + /3^) 

W ’ 

-2(1 + - 2af3) 

W) ’ 

1 - V^/ah / 3 ^ = 1 - V^/b'^, 

4af3 — (1 + /3^)^, 

~h>{^ii,i + '^11,1 “ + ^1)11)} “ V’,i(o'ii + < 7 ii)) 

—'h,2{'^22 + *^22)) 

V'P^^(^3,ii + ^s/i)- (3.10) 



©13 = 
1^13 = 
1^23 = 

511 = 

512 = 
= 

R{V) = 
(Pi')) = 

(^i'^) = 

rp(i)i _ 



Here, a, 6 denote, respectively, the speeds of longitudinal and shear waves 
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Now consider the preceding equations, Fourier transformed (equiva- 
lently, take sinusoidal perturbations): 



-ftI 



Kn = ^ { Sn + ^Si2 ) 









+ [U]ii * + [Uhl * - {U)31 * (3.11) 

Phi ~ ~Qi2h’^i3Ki + '^k2ip^23Ki 

+ [U]l2 * + [U]22 * - {U)32 * (3.12) 



k] = Q,,JpK^ + (I) ipAl + [U]i3 * (p(')) + [U]23 * 

(3.13) 

The transforms of convolutions that appear in the above equations can be 
written more explicitly; a generic term has the form 



U*P = 



U{-X', k2, kiV)P{X')e~'^UX' 



(3.14) 



where (.) denotes the Fourier transform with respect to X, X 2 and t. 

4. CRACK FRONT WAVES 

So far, crack front waves have only been studied in the case of pure Mode 
I loading, and for in-plane perturbation, so that ■0 = 0. The only non-zero 
stress intensity factor is Kj, and the perturbation formula discussed above 
reduces to 

Kj = Q*g,K^+['^y^\Al (4.1) 

where Q = Q 33 and A^ has been written for Ag, since it is relevant to Mode 

I. 

Now apply the Griffith energy balance, that the energy flux Q into the 
crack edge is a constant, Gc- 

g = f(v)K] = g,. (4.2) 

Here, v is local crack speed and f{v) is a known function (e.g., [13]): 

v‘^a{v) 



f{v) = 



2pbQ{4a{v)P{v) -[1 + P‘^{v)h ' 



(4.3) 



This applies even in the case of viscoelasticity, since the strain-rates are 
large close to the crack edge so that the material responds as though it is 
elastic, with wave speeds oq, 60 corresponding to high-frequency response. 
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Expanding the Griffith energy balance (4.2) to order e, using the relation 
(4.1) and v ^ V + £(p, yields the requirement that 

f'(V) 

2Q * V? + + 2m(/9 = 0, (4.4) 

where m = (7r/2)^/^Aj/it'j. Now seek a solution for which _ 

A non-zero solution is possible only if the dispersion relation 

— f'iV) 

2Q{uj, k) - +2m = 0 (4.5) 

is satisfied. 

In the case of elasticity, Q is a homogeneous function of degree 1 in (w, k): 
call it Qo^iOjk). At high frequency and large wavenumber, therefore, 

2Qo(uj,k) = 0. (4.6) 

This equation was solved for the (real) wave speed to/k hy Ramanathan 
and Fisher [2]. 

Exactly the same relation applies, at high frequency and wavenumber, 
in the case of viscoelasticity [4]: Q has the asymptotic form 

Q ^ Qo Qi, (4-7) 

LOT 

where r is a characteristic relaxation time and Qi is also homogeneous of 
degree 1. Equation (4.6) has a real solution, u>/k = uq, for all V up to the 
speed of Rayleigh waves. The solution of Eq. (4.7) can be solved iteratively 
[4], to give a correction of order IJujt. 

5. STABILITY AGAINST OUT-OF-PLANE 
PERTURBATION 

Stability can be studied, once a fracture criterion is identified. There is 
not as yet general agreement as to the form that this should take, for general 
three-dimensional motion of the crack. It is known that cracks do not like 
Mode II and they do not like Mode III. If, however, an undulation occurs, 
the crack must have tolerated some amount of Km. The proposition that 
the crack propagates so as to maintain Kn = 0 together with the Griffith 
energy balance has recently received theoretical support, on the basis of a 
version of Hamilton’s principle [14]. Adopting this criterion then, to lowest 
order, ■0 must satisfy = 0, where is given by (3.7) and its transform 
is given by (3.11). The relation simplifies (analogous to crack front waves) 
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if it is assumed that ui = k\V and /c 2 are large. The leading-order term in 
(3.11) gives 

k\i = {-Qii 013 + i(u;/F)a;i3}K?^ = 0. (5.1) 

This relation is homogeneous of degree 1 in w and /c 2 , and so is non- 
dispersive. In contrast to the dispersion relation (4.6), the relation (5.1) 
is not exactly satisfied for any real value of o;//c 2 j but for crack speeds 
V greater than a critical value Vc, there is a value of cv/k 2 with small, 
negative, imaginary part that satisfies (5.1). The critical speed Vc depends 
weakly on Poisson’s ratio of the material, and is close to 0.6 of the Rayleigh 
wave speed. This corresponds to a “corrugation wave” which suffers slow 
attenuation as it propagates, consistent with an as-yet unpublished result 
of Ramanathan and Fisher, described qualitatively in [15] . It is claimed in 
[15] that such a wave exists for all crack speeds but the evidence for this is 
apparently not conclusive^. A more complete study, allowing for large but 
finite frequency, is in progress. 
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Abstract This work is a study of the stability of a straight dynamically propagating 
crack to small perturbation of its path. Obrezanova et al. in [1] investigated 
stability of a crack propagating through an infinite elastic medium loaded 
by remote body forces following the crack as it advances. Here we extend 
the study to the case when the crack faces are subjected to given tractions 
in addition to a remote loading. We present formulae for the general case 
and consider a particular example when the crack is loaded by point force 
tractions on the crack faces. 



INTRODUCTION 

The work presented here is an extension to the case of surface loading 
of the study [1] of stability of the crack loaded by remote forces. Also we 
consider a particular example — a dynamic crack subjected to point force 
tractions on its faces — the corresponding quasistatic case for which was 
investigated in [2], 

We investigate the linearized stability of the crack against small in-plane 
perturbation (i.e. the crack remains straight, but the crack speed is per- 
turbed) and out-of- plane perturbation (the crack can take a wavy path). 
The unperturbed configuration whose stability is investigated is as follows. 
A straight crack propagates at uniform speed under conditions of plane 
strain, through an infinite elastic medium which is loaded so that the crack 
propagates in pure opening mode ( “Mode I” ) . The crack is driven by a com- 
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bination of remote body force and surface tractions which travel with the 
crack and are symmetric about the crack. 

We use the technique presented in [1], Specialising to the case of two 
dimensions formulae for the perturbations of the stress intensity factors 
induced by a small three-dimensional dynamic perturbation of a nominally 
plane crack obtained in [3, 4] and using the Griffith fracture criterion and 
the principle of “local symmetry” (i.e the crack path adjusts itself so that 
the local shear stress intensity factor Kji is maintained at the value zero) 
we derive equations for the in-plane and out-of-plane perturbations of the 
crack path. The equation for the out-of-plane perturbation function has 
a “convolution” structure, which reduces the study of stability to locating 
singularities of a “transfer function” . The formulae for the case of general 
loading are presented in Section 1. 

We apply the formulae to the case when the crack is loaded by a pair of 
opposite point forces on its faces and subjected to a remote uniaxial stress, 
aligned with the direction of the unperturbed crack. In Section 2 we present 
equations for the perturbation functions and numerical results on crack 
stability comparing those with corresponding results for the quasistatic 
crack obtained in [2]. The numerical results show that in the case of this 
particular loading the crack is unstable to out-of-plane perturbation, for 
either compressive or tensile stress applied parallel to the crack. We have 
found a variety of oscillatory instability modes. This suggests a possibility 
that the crack can develop a complex fracture surface as one or more of 
the available instability modes are triggered. 

1. GENERAL FORMULAE 
Formulation of the problem 

We consider the crack extending dynamically in an elastic isotropic infi- 
nite two-dimensional body which is characterized by the speeds of dilata- 
tional and shear waves a and 6, and density p. Thus, at time t say, the 
crack’s position is 

G(t) = {X : ^2 = -oo<Xi<Vt + 

where 0 < e <C 1, V’ defines the shape of the out-of-plane perturbation of 
the crack path and defines the in-plane perturbation. The unperturbed 
crack, whose stability is to be investigated, corresponds to £ = 0; it is 
straight and extends with uniform velocity V along the axis X 2 = 0. 

The crack is driven by a combination of body forces and surface tractions 
which travel with the crack. The body force F, which is assumed to be 
symmetric about the Xi-axis, depends on X and t in the combination 
{X\ — Vt,X 2 ). The surface tractions P are taken in the form of pure 
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“pressure loading”, that is, P = Pn, where n is the outer normal to the 
crack and the function P depends on X\ — Vt only. In addition, loading at 
infinity is allowed, which produces a uniform tensile stress ci^ parallel to 
the unperturbed crack. Thus, the unperturbed crack {s = 0) is subjected 
to Mode I loading. 

In the absence of the crack, the given loading would generate stress and 
displacement fields — Vt,X 2 ), u^'^'^\Xi — Vt,X 2 )', the only non- 

zero component of as |X| ^ oo is constant. Let the additional 
stress and displacement fields, created by the presence of the crack, be <r, 
u. These satisfy the homogeneous equations of elasto dynamics together 
with the boundary conditions 

aijUj -I- + Pui = 0 on Cf. (1.1) 

It is convenient to express the problem in terms of a moving coordinate 
system (xi,X 2 ,t), where x\ = X\ — Vt, X 2 = X 2 , which we will use in the 
remainder of the text. 

Unperturbed problem 

When e = 0, the unperturbed crack is straight. The corresponding 
stress and displacement fields satisfy the homogeneous equations 

of elastodynamics and boundary conditions 

(^V2 = 0> 4? = - P{xi), X2 = ±0, Xi < 0. (1.2) 

Due to the special type of loading which follows the extending crack tip, 
cr(0), do not depend on t, that is = a^^\x\,X 2 ), = u(°)(xi, X 2 ). 

This is a steady-state problem; the solution of problems of this type is well- 
known (e.g. [5]). 

At the extension of the crack near its tip the following asymptotic ap- 
proximation holds for > 0 

/v(0) 

4°2’{*i.O) ~ - 4r'(0. 0) - P(0) + v/ST. (1'3) 

where the Mode I stress intensity factor and the next coefficient 
depend on the applied loading. 

Stress intensity factors for perturbed problem 

For general three-dimensional perturbation of the crack the perturbed 
stress intensity factors were obtained in [3, 4] to first order in e. In the 
present two-dimensional case, specialising also to symmetric loading, these 
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formulae reduce to 






Ki = A® +eA'W + 0(e2), 


(1.4) 




Ku = eK^]^ + 0(^2), 


(1.5) 


where 




(1.6) 




= i;\vt){Vhqn - h)Kf^ - + H(V^), 


(1.7) 




H(V^) = ([C/]n * {Pff) - {U),, * [P^^f]) U,=o. 


(1.8) 



Here, * denotes convolution with respect to the variables x\ and t; square 
and angular brackets denote jump and average of a function across the 
line X 2 = 0; \U]n and (C/) 3 i are components of dynamic weight functions 
which were constructed in [3, 4]; gj, g//, h, h are constants depending on 
the velocity V. Because of limitations on the length of the article we are 
not able to give formulae for the weight functions and the constants but 
refer to [1], Appendix A. The vector ^ represents the 

effective traction components: 



{P^-^^){xi,t) = - il)' {xi + Vt)P{xi) - il){xi + Vt)T^^\xi) 



d 

dxi 



Xl + 




peff 









(1.9) 

( 1 . 10 ) 



where 

r(°^(xi) = fj|°^(xi,0) +crj’(‘'^(xi,0), (1.11) 

r(i)(xi) = pV^ («Si(xi, 0) + ui7J(xi, 0)) . (1.12) 



Here, Uijk = d‘^Ui/ dxjdxk- 



Crack instability 

We assume that the crack will extend in such a way as to maintain “local 
symmetry” (i.e. local Ku = 0), and to satisfy the Griffith energy criterion. 
The Griffith energy balance with constant surface energy implies that the 
local crack speed v must adjust itself so that (see [6]) 

K] = P{v)Kl, 



(1.13) 
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where iF{v) is a known function of crack speed, and Kjc is the static plane- 
strain fracture toughness. To be consistent with the unperturbed motion 
we assume that = iF{V)K‘j^. 

Using this criterion and formulae (1.4), (1.6) for the stress intensity 
factor Kj we obtain the differential equation for the perturbation function 
(p{t). For the derivation and analysis of this equation we refer to [1]. Note 
that the introduction of surface tractions on the crack faces did not affect 
Kj, therefore the equation for ip(t) remains the same. 

It was found that the crack is stable to in-plane perturbation if < 0, 

unstable if A® > 0 (function ip{t) is growing exponentially); = 0 

defines the boundary of stability. 

The criterion Kjj = 0 implies, to first order in e, that 

K^]\vt) = 0. (1.14) 

It was shown in [1] that the equation for the out-of-plane perturbation 
function has a “convolution” structure, which reduces the study of stability 
to locating singularities of a “transfer function”. The equation defining 
singularities of the transfer function has the form: 

-ik{Vhqn - h)KP - [C/]ii(s, kV)Ti{s, k)ds 

{U)^i{s,kV)T2{s,k)ds = 0, ( 1 - 15 ) 

where (U)g^ are Fourier transforms of [U]n, {U) 3 i with respect to 

the time variable, 

Ti{s,k) = exp(i/cs) [T^^^(— s) — (— s) 

+ iA:r(°)(-s) + iA:P(-s)], (1.16) 

T 2 {s,k) = exp(i/cs) /)U^[u 2 °n](-s). (1-17) 

Complex roots of this equation such that Im A: > 0 correspond to singular- 
ities of the transfer function at —ik. 

Equation (1.15) could be equally obtained by seeking a perturbation of 
the form 

V'(xi -|- Vt) = exp(— i/cxi) exp{—ikVt) = exp(— i/cXi). (1-18) 

This implies a perturbation of the crack edge {X\ = Vt) of exp(— i/cUt); the 

shape exp(— ifcXi) for all X\ <Vt follows because the crack, once formed, 
remains unchanged. 

A root of the equation such that Im/c > 0 gives the crack path which 
deviates increasingly from the path X 2 = 0 as the crack advances, implying 
instability. 
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2. LOADING BY POINT FORCE TRACTIONS 

We now consider the case when the body forces are absent and the crack 
faces are loaded by a pair of opposing point forces of magnitude A acting 
in the direction normal to the perturbed crack, together with the remotely 
applied tension or compression Let d (> 0) be a distance from the 
crack tip to the point of force application. In the moving coordinate system 
we have 

F = 0, P = Pn, P = AS{xi + d). (2.1) 

Stress and displacement components for the unper- 
turbed problem 

The solution of a steady-state problem with a straight crack under gen- 
eral Mode I loading was given in [5], for example. For the present case of 
point force tractions the components of the stress and displacement fields 
have the following form at the crack faces (x 2 = 0, x± < 0): 

cr® (xi, ±0) = A1(F)(T22 ^(xi, ±0) = —AM.{V)5{x\ -|- d), (2.2) 



0) = A ^ '*'(■''1 + '0. 



where /U = pb^ is the shear modulus, 






The stress intensity factor and coefficient are 



Kr>=A. ± <>=- 



(0) ^ A 



The only non-zero component of is cr^, constant. 



Crack path instability 

As we pointed out in Section 1 the stability of the crack to in-plane 
perturbation depends on the sign of A^p . For the present case Af''^ < 0 
and therefore the crack is stable to in-plane perturbation. 
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To obtain the algebraic equation for investigation of out-of-plane insta- 
bility of the crack we substitute formulae (2.2)~(2.5), (1.11), (1.12) into 
(1.15)-(1.17). We have 



Ti(s, k) = AliS {d — s) — ikA{Ai{V) — l)S{d — s) -|- ika’^ . (2.6) 



Obviously the convolution of this function with the weight function 
[t/]ii(s, —kV) will give the values of the weight function and of its deriva- 
tive with respect to s at s = d. 

It is convenient to give the final equation in dimensionless form. Let A = 
kd be a new dimensionless variable. Then the equation defining instabilities 
of the crack path takes the form: 

+ iA^I {h - Vhqn) + MX) - ^ 2 (A) + (i - l)miv/AM = 0, (2.7) 

where 

JiW 
J2{\) 

T2{y,X) 

The parameter 

M = 

can be positive (tensile stress is applied along the xi-axis) or negative 
(compressive stress). 

Here h = l\ — M.{V) + 1; qii-, h-, h, rni are known functions of the crack 
speed (see [1]). 

Equation (2.7) depends on the crack speed V and the parameter M. We 
will seek roots of equation (2.7) such that ImA > 0. If such roots exist the 
crack is unstable to out-of-plane perturbations. As we have mentioned in 
Section 1 the existence of such roots means that the perturbation function 
■0 may have the form (1.18) with k = X/d. 

It is easy to see from the expression (2.10) that the integrand function 
in (2.9) has singularities at y = 0 and y = d. The integral should be 
interpreted in the sense of generalized functions and regularized in the 
following way: 

POD poo 

/ f{y)y~^^^dy = / if{y) - f{0))y-^/‘^dy, 

Jo Jo 



„iA 



= e 



\u],Mxv/d), 

d^^^{U) 3 iiyd, AH/d) T 2 {y, X)dy, 









ttR{V) 



(1-d)^ 



(2.8) 

(2.9) 

(2.10) 




218 



120 



100 



80 



60 

ImA 

40 



20 



0 



0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 

Vjc 

Figure 1 Pure imaginary root of equation (2.7) versus V/c for different values of M. 
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Numerical results on out-of-plane instability of the crack 

As y ^ 0 equation (2.7) coincides with the equation for the quasistatic 
case which was studied in [2] . The corresponding quasistatic equation has 
a pure imaginary root if M >0, which corresponds to pure exponential 
departure of the crack path from the straight line, and an infinite number 
of roots with non-zero real part for any M, which correspond to oscillating 
crack paths. 

In the present dynamic case equation (2.7) has the same root structure. 
We have found that (2.7) has an imaginary root for M > 0. Thus, if the 
crack is subjected to tensile stress along the xi-axis, the crack is unstable 
and its path departs exponentially from the straight line. In Fig. 1 this 
root is plotted versus V/c for different values of the parameter M. Here c 
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Figure 2 Distribution of roots with non-zero real part for different values of V/c, M = 0. 
The picture shows discrete sets of roots; they are connected to show that they are 
associated with a common value of V/c. 



is the Rayleigh wave speed. Quasistatic results are included in the graph 
for comparison. 

It seems that, similarly to the quasistatic case, equation (2.7) has an in- 
finite number of roots with non-zero real part for any value of M. We were, 
however, limited to study the equation for Re A < 40; further calculations 
could be prone to loss of accuracy. Thus, the crack is unstable for either 
compressive or tensile stress along the xi-axis and can develop an oscillat- 
ing path. In Fig. 2 the distribution of roots is shown for M = 0 for four 
different values of the crack speed. The density of the roots increases as 
the crack speed V increases. Our calculations do not allow us to conclude 
whether or not the magnitude of the imaginary part of a root saturates as 
its real part increases, nor whether the number of roots for any given V 
is finite or infinite. However, the calculations have shown that the crack 
subjected to point force tractions at the crack faces is unstable to out-of- 
plane perturbation for any loading configuration, for either compressive or 
tensile stress applied parallel to the crack, and suggest that the crack may 
develop a complicated fracture surface if more than one instability mode 
is triggered. 
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Abstract We consider a quasi-static problem of uncoupled thermoelasticity posed in 
a domain with a small edge crack perpendicular to the boundary. Real 
life examples leading to our problem arise naturally in, for example, fast 
breeder reactors, pressurised water reactor nozzles, etc. The effect of rapid 
changes or fluctuations on the surface of these structures is known as ther- 
mal striping and is considered as the origin of thermal fatigue damage. 



Introduction 

In this paper we propose a simple asymptotic algorithm for evaluation 
of the upper bound for the stress-intensity factor (SIF) at the vertex of a 
small edge crack placed in a finite size elastic body subjected to a time- 
dependent thermal load. 

The motivation for this work stemmed from the study of “thermal strip- 
ing” problems studied in Jones & Lewis [1], [2], [3]. These problems are 
important in a number of applications involving time-dependent thermal 
loads imposed on cracked surfaces of elastic solids. As the size of the crack 
is small, compared to the size of the whole elastic body, the domain is said 
to be “singularly perturbed”. Technically, this would create certain com- 
plications in direct numerical methods, e.g. one would need to construct a 
very fine mesh around the crack to be able to treat the problem by means 
of finite difference or finite element method. 
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Figure 1 A domain with a small perpendicular edge crack. 

We construct a “boundary layer” in a neighbourhood of the crack. This 
boundary layer is defined as a solution of a certain model problem in a 
half-plane. The stress-intensity factor (SIF) corresponding to the boundary 
layer is given in explicit analytical form following Koiter [4] and Stallybras 
[5] . The only numerical calculation we need to perform is for the uncracked 
body which is a straightforward task. 

The asymptotic estimate is sufficiently accurate and the asymptotic for- 
mulae are easy to implement in numerical examples. 

In Section 1 we give the formulation of the problem. Section 2 includes a 
general description of the asymptotic algorithm. Section 3 and 4 deal with 
a particular case of time-periodic thermal loading and give an illustrative 
example characterising the solution of boundary layer type. Finally, Sec- 
tion 5 presents results of comparison of asymptotic estimates with finite 
element computations produced by COSMOS/M [ 6 ]. 

1. FORMULATION OF THE PROBLEM 

Let the displacement vector u = (tti, ^ 2 )^ and the temperature T satisfy 
the following boundary value problem in a domain (see Fig.l) with a 
small edge crack (see Boley & Weiner [7]): 

(x,t) e Ge X [0,oo), (1.1) 

(x,t) G Ge X [0,oo), (1.2) 



Lu = 7 VT, 
^2rr. dT 



where 



L = + {X + f) grad div, 



(1.3) 
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with the boundary conditions 

T = T{K,t), (1.5) 

(x, t) G dGo X [0, oo). Here 7 = a(3A + 2/j,), where a is the linear thermal 
expansion coefficient, A and /r are Lame constants and k is the thermal 
diffusivity. p(x) corresponds to a self balanced external load and r denotes 
the behaviour of the temperature, both on the surface dGo = r+UL-UMg. 
We also prescribe an ideal contact on the faces of the crack M^. We note 
that it is essential in our work to introduce a dimensionless parameter 
e <C 1 denoting the ratio of the crack length to the thickness. 

2. ASYMPTOTIC ALGORITHM 

We decompose our original problem into two model problems, for which 
the small parameter £ is not involved. The first one corresponds to a plane 
strain problem for an homogeneous elastic body without a crack. The 
principal term, say v*^, of the solution can be expanded into its Taylor 
series in a neighbourhood of the origin as 

= u°(0) + X • Vu°(0) + 0(|x|2). (2.1) 

We can see that the vector function does not satisfy the boundary 
condition (1.4) on the crack faces. Hence we define the principal term of 
the discrepancy by the linear term in (2.1). Following the conventional 
approach, we can compensate the discrepancy by means of a solution of a 
boundary layer type. For this purpose, we introduce new scaled coordinates 

i = ( 6 , 6 ) = e~^{xi,X2). ( 2 . 2 ) 

Remembering that dGo = F+ U F_ U is free of external loading we can 
see that the strain components £ki, k,l = 1,2, are identically zero when 
X 2 = 0. Therefore 



£12(0, X2) ~ £12(0, 0) + X 2 -^{ 0 , 0) = e6^-^(0, 0), 

0x2 dX 2 

£22(0, X2) ~ £22(0, 0) + X2^^(0, 0) = e6^^(0, 0), 

0 X 2 ^^2 

r)r 

£11(0, X2) ~ £11(0, 0) + ®2^^(0, 0) = eii(0, 0) + ^6-^(0, 0), 



(2.3) 
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leading us to solve the second model problem posed in a linearly elastic 
half-plane with an edge crack: 



Lw(^,t) = 0, (^,t) G X [0,oo), 



(2.4) 



dwi 

0^2 



dw2 

Oil 



dw\ 

0^2 



dw2 

dCi 



0, (A -|- 2^)-^^ -|- — -(E -|- 7T(^2,i), ^ ^ M±, 

(2.5) 

0, (A -|- 2^)-^^ -|- ~ G M, ^2 = 0, (2.6) 



where L is the Lame operator defined in (1.3) and® is a constant to be 
clarified in the following section. In addition we require that |w| ^ 0 as 
?2 ^ 0. 

We emphasise that the time has the role of a parameter in the right- 
hand sides of boundary conditions. Thus, the asymptotic behaviour of the 
solution in a neighbourhood of the origin can be described by means of the 
following relationship 



u(x, t) ~ v°(x, t) -I- ew(^,t). (2.7) 

Note that the function v® is a regular function, and, therefore, the SIF K 
at the tip of the crack is defined by the term ew of a boundary layer type. 

3. TIME PERIODIC TEMPERATURE 
LOADING 

Let us consider the case of a periodic temperature loading on the bound- 
ary of the half-plane. Under the ideal heat contact assumption on the crack 
faces the temperature satisfies the following problem 

d'^T dT 

k^( 6U) = ^, 6>o, t>o, 

T(0,t) = Toe*"^*, t>0, 

which has the solution 

T{i 2 ,t) = To Re|exp{-(1 -h ^)^^6 + , (3.3) 



(3.1) 

(3.2) 



that decays as .^2 ^ co. 
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4 . 



STRESS SINGULARITY AND THE SIF 



We assume that a small crack, perpendicular to the surface, exists in 
the elastic body (see Fig.l). The stress is singular at the crack tip 



<7ii 



Kiju) 

V^27t(x2 - 1 ) ’ 



where Kj{u) is known as Mode-I SIF. We note that Kj is a linear func- 
tional, and 

Ki (v°(x) -hew(x/£)) = W/(ew(x/e)), 

which means that the leading term in the approximation of the SIF is 
determined by the boundary layer existing near the small crack that can 
be evaluated in closed form, since it solves the model problem (2.4)-(2.6) 
in a half-plane. 

The exact solution for an elastic half-plane containing a crack perpen- 
dicular to the free surface and loaded by polynomial tractions is obtained 
in Stallybras [5]. 

The term yT in the right-hand side of (2.5) can be approximated by a 
polynomial 

OO 

aT ~ X2’", 

k=0 

over the crack length. If an = 7T, <712 = 0, on the crack surface, then 
for this model problem the Stallybras solution delivers (for a polynomial 
of degree 10) 



= -V^l (0.793 po -h 0.4829 pil + 0.3716 p2l‘^ 

+ 0.3118 psl^ -h 0.2735 pd"^ -h 0.2464 p5l^ -h 0.2260 pef 
+ 0.2099 prf -h 0.1968 pgfi -h 0.1858 pgl^ -h 0.1765 pwl^^). 



(4.1) 



The first term® in the right-hand side of (2.5) is defined by the formula: 

(4.2) 

Its contribution to the SIF is given by (see Koiter [4]) 

(4.3) 



® = (A + 2,)g(0) + Ag(0). 



= 1.12147® Vjd. 

The stress-intensity is time-dependent but we look for an upper bound, 
so that 
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Figure ^ The temperature field described in (3.3) for fixed time and graphs for Mode-I 
SIF. The following values of parameters are used for the computation: To = 10°C, w = 
0.0625Hz, K « 4.6 X 10“®mVsec, a = 20 x 10"® °C"\ p = 7760 kg/m®, E = 1.63 x 
10“ N/m^ iz = 0.3. 



where Kj* = max^g(o,tO) is the period of oscillations 

of temperature. 

We note that the SIF increases with the increase of I, whereas 

decreases as the crack length grows. As a result, the sum Kj^'^ + is 
not necessarily monotonic. The illustrative diagrams are given in Fig. 2. 

5. ILLUSTRATIVE NUMERICAL EXAMPLES 

Here, we give a comparison between the asymptotic estimates and the 
finite element method. We consider a thin plate, clamped at the ends, 
under thermal load applied to one of the sides, the other side of the surface 
is traction free. A small surface crack is introduced in the middle of the 
beam, perpendicular to its surface. We consider two cases: 



(a) the surface temperature oscillates with the frequency of 0.0625 Hz, 



(b) the temperature oscillates with the frequency of 1 Hz. 
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0.0625 Hz striping 




1 Hz striping 




Figure 3 The upper bounds (asymptotic results in solid line) and the finite element 
computations of SIF (denoted by *) based on COSMOS/M. The upper bound for \Ki\ 
is sufficiently accurately predicted by the asymptotic method. 

Thermal and mechanical characteristics of the system are defined as 
follows: 

To = 10 °C, a = 20 X 10“® °C“\ k 4.6 x 10“® mVsec, 
p = 7760 kg/m^, E = 1.63 x 10^^ N/m^, u = 0.3. 

Here, E is the Young’s modulus and u is the Poisson’s ratio. 

We perform finite element computations for three different crack length 
for each case (a) and (b). In both cases, we pose zero displacement at 
the ends of the plate and periodic temperature distribution on the free 
surface where the small crack is located, whereas the rest of the boundary 
is adiabatic. The FE results are taken after a certain number of cycles to 
allow for settling. 

The total computation time is high even for the case of lower frequency 
due to the fact that it requires computations for thermal as well as stress 
analysis. The region where the crack exists demands very fine meshing 
and is another cause of long computation time. On the other hand, the 
asymptotic algorithm uses a straightforward finite element computation for 
the uncracked body to compute the constant stress at the origin (see (4.2) 
and (4.3)). The results presented in Fig.3 are sufficiently accurate and 
easy to obtain following the asymptotic algorithm. For further comparison 
between finite element and weight function method in the assessment of 
thermal striping damage we refer the reader to [8]. 

Future work lies along the line of generalising the solution for any smooth 
load on the crack surface. Also, uncoupled thermoelasticity problems posed 
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domains containing a set of parallel small edge cracks or a small oblique 
edge crack are interesting to investigate. The effects of posing non-ideal 
heat contact on the crack faces is another direction to take our problem a 
step forward. 
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METHODS OF ASSESSMENT OF 
THERMAL STRIPING FATIGUE 
DAMAGE 



Ian S. Jones 

School of Engineering, John Moores University, Byrom St., Liverpool, L3 3AF, UK 
i.s.jones@livjm.ac.uk 

Abstract The phenomenon of high-cycle fatigue crack growth, cansed by thermal 
striping on metallic components, is examined. A general outline of the 
mathematical models used for the assessment of thermal striping damage 
will be presented. Comparisons between all of these models and the finite 
element method will also be given for the calculation of stress intensity 
factors. 



1. INTRODUCTION 

Thermal striping is random temperature fluctuation produced by the 
incomplete mixing of fluid streams at different temperatures. Structures 
exposed to such temperature fluctuations can suffer thermal fatigue dam- 
age. This problem has been discussed in [l]-[8]. For an engineering com- 
ponent containing a defect and situated in such a flow, the stress intensity 
factor (SIF), associated with the defect, will fluctuate in response to the 
imposed component surface temperature fluctuations. For a component 
of a given material under specified external loading, it is necessary to as- 
certain the maximum allowable surface temperature fluctuation amplitude 
before growth of the defect will occur. 

Thermal striping fatigue damage has the potential to occur in a number 
of areas where there is good heat transfer between fluid and component. 
It can arise in certain liquid metal-cooled fast breeder reactor (LMFBR) 
structures, notably those situated above the core, because of the large 
temperature differences (up to about lOO^C) which exist between liquid 
sodium emerging from both the core and the breeder sub- assemblies. Other 
areas of potential occurrence include piping systems in pressurised and 
boiling water reactors where hot and cold flows meet. 
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Apart from the finite element method, three approaches have been de- 
veloped to assess the thermal fatigue damage caused by such temperature 
fluctuations. These have been implemented in the computer codes TBL 
[2], [3], [6]- [8] , CLOUDBURST [5], [7] and STRIPE [1], The analysis of 
realistic, temporally random striping is possible only in TBL and CLOUD- 
BURST whereas all of the codes are able to analyse the results for the spe- 
cial case of sinusoidal patterns of striping. The methods underlying these 
approaches will be outlined and comparisons made between them and the 
finite element method. The methods are based on the weight function ap- 
proach [9] for the calculation of SIF’s. An appropriate weight function for 
displacement-controlled loading has been developed specifically for thermal 
striping in [10]. 



2. PROBLEM FORMULATION 

Consider an isotropic, elastic body G with boundary dG containing an 
edge crack of length a. Assuming plane strain linear elasticity, this may 
be considered as a problem of uncoupled thermoelasticity in which the 
displacement vector u = [ui{xi,X 2 ,t), U 2 {xi,X 2 ,t)] and the temperature 
T{xi,X 2 ,t) satisfy the following equations in the absence of body forces: 



d f du 



^ V Ui + {X + ^) - — I - — — f5 - — , (x G G) 



dxi \dx 



BT 



dxi 



9T 

a 



(x, t) £ G X [0, oo) 



with boundary conditions 



(2.1) 

(2.2) 






dui dui , 






( _ 

\dxk 



(3T 



Tin 



dT 

= h[T (xi,X2,t) - (^(xi,X2,t)j 



and initial conditions 



Pi{xi,X 2 ) (x G (9G) 
(2.3) 

(x G dG) (2.4) 



T(xi,X2,0) = /(xi,X2) 


(xgG), 


(2.5) 


iii(xi,X2,0) = U°(X1,X2) 


(xgG) 


(2.6) 


^(X1,X2,0) = 0 


(x G G) 


(2.7) 



Here A and p are the Lame constants, k the thermal diffusivity, (xi, X 2 ) 
the plane spatial coordinates, t time, n the outward normal to the sur- 
face, /i is a convective heat transfer coefficient between the body and the 
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surrounding fluid which is at a temperature (p{x\,X 2 ,t), p the external 
surface loading, f{xi,X 2 ), u^{xi,X 2 ) the prescribed initial temperature 
and displacement distributions respectively within the body. In addition, 
(3 = a(3A + 2fi) where a is the linear expansion coefficient. 

3. THE FREQUENCY RESPONSE METHOD 

Further details of this method are given in [2], [3], [6] -[8]. Consideration 
will now be restricted to a component such as a slab containing a single 
edge crack or an infinitely long cylinder containing a circumferential crack, 
with various restraint conditions. The cracked face is thermally striped by a 
temporally sinusoidal, surface temperature variation, the unstriped surface 
having the general radiation boundary condition (2.4). The striping on the 
cracked face is considered to be spatially uniform. Thus heat is assumed to 
flow in the x direction only, where x is the co-ordinate through the plate 
or cylinder wall with origin on the striped face (see Fig. 1). 






M 



sinusoidal striping 




X 



Figure 1 Parameters of the slab. 

If the temporal, sinusoidal surface striping frequency is uj then the quasi- 
steady state solution will be of the form 

r(x, f) = Toe*‘^* [P{x, uj) + iQ{x, uj)] (3.1) 

where Tq is the surface striping amplitude. The spatial variation functions 
P{x,uj) and Q{x,uj) will depend on the thermal boundary conditions. The 
temperature profile will induce stress in the component. For the calculation 
of the mode I SIF for an edge crack in a plate or a circumferential crack in a 
cylinder, the axial stress will be the relevant component to be considered. 
The axial stress is dependent on the geometry and restraint conditions 
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and further details are given in [2], [3], [6] for the edge cracked plate and 
circumferentially cracked cylinder under various restraint conditions. For 
illustration purposes, the case of the fully restrained edge cracked plate [2], 
where the stress is proportional to the temperature field, will be considered. 
For the fully restrained edge cracked plate, the axial stress it(x, t) will be 
given by 

a{x,t) = (3.2) 

where E is Young’s modulus and is Poisson’s ratio. The SIF K(a,t) can 
be derived from this thermal stress using the weight function method [9] 
as 

a 

K{a,t) = j a{x,t) M{x,a) dx (3.3) 

0 

where M(x,a) is the weight function which depends on the component 
geometry but not on the loading. Thus for the fully restrained edge cracked 
plate, the SIF is given by 






P{x) M{x,a) dx + i / Q{x)M{x,a)dx 



Hence the peak-to-peak SIF fluctuation AK{a) is 

aEAT 



. , aEAT rz ~ 



{l-u) 

where AT is the peak to peak surface temperature fluctuation and 



(3.4) 



(3.5) 



a 



h 



0 



(3.6) 



and 

a 

I 2 = J Q{x)M{x,a)dx (3.7) 

0 

The calculation of AK{a) from AT is a frequency response calculation 
with modulus of the transfer function H{u), a) given by 

|ff(w,o)l = p5Yy'/2 + 7| (3.8) 

The above analysis is based on a single sinusoidal surface temperature 
variation. In practical situations, the surface temperature variation will be 
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random. The general surface temperature time signal may be characterised 
by its power spectral density (PSD) St{uj). 

The root mean square (rms) value of the SIF is then given by 



Krmsifl) — 



aE 

(1^ 



5r(w) {If + /|) dio 



1/2 



(3.9) 



The measure of practical interest in this fatigue process is the maximum 
fluctuation in the SIF AiP ma^ (a) since this may be compared with the 
material threshold SIF fluctuation in order to ascertain the behaviour of 
existing defects. In [2], a conservative approximation of this quantity, de- 
rived from the rms value, is discussed. It may be summarised as 



Aminax(O') AT/jiax 

Erms(,(d) Tj-ms 



(3.10) 



where ATmax and Trms are the maximum fluctuation and rms values of the 
surface temperature signal. This gives the maximum SIF fluctuation as 



Aiirmax(Q') 



aEATraa.^ 
(1 ^)Trms 



1 1/2 



St{uj) {if + if) duj 



(3.11) 



A variety of PSD’s have been examined in [2], based on an experimental 
thirty-minute real time sample taken from an experimental rig at AEA 
Technology. This is a 0.2-scale air model of the Prototype Fast Reactor 
above core region at Dounreay. The bulk of the energy was found to be 
concentrated below 5Hz with a steady fall off above this frequency. It 
was found that the results were not particularly sensitive to differing PSD 
models of this sample. A ’white’ PSD with upper frequency ujq will be 
taken as 



St{^) 



0 OJ > OJQ 



(3.12) 



With this particular PSD, the maximum SIF fluctuation becomes 



AA"max(®) 



(1 - iy)y/uJ^ 




1 1/2 



{If + If) du: 



(3.13) 



4. THE IMPULSE RESPONSE METHOD 

A general outline of the CLOUDBURST method will now be given. 
Further details of the refinements of the method are given in [5] and [7]. 




234 



Consider the plate, initially at a uniform temperature, which is subjected 
to a spatially uniform unit temperature pulse on the striped edge lasting 
a time 5t with the back face being, for example, an adiabatic surface. The 
temperature response through the plate G{x, t) can be found from (2.2) as 



n=0 



G{x, t) = — — — cos {\n{h — x)) exp (— [exp — l] 

(4.1) 

7r(2n — 1) 



where 



An — 



2h 



(4.2) 



Now consider a situation where the striped face is subjected to a general 
temperature time history and, in digitised form, let 9i{ti) be the magnitude 
of the temperature signal at time ti = i5t. The temperature response 9s{ti) 
to this general signal will be given by the convolution 



oo 

9s{x,t) = '^G{x,ti)9i{t-ti) (4.3) 

i=l 



Let the temperature response be partitioned as 



9s{x, t) = 9M{t) + 9B{t){l - -j~) + '9p{x, t) 

a 

Then 

oo 

9M{t) = ^M{ti)9i{t - ti) 

i=l 



^B{t) = ^ 9i{t - ti) [3M{ti) - B{ti)] 

i=l 



(4.4) 



(4.5) 

(4.6) 



9p{x,t) = '^9i{t - ti) 

i=l 



G{x,ti) 




M{ti) + 



where 



h 

M{ti) = i J G{x,ti) dx 
0 
h 

B{ti) = ^ j X G{x,ti) dx 
0 




B{ti) 



(4.7) 



(4.8) 



(4.9) 
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Thus the temperature response can be found from the digitised surface 
temperature and the impulse response function G{x,t). This temperature 
distribution will induce a thermal stress field. For the plate, this can be 
related to the temperature as 

cr(x, t) = -gmOM{t) - gbOsit) - gp'dp{x, t) (4.10) 

The constants g depend on the restraint conditions of the plate [3]. For a 
fully restrained plate 

gm = gt = gp= 

The SIF may be calculated using (3.3) with, for example, the Bueckner 
form [9] of weight function 



M{x, a) = 



1 



\Ja- X [ 



X 



1 + mi l +m2 l 



(4.12) 



where mi and m2 are polynomials [9] in {a/h). 
Thus the convolution for the SIF is 



K{a,t) = -gm'^0i{t - ti)Im{ti) - gb'^0i{t - ti)h{ti) 



i=l 



2 = 1 



- dp'^ - ti)Ip{ti) (4.13) 

2=1 

where the impulse response functions I are given by 

^ ^ _ 16 , mi , m2 ^^ exp {exp - 1} 

Wi) - ^2 Y + 3 ^ 5 / ^ (2n - 1)2 



n=l 



«ii) = HvT [(1 + + T) - X (5 + + If)] 

exp(-KA^fj){exp(KA^^t)-l} 



X E 

n=l 



1 - 



4(-l)^-^ 
7r(2n— 1) 



(4.14) 

(4.15) 



(2n-l)^ 



, , _ ^ “ exp(-KA^fj){exp(KA^^f)-l} 

1 *1 ahy 7T Tj AH 



ah 

X 

+ 



n=l 

mi + m2 



- cos{aXn) S{aXn)} 

“"^1 Y^5^'Lsin(oAn)S'(aAn) + cos(aA„)C(aAn)} 



(4.16) 
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The functions C(x) and S(x) are Fresnel integrals. 

Thus (4.13) can be used to find the SIF time history at a particular 
crack depth based on a digitised temperature time history and the three 
impulse response functions (4.14)-(4.16). Further details and correspond- 
ing results for other thermal backface conditions are given in [5] . Maximum 
fluctuations in the SIF, AK^^axia), may then be found from this SIF time 
history. 

5. NUMERICAL RESULTS 

Some comparisons between the codes have been made [5], [7] when ap- 
plied to an edge-cracked slab and an infinitely long cylinder containing an 
internal circumferential crack. The material composition of components 
found above the core in LMFBR’s is typically Type 321 stainless steel. 
The material properties are given in [5] . The components were analysed us- 
ing TBL, CLOUDBURST, STRIPE and the finite element code ABAQUS 
[11] for three representative sinusoidal striping frequencies, 0. 0625Hz, l.OHz 
and 6.25Hz, with a peak to peak temperature fluctuation of 20°C. The plate 
was fully restrained and two different restraint conditions were examined 
for the cylinder: (a) the ends were restrained against expansion/contraction 
and (b) the cylinder was free standing. For the purposes of this comparison 
of methods, only crack growth due to thermal striping is considered. In 
a structural integrity assessment of a component at such a temperature, 
other potential causes of failure would need to be acknowledged. Further 
details are given in [7] . 

The variation of the AK values with crack depth is shown in Figs. 2- 
3(a) for the three striping frequencies applied to the fully restrained plate, 
the cylinder with axial restraint and the freestanding cylinder. For each 
frequency, results from TBL, CLOUDBURST, STRIPE and the finite ele- 
ment method are shown for the plate with TBL and finite element results 
given for the two cylinder restraint conditions. The plate results for all of 
the methods for the three frequencies are in good agreement with the finite 
element results. The differences become larger with increasing crack depth 
for all frequencies. This is because the limitations of the Bueckner form 
of the weight function. The TBL results for the cylinder also show good 
agreement with the EE results. 

At the lowest frequency, there are no severe temperature gradients through 
the plate thickness. The monotonic increase in AK with crack depth oc- 
curs because of the influence of the weight function i.e. deep cracks are 
more likely to become deeper. At the highest frequency, there is a local 
minimum in the SIE curve for a plate. This is because of two opposing 
effects. At this high frequency, there is considerable scope for temperature 
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(a) (b) 





Figure 2 The variation of the peak to peak stress intensity factor fluctuation with crack 
depth for the plate and cylinder. Comparison of TBL, CLOUDBURST, STRIPE and 
the finite element method. Striping frequency (a) 0. 0625Hz; (b) l.OHz. 



attenuation, particularly near the striped surface of the plate, and this 
leads to a reducing SIF with crack depth. At greater crack depths, the 
geometry effect dominates resulting in increasing SIF with crack depth. 
Thus there is the possibility of crack arrest in situations where the strip- 
ing signal contains a high frequency component as the AiC value reduces, 
with increasing crack depth, to a value below the material threshold 

value. 

As an example, consider a 2mm deep defect in both the fully restrained 
plate and the axially restrained cylinder. The AK^h value for the ma- 
terial will be taken as 5MPay/m. If the components are striped with a 
frequency of 0.625Hz, then the AK values are shown in Fig. 2 and, more 
accurately, are 7.82MPay/m (plate) and 5.07MPay/m (cylinder). Thus the 
allowable peak-to-peak surface striping temperature is 13^C (plate) and 
19^C (cylinder). For the case when the striping frequency is IHz, the cor- 
responding AK values are 3.94 MPaydn (plate) and 2.52 MPay/in (cylin- 
der). This leads to allowable striping temperatures of 25°C (plate) and 
40^C (cylinder). At the frequency of 6.25Hz, the allowable temperature 
ranges increase to (plate) and 125^C (cylinder). This illustrates how 
the lower frequency striping may be more damaging. Comparisons have 
been made when a general temperature time profile is used to stripe a 
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(a) 



(b) 





Figure 3 (a) The variation of the peak to peak stress intensity factor fluctuation with 

crack depth for the plate and cylinder. Comparison of TBL, CLOUDBURST, STRIPE 
and the finite element method. Striping frequency 6.25Hz. 

(b) The variation of the maximum peak to peak stress intensity factor fluctuation with 
crack depth for the PER shroud tube. (A) Full restraint (B) Restraint against bending 
only (C) Restraint against expansion/contraction (D) No restraint condition 



LMFBR shroud tube [3], [5]. The thin shroud tube is a component in the 
above core region and, for illustration, is modelled as a plate. The ma- 
terial properties and other conditions used here are given in [3]. For the 
input to CLOUDBURST, a digitised recording of temperature fluctuations 
obtained from the AEA Technology 0.2 scale air model of the Dounreay 
prototype fast reactor above core region was used. For TBL, a white PSD 
was used with maximum frequency component of lOHz. The results for 
maximum AK values as a function of crack depth are shown in Figure 
3(b). TBL and CLOUDBURST results are shown for a variety of restraint 
conditions. Again, good agreement is obtained between the two methods. 

6. CONCLUSION 

A review has been given of some of the methods available for the as- 
sessment of thermal striping damage. Good agreement between all of the 
methods has been demonstrated in the calculation of the SIF. 
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Abstract The mode III asymptotic fields near a steadily propagating crack tip are 
investigated by employing the fiow-theory version of the couple-stress strain 
gradient plasticity. Compared to classical plasticity results, an increase of 
the stress singularity is observed, also for small hardening. The performed 
asymptotic analysis can provide useful predictions about the increase of 
the traction level ahead of the crack tip due to the strain gradient effects, 
which have been found relevant and non negligible at the micron scale. 



1. INTRODUCTION 

Strain gradient plasticity theories have been proposed in order to capture 
the size effect exhibited by ductile materials when subject to non-uniform 
plastic deformation at the micron scale [1] . A key point is the incorporation 
in the model of characteristic lengths which specify the range when strain 
gradients are dominant. These theories may also improve considerably the 
estimate of the stress traction level ahead of the crack tip required for the 
occurring of cleavage or atomic decohesion during crack growth processes, 
experimentally observed in ductile metals in [2] . Indeed, conventional plas- 
ticity theories are unable to predict such stress intensity which is of the 
order of ten times the tensile yield stress [3, 4]. 
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In this note, the effects of strain rotation gradient on mode III crack 
propagation are investigated by performing an asymptotic analysis of the 
crack-tip fields, within the framework of the flow theory of couple-stress 
strain gradient plasticity [5]. By contrast with the Mode I and Mode II 
problems [ 6 ], a qualitative analysis shows that the leading order term of 
the velocity field turns out to be rotational. Moreover, it is found that 
the skew-symmetric stress field dominates the asymptotic crack-tip field. 
In particular, if the elastic strain gradients are kept sufficiently small, the 
singularity of the stress fields significantly increases with respect to the 
classical J 2 -flow theory due only to the skew-symmetric stress term, with 
no need to invoke additional stretch gradient contributions. 



2. CRACK GROWTH PROBLEM 



The problem of a plane crack propagating at constant velocity V along 
a rectilinear path in an infinite medium under mode III condition in a 
couple-stress elastic-plastic medium is addressed. A cylindrical co-ordinate 
system (r, 0 , 0 : 3 ) moving with the crack tip towards the 0 = 0 direction 
is considered, where the xs-axis coincides with the straight crack front. 
The condition of steady-state crack propagation yields the following time 
derivative rule, which holds for any scalar function (p 



V 

if = — {(f 0 sin 9 — rp r cos 0 ) . 
r 



(2.1) 



The considered constitutive model refers to the flow theory version of 
the strain gradient plasticity presented by Fleck and Hutchinson [5]. This 
model fits within the general framework of couple-stress theory and involves 
a single material length scale which specifies the order of non-uniform 
deformation at which the effects of strain gradients become significant, and 
thus being generally small (about 4 ^m for copper and 6 /um for nickel). 

According to the couple-stress model [7, 8 ] , a surface element of a body 
with unit area can transmit a force traction vector p and a couple-stress 
traction vector q. These surface forces p and q can be expressed in terms of 
the non-symmetrical Cauchy stress tensor t and of the couple-stress tensor 
/I as 

p = t'^n -I- V/Unn X n, q = (I — n (g) n)/x^n. (2.2) 

In the following the Cauchy stress t will be decomposed into the symmetric 
part <T and the skew-symmetric part r. 

For an antiplane problem, the non-vanishing stress and couple-stress 
components in polar coordinates are £ 1 ^ 3 , Trs, res, l-i' 9 r and pee = 
—prr (since p is a purely deviatoric tensor), and the equilibrium equations 



are 



(rtr3),r + tei.fi = 0, 



(2.3) 
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(?'^rr),r + /U0r,0-^0e + 2rre3 = 0, {rpLre),r + k^ee,e + tJ^■er-‘^rTr^ = ^. (2.4) 

Moreover, the only non-vanishing component of the velocity vector v is 
t> 3 . Therefore, the kinematic compatibility conditions for the strain and 
deformation curvature rate tensors, respectively e and x, namely e = 
(Vv -|- Vv"^)/2 and x = curie, specialise in 

£rS = 'C3,r/2, r£ez = t’3,0/2, (2.5) 

Xrr = £30, r, Xrd = £36,0 + ^Zr/r, X9r = “ £Sr,r, (2.6) 

where xee = ~Xrr- 

Within the context of small deformations incremental theory, the total 
strain rate e is the sum of elastic and plastic e^ parts. Similarly, the 
total deformation curvature rate x is the sum of elastic x'^ and plastic x^ 
contributions. Both elastic parts are related to stress and couple-stress 
rates through the incremental relations 

where E denotes the elastic Young modulus, v the Poisson ratio and ie is 
the elastic length scale introduced in [5] in order to divide the deformation 
curvature rate tensor into its elastic part and plastic part x^, being 

£e<£. 

The fundamental relationships of the constitutive model are briefly sum- 
marised below. 



■ Yield condition 

/(S,Y) = S-Y = 0, (2.8) 

where S is the overall effective stress defined as 

= 3(<Tdev-crdev + ^“^M-M)/2, (2.9) 

and Y denotes the uniaxial flow stress defining isotropic hardening 
behaviour. Linear isotropic hardening is introduced below. 

■ Associative flow rule 



■p -pT min'! 



where A is the plastic multiplier. 



■ Linear isotropic hardening rule 



Y = AH, 



( 2 . 11 ) 
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where H = aE/{l — a) is the hardening modulus and a = Et/E 
(0 < a < 1) is the ratio between the tangent modulus and the Young 



modulus for a bilinear stress-strain curve obtained by 
sion test. 


a uniaxial ten- 


■ Prager consistency condition 




/ = 0 or equivalently S = Y, 


(2.12) 


which gives the non-negative plastic multiplier A as 




^ f f{^,Y) = 0 

\0 if/(S,Y)<0, 


(2.13) 


where (x) = ( x -|- x)/2 and 




S = 3 (cTdev • d- -f • /l)/(2 S). 


(2.14) 


From (2.7) the elastic-plastic incremental constitutive equations for the 
stress and couple-stress tensors, cr and fi, turn out to be 


1 3 

e = — [{l + iy)& - I] + ^ ^ ^dev, 


(2.15) 


^ U H A a, 


(2.16) 



where ^ < 1 is a non-dimensional parameter. Equations (2.15)- 

(2.16) hold when the yield condition (2.8) is satisfied. Otherwise, the in- 
cremental constitutive relationship reduces to the couple-stress isotropic 
elasticity, recovered when A = 0. Note that strain gradient effects occur 
also for a purely elastic response. However, their magnitude may be made 
arbitrarily small by choosing a sufficiently small Finally, it can be ob- 
served that the resulting constitutive equations (2.15)-(2.16) represent a 
generalization of the widely used J 2 -flow theory of plasticity, and reduce 
to that model when the strain gradients are vanishing small. 

3. ASYMPTOTIC CRACK-TIP FIELDS 

Equations (2.3)-(2.6) together with the constitutive incremental equa- 
tions (2.11), (2.15) and (2.16) form a system of first order PDFs that 
governs the problem of mode III crack propagation. The solution is sought 
in a separable variable form, by considering the most singular terms in the 
asymptotic expansion of near-tip fields. In particular, within the zone of 
radius I about the crack tip, namely, where strain gradients are supposed 
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to be dominant, the velocity, stress and couple-stress asymptotic fields are 
assumed in the following form 

n{r,e) = V w{9), aa 2 .{r,e) = E Sa{0), 

(3.1) 

Ta3(r’,6') = ^ ta{9), Ila/3{r,9) = Ma(i{9), 

where w{9), Sa{9), ta{9), Map{9) are scalar functions and the Greek indices 
a and fd stand for r and 9. The exponent s defines the radial dependence 
of the symmetric stress and velocity fields. Moreover, R denotes a char- 
acteristic dimension of the plastic zone which defines the amplitude of the 
leading order asymptotic fields. Note that the condition Mgg = —Mrr 
holds true since /x, and thus M, must be deviatoric. According to the 
stress and couple-stress crack-tip fields (3.1) 1^4 the overall effective stress 
and flow stress fields near the crack tip assume the following asymptotic 
representations 

= = ( 3 . 2 ) 

respectively. From (2.9) and (3. 1)2,4 the function F may be defined as 

F = (1.5 M-M)i/^ (3.3) 

and thus the leading asymptotic term of the effective stress is given by the 
sole contribution of the couple-stress field. 

By using the steady-state derivative (2.1), the rates of the fields <r, /x 
and Y in (3. 1)2, 4 and (3.2)2 can be written in the form 

a^^{r,9) = Ey-(^^\^{9), fi^p{r,9) = EV^^ H^p{9), (3.4) 

Y{r,9)=EvY['^y <e). (3.5) 

The constitutive relations (2.15)-(2.16) imply that the strain and deforma- 
tion curvature rates must have the same radial dependence assumed for 
the stress and couple-stress rates in (3.4). Therefore, the strain and defor- 
mation curvature rates assume the following asymptotic representations 

£a3(A^) = ^(^) da{9), Xal){r,9) = Y Xa/3{9). (3.6) 

By substituting the above expressions in the governing equations a sys- 
tem of nine first order ODEs is attained. Appropriate boundary conditions 
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may be obtained from the skew-symmetric character of the problem along 
the plane 0 = 0, and by imposing null tractions at the crack flanks through 
a specialisation of (2.2), namely 

^03 + M06»,r/2 = 0, fiOr = 0. (3.7) 

An eigenvalue problem is therefore formulated in term of the exponent s. 
Details of the procedure are given in [6, 9]. 

4. RESULTS 

The results here reported are for zv = 0.3. The variation of the expo- 
nent s with the ratio ^ is plotted in Fig. la for a = 0.01, 0.1, 0.45. 

For the same crack growth problem the classical J 2 -flow theory predicts 
an extremely weak stress singularity [4], s ~ The results here ob- 

tained for couple-stress elastoplasticity show that the exponent s of the 
stress fields ranges between 0.5 and 0.94, (depending on a) so that, even 
if the symmetric stress components are not singular at the crack tip, the 
couple-stress and the skew-symmetric stress fields display strong singular- 
ities (3. 1)2,4, respectively of order s — 1 and s — 2. In particular, when 
the ratio ^ is reduced, the exponent s tends to decrease and for vanishing 
elastic characteristic length the exponent of the stress fields s approaches 
the value 0.5, correspondingly the couple-stress and the skew-symmetric 
stress fields display the singularities —0.5 and —1.5, respectively. As ^ 
tends to zero the limit value for s is found to be almost independent of 
the hardening coefficient a, so that the strength of the stress singularity 
increases with respect to the classical J 2 -flow theory also for low hardening, 
mainly due to the contribution of the non-symmetric stress components. 
Although the skew-symmetric stresses dominate the asymptotic solution, 
only the couple-stress field contributes to the effective stress S and to the 
strain-energy density, so that the high stress singularity does not violate 
the boundedness of the flux of energy toward the crack tip. 

The variation of the elastic unloading and reloading angles, 0i and 
02, with ^ is then reported in Fig. lb. Sectors 0 < 0 < 0i and - 
possible- 02 < 0 < 7T are plastic zones, while in the intermediate region 
01 < 0 < min{02,7r}, elastic unloading occurs. As ^ tends to vanish, an 
elastic unloading sector starts at 0i = 95.6° and extends up to the crack 
flanks for each a. For ^ = 0.1,0.35 a plastic reloading sector appears for 
a = 0.01,0.1 respectively and the elastic unloading sector rapidly reduces 
in size and tends to vanish for ^ = 0.18,0.6 for the two cases. For higher 
values of ^ the crack-tip zone is fully plastic. As noted in [5] , the considered 
constitutive model may give reasonable predictions for small values of 
namely <C 1, in view of the fact that the magnitude of the couple stress 
in the elastic sector turns out to be proportional to As the strain gra- 
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Figure 1 Exponent of the stress fields (a), elastic unloading and plastic reloading angles 
(fe) as functions of ratio for v = 0.3. 



dient effects are associated with the occurrence of geometrically necessary 
dislocations, they scarcely influence the elastic behaviour. Therefore, the 
results obtained for small values of ^ are expected to be more realistic. 

In Fig. 2 the angular distributions of the asymptotic crack-tip fields 
for a = 0.01, which are meaningful for r < i, are plotted for ^ = 0.15 
(01 = 118.9°, 02 = 172.8°). All functions are normalised by condition 
'Se(O) = 1. In detail. Fig. 2a shows that the symmetric stress components 
Sr and sg largely increase within the elastic unloading sector and are al- 
most vanishing within the plastic loading sector. The angular variation 
of the out-of-plane velocity is also reported in Fig. 2a. In Fig. 2b the 
angular variations of the couple-stress field M and the current flow stress 
7 are shown. Note that the current flow stress, which is given by the sin- 
gle contribution of the couple-stress field, rapidly increases at the crack 
flanks as is usual for crack propagation problems in elastic-plastic mate- 
rials displaying linear isotropic hardening [4]. The angular variations of 
the skew-symmetric stress components are plotted in Fig. 2c. Note that 
the shear stress tg ahead of the crack tip is negative and, thus, opposite 
to its counterpart in the mode III solution for classical J 2 -flow theory [4] 
and also the radial shear stress component tr displays negative values in a 
small sector ahead of the crack tip. The reason for the switch in the shear 
directions is unclear but certainly related to the strain gradient effects for 
the antiplane problem, since it agrees with the findings of Zhang et ah [10] 
obtained for a stationary mode III crack in couple-stress elasticity. Finally, 
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Figure 2 Angular variations of the asymptotic crack-tip fields of velocity and symmetric 
stress (a), couple-stress (b) and skew-symmetric stress (c) for a = 0.01, ^ = 0.15 and 



V = 0.3. 



note that tg and M^r tend to large but opposite values on the crack faces, 
as required by (3.7) i. 

In conclusion, the obtained results show that the use of the strain gra- 
dient plasticity model for the analysis of the stress field in the vicinity 
of a propagating crack tip gives more realistic predictions on the level of 
traction ahead of the crack tip, allowing the detailed mechanisms by which 
fracture may grow and propagate in ductile metals to be understood in 
more depth. 
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Abstract Mode III problem for the interface crack tip lying at various nonideal (im- 
perfect) interfaces in dissimilar elastic body is investigated. Nonclassi- 
cal transmission conditions described by featnres of thin nonhomogeneous 
anisotropic elastic layer situated between the matched materials are dis- 
cussed. For this aim, an accurate asymptotic technique is applied. Asymp- 
toptic expansions of elastic solutions in three different cases (soft, stiff and 
comparable in values interphases) are obtained. It is shown that the asymp- 
totic approximation depends essentially on types of the interface as well as 
its local geometrical and mechanical properties. 



Introduction 

Interfacial crack problem is the classical problem of fracture mechanics 
and has been investigated by many researchers (e.g. [1, 2, 3, 4]). Within the 
ideal (perfect) interface approach the vectors of displacements and tractions 
are assumed to be continuous across the interface of zero thickness. In par- 
ticular, it has been shown that the classic stress singularity appears under 
Mode III condition, while such physical inconsistencies as stress oscillation 
and interpenetration of the crack surfaces near the crack tip present in 
elastic solutions for the plane problems. Both the effects, however, disap- 
pear if a contact zone is introduced in the model (e.g. [3, 4]). Nevertheless, 
the classical interface model is not able to incorporate in the analysis any 
features of real interfaces at least at stage of finding distribution of the 
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displacement and stress fields. In order to take into account geometrical 
and mechanical properties of the interface, it can be considered as an addi- 
tional structure with a crack situated within the intermediate zone or lying 
at interphase boundary (see a review in [5] ) . Other approach to investigate 
a nonideal (imperfect) interface consists of modelling the interface by non- 
classical transmission conditions. For this purpose, various techniques can 
be used. First, it is possible to directly choose a phenomenological relation- 
ship between the displacement and stress fields having some information 
about interphase properties. Then parameters of the interfacial model have 
to be found experimentally. Other way is to evaluate the transmission con- 
ditions as a result of passage to the limit with respect to the interphase 
thickness. However, from our best knowledge, the only first attempts have 
been independently done in [6, 7, 8] to investigate asymptotic behaviour of 
elastic field near the tip of the interface crack lying at imperfect interfaces. 



1. TRANSMISSION CONDITIONS 



In this section we briefly discuss evaluation of nonclassical bimaterial 
transmission conditions by asymptotic analysis. Here and everywhere fur- 
ther 0 < e « 1 is a small dimensionless parameter. 




Figure 1 Dissimilar elastic 
solid Q.e containing a thin 
slightly curved and weakly 
anisotropic elastic interme- 
diate layer Ge of thickness 
eH. 



Let us consider a bimaterial structure consisted of two elastic parts 
matched by a thin nonhomogeneous anisotropic elastic layer = 
{(xi,X 2 ), x\ G (a, 6), — e/i_(xi) < X 2 < eh+{xi)} (see Figure 1). The 
shear moduli of the bonded materials and the anisotropic interphase are 
IJ,± and /Ui(x), /U 2 (x), respectively. The following boundary value problem 
can be formulated for the Mode HI deformation. 

In the corresponding domains equations: 



= 0, X G V -[niDi, H 2 D 2 ]u = 0, x G (1.1) 



have to be satisfied, where Dj is the derivative along the variable Xj. 
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Along some boundary conditions are given: 

= (1.2) 

Operator can define Dirichlet, Neumann or mixed boundary condi- 
tions. Finally, along the bimaterial interfaces dGf the perfect bonding are 
assumed: 

B[ii^,«]=0, X G (1.3) 

where the components of the classic transmission operator B are 

Bi[u^,u]=w^-u, B2 [w^,u]= anz- (1-4) 

For geometrical and mechanical parameters of the problem we assume that 
Hj G C°°{Ge), h± G G°°{a,b) are positive functions and: 

H/L = 0{1), h'± = 0(l), /ii//X2 = 0(1), /i+^-=0(l), (1.5) 

with respect to the small parameter e. Here H{xi) = /i+(xi) + h-{xi) and 
L is a characteristic size of the dissimilar body. Let us note that estimates 
(1.5)i_3 mean, in fact, that we consider, in a specific sense, thin slightly 
curved and weakly anisotropic elastic layer Ge- Three different cases can 
be considered: 

= 0(£^), A: = -1,0,1, (1.6) 

where k = —1 corresponds to the soft interphase, k = 1 defines the stiff 
one and in case A: = 0 all material parameters are comparable in value. 

Following for the asymptotic procedure [9] let us rescale the problem by 
introducing a new variable ^ instead of X 2 in the layer Ge'- 

{2x2 + e[h-{xi) -h+{xi)\){2eH{xi)]~^ , C e (-1/2, 1/2). (1.7) 

Then equation ( 1 . 1)2 and transmission conditions (1.3) can be rewritten in 
term of a new function w{xi,f,) = u(x), respectively: 

P{xi,f,,D){uiP{xi,f,,D))w -h {eH{xi)}~‘^D^{i^ 2 D^)w = 0 (1.8) 

w{xi, ± 1 / 2 ) = u^{xi, +sh±{xi)), (1-9) 

e’‘n^-[iyiP{xi,f,,D), -^D^]w{xi,±l/2) = ■Vu^{xi,+eh±{xi)). 

EtL 

Here we have also introduced the notations: 

A^i(x) = e^^'j(xi,C), n=^(xi) = {l -h [e/r±(xi)]^}“^^^ [-e/r±(xi), ±l] , 

(1-10) 

P(xi, e, D) = Di+ [h'_{xi) - L'+(xi) - 2iH'{xi)] {2H{xi)] 'Hg. 
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Finally, representation of the solution in each domain can be sought in 
form of series with respect to the small parameter e: 



j=0 



u^{e,x) = 



( 1 . 11 ) 



1=0 



Then sequential terms in the representation (l.ll)i are obtained from equa- 
tion (1.8) by simple integration {w -2 = W-i = 0): 



w 



= Cj{xi) f + 

/ ^U2{xut) I Pixi,y,D)(^i^i{xi,y)P{xi,y,D)^Wj-2{xi,y)dy. 



- 1/2 



- 1/2 



Unknown functions cj and dj have to be chosen in such a way to satisfy 
the transmission conditions (1.9) and three possibilities (1.6) have to be 
considered separately. However, the cases A: = 1,0 have been considered 
in [9], so we concentrate our interest on the stiff interface {k = —1) only. 
Because in this case the left-hand side of transmission condition (1.9)2 
exhibits the order 0(e“^), one can conclude from (1.12) that: 



D^Wj{xi, ± 1 / 2 ) = 0 



Wj{xi,0 = dj{xi), j = 0, 1. (1.13) 



As a result, a solvability condition for the first external boundary value 
problem for the functions u^(x) in domains Hg follows from (1.9) i: 



u([(xi,0) = Ug (xi,0) = wo{xi) 



Wo ]^ 2 =o = 0 - 



(1.14) 



To obtain the second solvability condition for functions Wg (x) let us com- 
pare the terms of 0(1) in the transmission condition ( 1 . 9 ) 2 : 

y.±D2UQ{xi,0) = U2H~^D^W2{xi,^)^h'^i'iDiwo{xi), ^ = ±1/2, (1.15) 

where function W 2 {xi,^) is defined in (1.12) by the known function tco(xi). 
Eliminating from two equations (1.15) the only unknown function C 2 (xi) 
one can show that: 

1/2 

[yD2Uo]^^=o + H{xi) J F{xi,^,D)iyi{xi,^)DiWo{xi)d^+ 

- 1/2 

h'^{xi)iyi(xi, 1/2) -h h'_{xi)iyi(xi, Diwo(xi) = 0. 

Finally, after some algebra this equation can be simplified to obtain the 
second sought-for transmission condition along the interface X 2 = 0: 

[^D2Uo]i^^^o + Di(t*(xi)Di)uq(xi,0) = 0 , 



(1.16) 
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which together with (1.14)2 constitutes corresponding transmission con- 
ditions for the stiff nonideal interface. For a comparison, in case of the 
soft nonideal interface (/c = 1 in equation (l.lO)i), respective nonclassical 
transmission conditions take the following form: 

[/iL>2^^o]|a:2=0 = 0, M |x2=0 “ ^ (^l )^±F>2^^0 (^1 > 0) = 0. (1.17) 

Here functions r*(xi) and t*{xi) are defined by equations: 

1/2 1/2 

T* = H{xi) f i/i(xi,C)d^, r^=H(xi) f iy 2 \xi,^)dC (1.18) 
- 1/2 - 1/2 

In case when all materials constants are comparable in value (k = 0) the 
classic transmission conditions with the operator from (1.3)-(1.4) can be 
justified. If the shear moduli of the interphase are constant as well as it 
thickness then the functions r*(xi) and r*(xi) are also constants. It is 
interesting to note that in case when the coefficients r* and t* in (1.16), 
( 1 . 17)2 vanish, both the respective transmission conditions converge to 
the classical one. On the other hand, when the coefficients become very 
large in value, the transmission conditions change to those corresponding 
to the rigid interface and to the free boundary, respectively. However, all 
mentioned passages to limit provide singular perturbations in the problems. 

Further we are going to investigate solutions of the interface crack prob- 
lems for the stiff and soft imperfect interfaces. For this purpose, we need 
to know the behaviour of the functions r*(xi) and r*(xi) near the crack 
tip. However, such information is not always available a priori. When spe- 
cific imperfect interface problem is under consideration, behaviour of the 
functions near the crack tip depends on two factors. Because surfaces of 
the matched materials are not identical and contain various roughnesses 
and asperities, the interphase thickness can vary from its maximal value 
even to zero. On the other hand, mechanical properties of the intermedi- 
ate material can change during the process, for example, due to a damage 
accumulation near the crack tip. To analyze a sufficiently general case we 
assume that local behaviour of the functions (1.18) near the crack has a 
power low character: 

T*(xi) = T*x{, T*(xi) = (1.19) 

Actually, the cases a, /3 > 0 have been considered in papers [6, 7] and for the 
soft interface in particular case a = 0 in [13]. However, it is important to 
investigate also negative values of the exponents. In fact, let us assume that 
the soft nonideal interface is under consideration and due to the damage 
accumulation the shear moduli of the interface decrease and tend to zero 
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near the crack tip. From (1.18)2 and (1.19)2 it immediately follows that 
a < 0. On the other hand, if one can consider the stiff nonideal interface 
then condition (1.6) with k = —1 has to be satisfied or that is equivalent: 
= 0{e). Let us note that condition ^ oo as xi ^ 0 is 

compatible with the mentioned necessary assumption and gives r*(xi) ^ 
oo as xi ^ 0 (/3 < 0 in (1.19)i). 

2. ASYMPTOTICS NEAR THE CRACK TIP 

Second part of the paper deals with investigation of asymptotic be- 
haviour of the solution for the interface crack lying at the nonideal in- 
terfaces discussed above. For this purpose we need to solve respective 
modelling problems in the bimaterial plane with semi-infinite interfacial 
crack. Both mentioned stiff and soft nonideal interface models will be 
considered independently. 



Figure 2 Semi-infinite in- 
terface crack (*2 = 0, Xi < 
0) situated at the imperfect 
interface {x 2 = 0, *1 > 0) 
between two different elas- 
tic materials in the infinite 
plane 

We will find two harmonic functions in respective half-planes fig . 
Along the crack surfaces (x 2 = 0, xi < 0) tractions are given: 

= ±g±{-xi), -00 <xi <0. (2.1) 

Such conditions correspond to the initial stage of the crack propagation. 
They can always be used to model slow quasi static crack growth with 
complete destruction of the interface at the crack tip. As usual we assume 
that the functions g± have a compact support and 

00 00 

f g-i-(r)dr = f g-(r)dr 
0 0 

The sought-for functions have to satisfy additional conditions at singu- 
lar points with unknown constants loo,cUoo > 0, 7o,7oo > 0: 

_ f 0(r‘^°), r^O, + _ J O(r^o-i), r ^ 0, 

( 0(r“‘^°°), r ^ 00 , ( 0(r“'>'°°“^), r ^ 00 . 



(2.2) 




(2.3) 
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Here the second estimate guarantees a finite elastic energy, while the first 
one makes us possible to choose a unique solution of the problem. 



2.1. SOFT IMPERFECT INTERFACE 



To complete the problem (2.1)-(2.3) we assume that transmission con- 
ditions (1.17) are satisfied on the crack line ahead (x 2 = 0,xi > 0) with 
function r* from (1.19)2. Then applying Mellin transform technique ac- 
cording to [ 6 ] one obtains a functional equation: 



r*F*(s + a — 1) 



F^{s) cot 7TS = 



g+{s) + n^g-{s) 
sin tts 



(2.4) 



in a strip: max {— 70 + 1 — a, — wo} < Res < min{ 7 oo + 1 — a,ujoo}- Here 
iT(s) = d^(s,0) is the Mellin transform of the traction, aez = gu'g, along 
the crack line ahead. Due to the assumptions (2.3), iT(s) is analytic in the 
strip —70 < Res < 700 and satisfies an additional condition F*(0) = 5 ±( 0 ). 
Here we have introduced parameters: r* = r*^_, /r* = g+/g-. 

When function iT(s) is known, asymptotics of the solution near the 
crack tip will be found from the inverse Mellin transform: 



tt^(r, 6*) = 



±1 

2TTig± 



ioo+5 



/ 



iT(s) COs[s(7T =F ^)] — 5±(s) COS 6 *s 



^ds 



J S sm 7TS 



(2.5) 



— ioo+tS 



Repeating the same line of reasoning as in [ 6 ], we can prove that in case 
a < 0 the sought-for function F*(s) is analytic in the strip a — 1 < Res < 
1/2 and has simple poles at points s = a — l,s = l/ 2 . As a result, too = 0, 
70 = 1 , Woo = 7oo = 1/2 and the asymptotic behaviour of the solution near 
the crack tip (r ^ 0) follows from (2.5): 



ii^(r, 9) = 



±1 

7rg± L 






rcosO + VaV^ " cos[(a — 1)(7T =F ^)] +0(r), ( 2 . 6 ) 



where the constants are = T/( 0 ) — g'^{0), vf = F*(— 1 ) + 5 ±(— 1 ) and 
Va = ('Wq' + g*VQ)[g^:f^{l — a) sin 7 ra]“^. It is easy to calculate the displace- 
ment discontinuity and the traction near the crack tip on the crack line 
ahead from ( 2 . 6 ): 



[u]e=o = + 0(r), o-^^(r,0) = " -h 0(r^ "), r ^ 0, (2.7) 

where we have introduce a notation: Su = {vq + /x*Uq )[ 7 r/i+]“^. To obtain 
the estimation of the second terms in (2.7) one can note that the second 
pole of the function F*(s) situated at point s = a — 2. In order to calculate 
the constants and Vq. functional equation should be transformed to a 
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singular integral equation with fixed point singularities as it has been done 
in Appendix [ 6 ]. It is important to note that the representations (2.7) are 
naturally compatible with the transmission condition (1.17)2. Thus, if the 
displacement discontinuity 5u near the crack tip is calculated then the con- 
stant in asymptotics of the traction along the interface will be immediately 
known. 

Remark 1. In case a < —1 the third term in the asymptotics (2.6) 
becomes of the higher degree than O(r^) and has to be removed. In an 
intermediate case a = — 1 it should be also removed from ( 2 . 6 ), however, 
the estimate will change to give O(r^lnr). 

Remark 2. Although in case a < 0 the traction along the soft nonideal 
interface disappears near the crack tip, the constant in term 0 (r~“) (see 
(2.7)) can be sufficiently large. Thus, if the value of the parameter r* 
vanishes then direct numerical calculations show that 6u = 0{f^ 

This means, in fact, that the following estimate for the traction is true: 
iT^ 2 ((i, 0) = 0 (d“^/^) on a distance d from the crack tip comparable with 
A (d ~ a), that could be expected. 



2.2. STIFF IMPERFECT INTERFACE 



Now let us consider the modelling problem (2.1)-(2.3) with the transmis- 
sion conditions (1.14)2 and (1.16) on the crack line ahead with function t* 
from (1.19)i . By the same Mellin transform technique one obtains other 
functional equation for unknown function F*{s) = sti^(s,0): 



t*F*{s + f3-l)~ + F*{s) tanyrs = (2.8) 



S cos ITS 



in a strip: max {— 70 -\- 1 — j3, — a;o} < Res < min{ 7 oo + 1 — (3, Woo}, while 
F*{s) is analytic in the strip —loq < Res < cjoo and F*(0) = 0. Finally, 
asymptotic approximation of the solution is found from the inverse Mellin 
transform: 



ii±(r,6») = — / |^F*(s)cos[s(7t=f 



-h sin 0s 



^ds 



J S cos 7TS 



(2.9) 



When /3 < 0 the sought-for function F*{s) is analytic in the strip /? — 3/2 < 
Res < 1 and has a simple pole at point s = /? — 3/2 and the next pole in 
the half-plane Res < 0 situated at point s = (3 — 5/2. Then from (2.9) 
one can conclude that in this case wq = 7o = <^oo = Too = 1/2 and the 
asymptotic behaviour of the solution near the crack tip takes form: 

7^* ^ / * Q 

w^{r,6) = — ^A/rsin ^r-v/rsin r ^ 0, (2.10) 

2 2 
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Kl = -[g±{-l/2)-^^±F*{-l/2)], kl = A[5±(-3/2) +^±F*(-3/2)]. 

7T 37T 

Remark 3. In the limiting case /3 = 0, the second term in the asymp- 
totics (2.9) depends also on Inr. Namely, in this case F*{s) = /o(s -|- 
3/2)“^ + /i + 0{s + 3/2), and s —3/2 and to obtain the respective 
formula one should substitute in (2.10) a function 

fc±(ln r,6») = ^ g± +li±/o ^Inr ± (7T=F 0)cot y + ^ 

instead of the constant fcj. and replace the estimate by In^ r). 

Remark 4. Let us note, that in case of symmetrical loading (g+ = g-) 
function F*{s) is identically equal to zero and the solution of the interface 
crack problem for the stiff nonideal interface completely coincides with the 
solution for the ideal interface. 

Conclusions 

This paper completes the analysis of asymptotic behaviour of the solu- 
tion for Mode III interface crack lying at various nonideal interfaces starting 
in papers [6, 7, 13]. Distribution of all arising stress singularities < 0 
(fj(r, 9) Cfc/fc(0)r^'=, r ^ 0) are presented in schematic forms in Fig- 

ures 3,4. Along the horizontal axis the value of power exponents a and (5 in 




Figure 3 Variation of the stress singu- Figure 4 Distribution of the stress sin- 

larity exponents Xk, k = 1 , 2 ,... (solid gularities for different values of param- 

lines) with parameter a G (— oo, oo) in eter (3 G (— oo, cx)) in case of the stiff 

case of the soft nonideal interface. nonideal interface. 

rules (1.19) are shown. As it follows from the schemes, asymptotics for the 
stiff nonideal interface looks similar to that for the ideal interface. How- 
ever, even in this case a number of singular terms of stresses appears near 
point (5 = 1. Moreover, although the main singularity is always the same 
as in the classic case, SIFs in asymptotics from the different half-planes are 
not the same! In case of the soft nonideal interface, asymptotic behaviour 
of solution takes essentially more complicated character and coincides with 
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the ideal interface only when a > 1.5 (but with other SIF then for the ideal 
interface). In a very important for applications case, a = 0, (local nonzero 
thickness near the crack tip and nonvanishing interphase shear moduli) 
stresses exhibit logarithmic singularity near the crack tip. The main stress 
singularity for the soft interface model has a gap at point a = 1 and a 
number of singular terms appears in interval |a — 1| < 0.5. Moreover, the 
number tends to infinity as a,(3^ l! This strange unstable behaviour of 
the asymptotics still need a clear explanation. Accurate asymptotic ex- 
pansions for the cases 0 < a < oo and 0 < /? < oo which have not been 
discussed in this paper can be found in [6, 7, 8]. 
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Abstract The application of two-parametric fracture criterion to the problem of 
cracks limit equilibrium is considered. The necessary condition of the crack 
tip limit equilibrium is the equality of the energy release rate and the rate 
of the energy absorbed by the bonds (the first condition of fracture) . The 
second condition of fracture is the condition of the bond limit stretching at 
the trailing edge of the bridge zone. Based on these two fracture conditions 
the regimes of the bridged zone and the crack tip equilibrium and growth 
are considered. 



1. PROBLEM FORMULATION 

Let us consider a straight crack of length 2£ at an interface of two dis- 
similar elastic half-planes such that the crack is placed at |x| < i,y = 0- 
Assume that the uniform tensile stresses, (Tq, are applied at infinity normal 
to the interface. Consider segments of length d (end zones) adjacent to the 
tips of the crack {£ — d) < |x| < £. In these zones the surfaces of the crack 
interact with each other, which suppresses the crack opening. The physi- 
cal nature of the crack surfaces interaction is generally changed depending 
on the crack scale and distance from the crack tip. The interatomic and 
intermolecular forces are the limiting mechanisms of the surfaces interac- 
tion at the small distances from the crack tips (where the crack opening 
does not exceed the size of the region of the molecular forces action) while 
’’mechanical” forces prevail at relatively larger distances. These mechan- 
ical forces can be caused by reinforcing action of fibers in composites or 
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polymer chains connecting the crack surfaces in polymer-polymer joints or 
polymer joints with other materials (metals, ceramics etc.). To describe 
mathematically the interaction between the surfaces of the crack, we as- 
sume that there exist bonds between the surfaces of the crack at the end 
zone. The law of deformation of these bonds, which is generally nonlinear, 
is given. 

Under the action of external loads, do, the stresses Q{x) appear in the 
bonds between the surface of the interface crack at the boundary between 
different materials. These stresses have the normal qy{x) and tangential 
qx{x) components 

Q{x) = qy{x) - iqx(x), = -1 (1) 



The surfaces of the crack are loaded by the normal and tangential stresses 
which are numerically equal to these components. 

The opening of the interface crack, u{x) at |x| < ^, y = 0, can be written 
as follows 

u{x) = Uy{x) — iux{x) (2) 

where Uy{x) = u^{x) — u~{x) and Ux{x) = u+(x) — u~{x) are the pro- 
jections of the crack opening on the coordinate axes, u^,Uy and u~,u~ 
denote the components of the displacements of the upper and lower crack 
surfaces. 

The relation between the crack opening and the bond tractions (the 
bond deformation law) depends on the physical origin of the bonds and 
their properties. In the case of spring-like bonds the deformation law can 
be written as follows [ 1 , 2 ] 



Ui{x) = co(x, a)qi{x) , cq(x, a) = 7o(x, a) 



H 



( 3 ) 



where 70 is a dimensionless function, H is a linear scale proportional to the 
bonding zone thickness, ills is the effective Young modulus of the bonds 
and the function cq can be considered as the effective bond compliance. 



a = JqI + qI is the modulus of the traction vector. 



For the bond deformation law similar to (3) (displacements depends 
on bonds stresses) the bonds stresses and the crack opening along the 
crack end zone can be determined from solution of the singular integral- 
differential equations system [ 1 , 2 ]. 



2. TWO PARAMETRIC FRACTURE 
CRITERION 



Supposing that the bonds stresses and the crack opening along the crack 
end zone are known, the total potential energy of a body containing a crack 
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with bridged zone (in the absence of body forces) is 



n = 



w{£ij)dv 



tiUids + 



d>(u)(is, 



V 



Se 



Si 



(4) 



where w{£ij) is the density of the deformation energy in the body volume 
V, £ij are the components of the strain tensor; ti,Ui are the tractions and 
displacements at the body boundary and (or) crack surfaces Se] d>(u) is the 
density of the strain energy of the bonds in the crack end zones, u is the 
crack opening in the end zones of area Sj. 

The crack limit equilibrium corresponds to the following condition 



9n 



d 

dl 



J w{eij)dv 





^{u)ds = 0 



(5) 



The terms in the brackets represent the strain energy release rate at cre- 
ation of a new crack surface and the last term is the rate of the energy 
absorption in the crack end zone and is associated with the energy neces- 
sary to create a unit of its new surface. Note, that within the framework of 
the model the rate of the energy absorption depends on the end zone size 
and bond characteristics. The equilibrium end zone size is not assumed to 
be constant. It can be determined from condition (5) while searching for 
the critical load needs additional conditions of the bond rupture. 

The strain energy release rate in the case of an interface crack under the 
external load uq and the stresses —Q{x) applied to the crack surfaces in 
the bridged zone can be written as follows [3] 



Gtip{d, i) 



V F 2 ) 16 cosh^(7T/3) ’ 



( 6 ) 



where k \^2 = 3 — 4i/i^2 or ki ^2 = (3 — vi, 2 )/{^ + ^ 1 , 2 ) for the plane strain or 
plane stress states, respectively; u \^2 ■, Mi , 2 are the Poisson ratios and shear 
moduli of the materials l{y > 0) and 2{y < 0), a = (^ 2^1 - 1 - yi)/{yik 2 + ^ 2 ), 

[3 = lna/27T and Kb = \J Kf -|- is the modulus of the stress intensity 
factors due to the external loads and the stresses in the crack end zone. 
The stress intensity factors (SIF) Kjjj are determined by [1] 
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+ i 



2/3- 



2cosh(7r/3) f tpx{t) 



7T 



l-dji 






dt 



Py{x) - ipx{x) = Q{x) 



i — X 

i + x 



ip 



(7a) 



(76) 



Let us calculate the rate of the energy absorption for the interface crack 
with bonding. Denote by Ubond{d,£) the work of the deformation of bonds 
and by Gbond{d, €) the rate of the energy absorption per unit thickness of 
the body. Then 



£ 

Gbond{d,i) = 6 I 4>(u)dx , Gbond{d,i) = (8) 

e-d 

where 6 is the body thickness. 

The density of the strain energy of the bonds is equal to 

Mn)=Ja(u)du, uW = ^„i(x)+uJM, X = 0) 

0 

After differentiation in formula (8) with respect to the upper and the bot- 
tom limits of the integral we can get 

dUbond{d,i) f fdu{x) f ^ ^ ^ 

m = J + (“) 

e-d 

where 

u{£) u(£—d) 

Gc= J a{u)du], Gb = J a{u)du ( 11 ) 

0 0 

If we consider the model of the crack with zero opening at the crack tip 
{u{t) = 0) then Gc = 0 and it is necessary to add in the left part of (10) 
the value of the intrinsic toughness of the matrix material 

Gc — ‘^Cm'ym 

where Cm is the volume fraction of the matrix material and 27 ^ is the 
matrix toughness. 
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Finally, we obtain the following expression for the rate of the energy 
absorption 

I u{l-d) 

Gbond{d,i)= J dxiu^ dx - J a{u)du + Gc 

e-d 0 

(12) 

where the second term is the density of deformation energy allocated at 
break of the bond at the trailing edge of the crack end zone. 

For a homogeneous material or an adhesion layer connecting different 
materials the following relations are held 

u(i—d) 

Gc = Gb = J a{u)du (13) 

0 

In this case the expression (12) completely coincides with similar expression 
from [1, 2], 

For a weak matrix material {Gc Gb) we suppose Gc = 0 in (12). In 
this case G^^^{d,i) 0 ii d/i ^ 0 and therefore this approach coincide 

with Barenblatt’s model in this limit [1]. 

The condition of the crack tip limit equilibrium (5) can be rewritten as 
follows taking into account formulae (6) and (12) 

Gtip{d, e) = Gbond{d, i) (14a) 

Condition (14a) is necessary but insufficient for searching for a limit 
equilibrium state of the crack tip and the end zone. This condition enables 
us to determine the end zone size, dcr , such that the crack tip is in an 
equilibrium at the given level of the external loads. To search for the limit 
state of both the crack tip and end zone within the framework of the model 
one should introduce an additional condition, e.g., the condition of bond 
limit stretching at the trailing edge of the end zone xq = £ — dcr 

u(xo) = {[ux{xo)f + [uy{xo)f)^G = (145) 

where 5cr is the bond rupture length. 

If 

Gtip{d,£) > Gbond{d, £) (15) 

at a certain end zone size, d, and 

u{£ — d) < 5cr (16) 

then the crack length increases with the end zone growth up to the size dcr 
without bond rupture. This stage of the crack growth can be treated as 
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the system shakedown to the given level of the external loads (subcritical 
crack growth). 

The crack tip advance with simultaneous bond rupture at the trailing 
edge of the end zone occurs if both conditions 

u{i — d) > dcr ( 17 ) 



and (15) are fulfilled. 

The regime of bond rupture at the trailing edge of the end zone without 
the crack tip advance is observed then conditions 



Gtip{d,i) <Gbond{d,£) (18) 

and (17) are fulfilled. In this case the size of the end zone decreases and 
tends to the limit value dcr at the given load. 

The end zone size and crack length are reserved within the framework 
of the model if the inequalities (16) and (18) hold. Thus, the bond rupture 
characteristics and load level determine the fracture regimes: the crack tip 
advance with the end zone growth; end zone shortening without the crack 
tip advance; the crack tip advance and bond rupture at the trailing edge 
of the end zone. 

Solving simultaneously eqs. (14a)-(14b) we can determine the critical 
external loads do, the end zone size dcr and the adhesion fracture resis- 
tance at the crack limit equilibrium state for given crack length and bond 
characteristics. 



3. CRACK WITH UNIFORM BRIDGED 
STRESSES 

Analytical consideration of the proposed criterion is performed for the 
problem of the straight crack in a homogeneous plane with the rectilinear 
law of the bond stress. In this very simple case the normal bridged stresses 
in the crack end zone are prescribed, uniformly distributed along the end 
zone and independent of the crack opening. The normal displacements of 
an upper crack surface are given by (plane stress state) [4] 




-1-^ [(x - h) F{£, X, h) - {x + h) F{i, x, -h)] (19) 

7TF 

where h = i — d, E is Young modulus of material, do is an external stress 
applied normal to the crack plane, Pq is the normal bridge stress in the 
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crack end zone of the size d and F(i, x, h) is the source function given by 

[4] 



F{i,x,C) = In 



— xf, — \J (P' — x‘^){£‘^ — 



(20) 



Taking into account that in this case Q{x) = Po,(d = 0 (see (7b)), 
substituting these values into statement (7) and the crack opening from 
(19) Uy{x) = 2uo{x), Ux{x) = 0 into statement (12), we obtain, after some 
tedious calculations, the following relationships for the strain energy release 
rate and for the rate of the energy absorption {t = d/i) 



Gtip{dJ) = Gf{l- 

where 

A{t) = arccos(l — t), 
and 



■^0 ^ (^))^ ) Gbond{d, £) — 2Gfip{t) + Gc 
E 

G{t) = {1 — t) ln(l — t) 



•^u — ) r ~ 

vrcJo 

B{t) = yj2t-F, 



(21) 

(22) 

(23) 



^{t) = Zo {A{t) Zo [A{t) [A{t) - 2B{t)] - 2C{f)]] (24) 



The first fracture condition (14a) can be written using the equations (21)- 
(24) as follows 

2Zo {[2A{t) - B{t)] - Zo [l.hA^{t) - 2A{t)B{t) - 2G{t)] ] + 

+ 2j]RoZI -1 = 0 (25) 

where 

^=(|, G^ = P„i„. = ^ (26) 

The second fracture condition (14b) in this case is 

^-[A{t)B{t) + G{t)] = R, (27) 

The equations (25) and (27) is the nonlinear algebraic system and the 
solution of this system (if it exists) gives us the external critical stress and 
the size of the crack end zone in the crack limit equilibrium state. The 
nonlinear algebraic system is solved numerically and the main parameters 
governing the solution of the system are rj and Rq. At the fixed value of 
rj the solution of the system exists if i?o < where Rf is the critical 
value of Rq (see section 3.1). If the solution of the system does not exist 
(under the fixed values of E, Pq, 5cr) then, from mechanical point of view. 
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the size of the crack is less than the crack size associated with initiation of 
the quasistatic crack growth. In this case the subcritical crack growth is 
observed (see conditions (15)-(16)). 

We shall consider further subcritical growth of a crack with the end zone, 
assuming that an initial slit of the size 2 £q > 0 without bonds and the crack 
end zone of the size 2d is formed as the external loading monotonically 
increases. Then t = d/{io + d). Let the external load change in such a 
manner that at each current size of the crack end zone the condition (14a) 
is satisfied, and the crack opening at the edge of the end zone does not 
exceed the critical value (condition (16)). The dependence of the external 
loading on the size of the crack end zone in this case can be obtained from 
the equation (25) (a quadratic equation with respect to Zq) 



^^0 



2 ■ 
7T - 



2A{t) - B{t) + + B2(t) + 4C{t) + 2r]Ro 



(28) 



As the external load increases, a subcritical growth of the crack occurs (see 
(28)), and the size of the crack end zone reaches its critical value, provided 
the condition (14b) holds. To maintain a further quasistatic crack growth, 
it is necessary to reduce the external loading; in this case the equations 
(14a) and (14b) are considered simultaneously. 

Next, we shall consider two asymptotic cases for a crack totally occupied 
by bonds (region of weak material bonds) and a crack with a small end 
zone (the small scale bridging limit). 



3.1. CRACK TOTALLY OCCUPIED BY BONDS 

Consider a crack totally occupied by bonds, t = {d/£) = 1, see eqs. 
(21)-(27) under a monotonically increasing external load. The condition 
(27) in this case is reduced to the expression determining the value of the 
critical external loading, at which the failure of bonds at the center of the 
crack is initiated 

^ = 1 + ^ (29) 

PO 7T 

In this problem at monotonic loading the value (12) increases faster than 
the value (6) and these quantities become equal when the external load am 
satisfies the condition (14a). Using the equations (21) for the crack totally 
occupied by bonds, together with the condition (14a), we obtain 

^ = 2 - -) + (1 + (30) 

The values acr and am depend on the values r] = const and i?o (this 
parameter decreases as the crack grows). If acr > (^m and the condition 
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(30) holds, then with the increase of the external loading the crack tip will 
advance without breaking the bonds. The condition (14b) corresponds 
to a failure of bonds at the center of the crack and formation of a free 
zone, without bonds. We would like to determine the critical value of the 
parameter Rq = Rf, at which acr = o'm = The relationships (29)~(30) 
imply 

Rj — Rf[TT + 2{t] — 1)] — TT = 0 

and, hence. 



Rf = 



7T 




2(r?-l) 



7T 



+ 



7T 



(31) 



Note, that in the case considered above the crack represents a zone of 
the weakened bonds in a material. Thus, the expressions (30) gives an 
estimate of strength of an uncracked material. 

For fixed parameters {E, Po,5cr), characterising the elastic matrix and 
bonds, the expressions (26) and (31) yield an estimate of the length of an 
initial crack (if) (the quasistatic growth of a crack occurs in accordance 
with (14a)-(14b)) 



7T E 6 cr 
^ ~ SPoRf 



(32) 



and the numerical calculations show that the solution of the nonlinear 
algebraic system (the equations (25) and (27) ) exists if Rq < Rf. On the 
other hand, it is possible to choose parameters (Pq, 5cr) in such a way that 
condition (32) is satisfied for a crack of a given size. 



3.2. SMALL SIZE OF A CRACK END ZONE 

Next, we consider a crack subject to the small scale bridging condition 
[5]. In this case t ^ 0 and the equations (25) and (27) can be written as 
follows 

{ZoO^ - 2^0^ - 2r]RoZi + 1 = 0, Zo{0.5f + Rq) - ^ = 0 (33) 

where ^ From eqs.(33) we obtain the critical end zone size which 

is independent of the crack size in a small scale bridging limit 

dcr = doo = (\/??+ 1 - Vd) ( 34 ) 

and the critical external stress 

EPpdcr _ l E{Gb + Gc) 

Tri V Tri 



CTr. 



= \Kl+r]) 



(35) 
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The size and shape of the crack end zone do not change in the case of small 
scale bridging, and therefore, the condition of an autonomy of the end zone 
is satisfied, and the energy absorbed to bonds in the end zone is equal to 
the energy released while breaking the bonds at the edge of the end zone. 
Thus, the total flow of the energy to the crack tip is spent on formation of 
a new surface of the crack. For this reason relationships (34)-(35) coincide 
with formulae obtained in [5, 6] on the basis of the two-parametric fracture 
criterion; Kq — Kf, = Kjc, where Kq is the SIF due to an external loading, 
Kh is the SIF due to bonds and Kjc is the matrix toughness. 

The expression (28) for subcritical crack growth in the small scale bridg- 
ing limit is 



^0 



2 ■ 
7T - 



-|- \/2riR 





(36) 



and this expression agrees with the results in [7] for a material with zero 
matrix toughness ry = 0. 
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Abstract The paper deals with simulation of damage spread in special structures with 
“waiting links.” These structures are stable against dynamic impacts due 
to their morphology. They are able to transform “partial damage” through 
a large region, thereby dissipating the energy of the impact. We simulate 
various structures with waiting links and compare their characteristics with 
conventional designs. 



1. INTRODUCTION 

This paper describes protective structures that exhibit an unusually high 
dissipation when they are subject to a concentrated (ballistic) impact. Such 
a structure is defined as an assembly (network) of rods connected in knots 
and submerged into a viscous substance. 

During the impact (hit), the kinetic energy of the projectile must be 
absorbed in the structure; the structure fails if it is unable to absorb the 
energy. While theoretically a material can absorb energy until it melts, 
real structures are destroyed by a tiny fraction of this energy due to mate- 
rial instabilities and an uneven distribution of the stresses throughout the 
structure. 

We want to find a structure that absorbs maximal kinetic energy of the 
projectile without rupturing or breaking. The increase of the stability is 
achieved due to special structural elements, “waiting links,” see [1]. These 
elements contain parts that are initially inactive and start to resist when 
the strain is large enough; they lead to large but stable pseudo-plastic 
strains. Structures with “waiting links” distribute the strain over a large 



273 

A.B. Movchan (ed.), lUTAM Symposium on Asymptotics, Singularities and Homogenisation in Problems of 
Mechanics, 273 — 283 . 

© 2003 Kluwer Academic Publishers. Printed in the Netherlands. 




274 



area, in contrast to conventional unstructured solids in which the strain is 
concentrated near the zone of an impact. 



2. EQUATIONS AND ALGORITHMS 
2.1. WAITING ELEMENTS 



Brittle-elastic bar. Consider a stretched rod made from a homo- 
geneous elastic-brittle material. If loaded, this material behaves as linear 
elastic, unless the length z reaches a critical value Zf, and fails (becomes 
damaged) after this. The critical value Zf is proportional to the length L 
of the rod at equilibrium 



Zf - L(1 -h €f), 



(2.1) 



where the critical strain e/ is a material constant. If the rod is monotoni- 
cally elongated, the force Fmonotone depends on its length z as 



F 



monotone 



(^) 



ks{zjL — 1) if z < Zf, 
0 if z > Zf, 



(2.2) 



where k is an elastic modulus and s is the cross-section of the rod. 



Damage parameter. Generally, the elongation of an element is 

nonmonotone. In order to model the state of damageable rods, we add 
a principle: Once damaged, the rod stays damaged forever. Namely, we 
assume that the force F in a rod depends on its length z and on the damage 
parameter c: 

F{z,c) = ks{l — c){z/L — 1), (2.3) 

where K is the elastic modulus. Damage parameter c is equal to zero if the 
rod is not damaged and is equal to one if the rod is destroyed. Development 
of the damage is described as the increase of the damage parameter c{z, t) 
from zero to one. The damage parameter can only increase in time; the 
increase occurs only when the length of the rod exceeds the critical value. 
The damage parameter stops increasing when the element is completely 
damaged. This formalism is similar to the description of damage suggested 
in [2] for brittle-elastic continuum. 

We suggest describing the increase of the damage parameter by the 
simple differential equation 



dc{z, t) 
dt 



Vd if z> Zf and c < 1 
0 otherwise 



c(0) = 0, 



(2.4) 



where is the maximal elongation that the element can sustain without 
being damaged, and Vd is the speed of damage. The speed Vd can be chosen 
as large as needed. 
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Remark 1. The dependence (2.2) corresponds to the discontinuous dam- 
age parameter ch that is equal to zero if the element is undamaged and to 
one if it is damaged: 

CH{z,t) = lim c{z,t). 

Vd^OO 

Consideration of continuously varying damage parameter instead of a dis- 
continuous one increases stability of the computational scheme. 

One can argue about the behavior of the rod with an intermediate value 
of the damage parameter. We do not think that these states need a special 
justification: they simply express the fact that stiffness rapidly deteriorates 
to zero when the sample is overstrained. 

Waiting links. Let us introduce special structural elements - waiting 
links - that significantly increase the resistivity of the structure due to their 
morphology. These elements and their quasistatic behavior are described 
in [1]. The link is an assembly of two elastic-brittle rods, lengths L and A 
(A > L) joined by their ends. The longer bar is initially slightly curved 
to fit. When an increasing external elongation stretches the link, only the 
shortest rod resists in the beginning. If the elongation exceeds the critical 
value, this rod breaks and the next (longer) rod then assumes the load 
replacing the broken one (see Figure 1, left). 




F 




Z 





Figure 1 Left above: the waiting link in the initial state. Left below: the waiting link 
after the first rod is broken. Right: the force-versus-length dependence for a monotone 
elongation. 



Assume that a unit amount of material is used for both rods. This 
amount is divided between the shorter and longer rod: the amount a is 
used for the shorter (first) rod and the amount 1 — a is used for the longer 
(second) one. The cross-sections si and S 2 of rods are: 



si(a) 



a 

L 



1 — a 



and S 2 {a) 



A 



(2.5) 
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The force-versus-elongation dependence in the shorter rod is: 

Fi(z) = /csi(a) (1 - Cl), (2.6) 

where ci = ci{z,t) is the damage parameter for this rod; it satisfies the 
equation similar to (2.4) 



dci{z, t) 
dt 



Vd z > Zf^ and ci{z,t) < 1, 
0 otherwise, 



ci(z,0) = 0, 



(2.7) 



where Zf-^ = L(1 + £/)• 

The longer rod starts to resist when the elongation z is large enough to 
straighten this rod. After the rod is straight, the force-versus-elongation 
dependence is similar to that for the shorter rod: 



f ks2{a) (f - l) (1 - C 2 ), if z > A 
\ 0, if z < A ■ 



(2.8) 



Here F 2 is the resistance force and C 2 = C 2 {z,t) is the damage parameter 
for the second rod: 



dc2{z,t) 

dt 



Vd z > Zf^ and C 2 {z,t) < 1, 
0 otherwise, 



(2.9) 



These equations are similar to (2.6), (2.7), where the cross-section si(a) 
is replaced by 52 ( 0 ;) and the critical elongation Zf^ by Zf^ = A(1 -|- e/). 
The difference between the two rods is that the longer (slack) rod starts to 
resist only when the elongation is large enough. 

The total resistance force F(z) in the waiting link is the sum of Fi(z) 
and F 2 {z): 

F{z) = Fi{z)+F2{z). (2.10) 

The graph of this force-versus-elongation dependence for the monotone 
external elongation is shown on Figure 1 where the damage parameters 
jump from zero to one at the critical point Zf^. 

One observes that the constitutive relation is nonmonotone. Therefore 
one should expect that the dynamics of an assembly of such elements is 
characterized by abrupt motions and waves (similar systems but without 
damage parameter were investigated in [5, 6]). 



2.2. STRUCTURES 

Now we describe the model structure: a two-dimensional assembly of 
the waiting links. Consider a equilateral triangular grid: each inner point 
has six equally distant neighbors. The distance between neighboring knots 
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is equal to L. The knots in the boundary (including corners) have lower 
number of neighbors. The waiting links connect the neighboring knots. 
Initially, the system is in equilibrium and does not have any inner stress. 

If the strain is small everywhere and each link is strained less than the 
critical value Zf, the system is linear and it models a linear elastic material. 
After the first rod in a link breaks and is replaced with a longer one, the 
net experiences an “irreversible phase transition.” 

After each break, the network changes its elastic properties and its equi- 
librium position. The dynamics of the damage and failure of the net can 
be viewed as a series of these transitions. In contrast with the conventional 
structure, the waiting links become stronger after first break. Another ad- 
vantage is that the additional slackness that is added after the break helps 
to spread the damage across the structure. 

Remark 2. In our model, an assembly of a finite number of heavy eon- 
eentrated masses and weightless damageable springs is studied instead of a 
eontinuous strueture. The model does not require any a priori assumptions 
on the thermodynamies or meehanieal properties of the modeled media. On 
the eontrary, the properties of equivalent media ean be derived by homoge- 
nization of the finite model, as the elastieity equation ean be derived from 
the mass-spring model (see, for example, [3]). From this viewpoint, the 
model is similar to the model by Slepyan [4] of eraek dynamies. 



Dynamics and viscosity. It is assumed that the inertial masses 
rui are concentrated in the knots, joined by the inertialess waiting links 
(nonlinear springs), therefore the dynamics of the structure is described by 
ordinary differential equations of motion of the knots. We assume that the 
links are elastic-brittle, as described above. 

Additionally, we assume that the space between the knots is filled with 
a viscous substance with the dissipation coefficient 7 . Without the viscos- 
ity, the system never reaches a steady state. On the other hand, even a 
slow external excitation leads to intensive waves in the system caused by 
breaking of the links. These waves, reflected from the boundaries, cause 
intensive vibration of the structure and the viscosity eventually absorbs 
the energy. 

The motion of the ith knot satisfies the equation 



miZi 7Zi 



E 




— Z 






( 2 . 11 ) 



where Z{ is the vector of coordinates of the ith knot, |.| is length of the 
vector, N(i) is the set of knots neighboring the knot i and m* is the mass 
of the ith knot. The force Fij in the ijth link depends on the damage 
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parameters Cij^i and Cij ^2 as in (2.10). The set of neighbor knots depends 
on the geometric configuration. 

Remark 3. In this model, the masses are permitted to travel as far as the 
elastie links permit. In partieular, when these links are eompletely broken, 
the eoneentrated mass ean move “between” other masses without interaetion 
with them. Below in Seetion 3.1, we diseuss a speeial model for a projeetile 
that is “large enough” so that it does not slip through the rows of linked 
masses. 



Waves of damage. The speed of waves in a structure is of the 

order of the speed of sound in the material which the structure is made 
of (approximately 2,000 m/s for steel). In our numerical experiments, we 
assume that the speed of the impact is much smaller (recall that the speed 
of sound in the air is 336 m/s). A slow-moving projectile does not excite 
intensive waves in stable structures, but it does excite mighty waves of 
damage in waiting structures. The reason is that the energy stored in the 
elastic links suddenly releases when the links are broken. This phenomenon 
explains the superb resistance of the waiting structure: The energy of the 
projectile is spent to excite the waves of damage which are spread upon a 
large area and dissipate. 



2.3. NUMERICAL ALGORITHM 

Solving the system (2.11) numerically, we rewrite it as an autonomous 
system of first order differential equations: 



Zi = Pi, 

Pi = — (T’i - 7Pi), 

m 



where 



jGN{i) 




Introducing the notation 



X = {Zi,Pi} , 



f = i Pi, — (</^i -7Pi) } , 

nii 



(2.12) 

(2.13) 

(2.14) 



we get 

x = f(x). 

We solve the resulting system via the second order Runge-Kutta method 



k 

x„+i = x„ -h - (^f(x„) -h f(x„ -h /if(x. 



(2.15) 




Structures with waiting links 279 



where k denotes the time step. The stability condition of the numerical 
method depends on the speed Vd from (2.7), (2.9) of damage propagation 
and on the dissipation coefficient 7 . In all numerical experiments that 
follow we establish convergence empirically via time step refinement. 

3. STRUCTURES UNDER A 

CONCENTRATED IMPACT 

In this section, we describe the resistance and failure of structures from 
waiting links impacted by a massive concentrated projectile. The kinetic 
energy of the projectile must be absorbed in the structure without its total 
failure. 



3.1. MODEL OF THE PROJECTILE 

The model takes into account penetration of the projectile through the 
structure and does not allow “slipping through” the line on knots. One 
cannot simply model the projectile as another “heavy knot” in the structure 
with an initial kinetic energy: In such a model the projectile would not be 
connected with the knots but the immediate neighbors; the projectile would 
slip through the net after the failure of the neighboring links. 

In our simulation, the projectile is modeled as an “elastic ball” of mass 
Mp centered at the position Zp. Motion of the mass satisfies the equation 



MpZp — ^ 

j 




(zp - Zj), 



(3.1) 



where j is the number of the knot in the structure. Equation (3.1) is similar 
to ( 2 . 11 ), but the force Fpj is found from a different equation 



Fpj{z) 



'0 if z > S, 

< In (ifl) -iiA<z<B, 

+00 \i z < A. 

\ — 



(3.2) 



In the numerical experiments that follow A = 0.5L, B = 2L. 

This model states that the repulsive force Fpj(z) is applied to the knots 
when the distance between them and the center Zp of the projectile is 
smaller than a threshold B. This force grows when the distance decreases 
and becomes infinite when the distance is smaller than A. This model 
describes the projectile as a nonlinear elastic ball with a rigid nucleus. 
When it slips through the structure, the knots are repulsed from its path 
causing strain and/or breaking of the links. 
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3.2. EFFECTIVENESS OF A DESIGN 

Comparing the history of damage of several designs, we need to work out 
a quantitative criterion of the effectiveness of the structure. This task is 
nontrivial, since different designs are differently damaged after the collision. 



Effectiveness criterion. We use an integral criterion that is not 
sensitive to the details of the damage; all we are measuring is the variation 
of the impulse of the projectile. It is assumed here that the projectile 
hits the structure falling down into it. To evaluate the effectiveness of the 
protective structure, we compute the scaled impulse d - the ratio in the 
vertical component Pv =Y> ■ (0, 1) of the impulse p of the projectile before 
and after the impact: 



, Pv{T final) 

\Pv{To)\ 



(3.3) 



where Tq and T final are the initial and final moments of the observation, 
respectively. Notice that scaled impulse d does not vary when the projectile 
is not in contact with the structure; in this sense it is insensitive to the 
exact value of T final- 

Scaled impulse d shows what portion of the impulse is passed to the 
structure from the projectile. It evaluates the structure’s performance us- 
ing the projectile as the measuring device. An elastic impact with a rigid 
body corresponds to the final impulse being opposite to the initial one 
{d = —1). The absence of the structure corresponds to d = 1, because the 
impulse of the projectile does not change. If the projectile stops then d = 0, 
if it breaks through the structure then 0 < d < 1, and if it is repulsed then 
— 1 < d < 0. The smaller d is, the more effective the structure is. 



Other criteria. Other criteria compare the state of the structure 
before and after the collision. These criteria are applicable only if the 
structure (or its pieces) after the collision reaches a steady state. We 
register (i) the percentage of partially damaged links; (ii) the percentage of 
destroyed links. The first number shows how much damage spreads, and 
the second shows what percent of the structure is destroyed. Ideally, we 
wish to have a structure in which all elements are partially damaged, but 
no element is completely destroyed. 

Remark 4. The percentage of destroyed links is a rough criterion: It ig- 
nores the positions of the destroyed links. 

3.3. BRIDGE-LIKE DESIGNS 

Finally, we discuss the simulation of damage of a bridge- like truss struc- 
ture made from waiting links. We assume that the vertical sides of the 
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Figure 2 The bridge is supported from the sides. It is impacted by a projectile moving 
downward. 



structure are supported and the horizontal sides are free. A projectile that 
is modeled as “elastic ball” (section 3.1) impacts the center of the upper 
side of the structure moving vertically down with an initial speed vq (Figure 
2 ). 

The difference in the impulse of the projectile before and after impact 
shows the effectiveness of the structure. The number of destroyed links also 
represents the effectiveness showing how much the damage is spread. If the 
speed is small, the projectile is repulsed; otherwise it penetrates through 
the structure. 




(a) a = 0.10, Tfinal = 500, projectile (b) a = 0.25, Tfi„al = 500, projectile 

is repulsed. is repulsed. 




(d) a = 1.00, Tfinal = 250, projectile 
(c) a = 0.50, T final = 250, projectile goes through, 
goes through. 



Figure 3 The final stages of the impacted bridges. The designs use the same amount 
of the materials, but differ in the parameter a: percentage of material used for the first 
(shorter) rod in the waiting link. 



We simulate the damage process of the bridge by varying the parameter 
a (the fraction of material put into the shorter link) while keeping the 
other parameters {L, A, Zf^, Zf^, total amount of material, etc.) the same 
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for all runs. The results are summarized in Table 1 and Figure 3. One can 
see from Table 1 that as a decreases from 1.00 (conventional structure) to 
0.10 the percentage of partially damaged links increases as the percentage 
of destroyed links decreases making the structure more resistant. Table 
1 also shows that a = 0.25 is optimal for both minimizing the number of 
destroyed links and minimizing the scaled final impulse d (see the discussion 
in Section 3.2). 

Figure 3 shows the final stages of the impacted bridges. Intact waiting 
elements (both links are undamaged) are aquamarine; partially damaged 
elements (the short link is destroyed, the longer one is undamaged) are blue; 
destroyed elements (both links are damaged) are purple. The structures 
with a = .50 and a = 1.00 (conventional structure) soon develop cracks 
and fall apart allowing the projectile to go through (see Figures 3(c), 3(d)) 
while the structures with a = 0.10 and a = 0.25 preserve the structural 
integrity by dissipating energy and taking the stress away from the point 
of impact; this results in the rejection of the projectile (see Figures 3(a), 
3(b)). Notice that the final time T final is twice as small in the last two 
examples. 

The propagation of the damage in the bridge is due to several factors: 
(i) local instabilities of the part of the network that contains a damaged 
link; (ii) the increase of force on neighboring links which allows the damage 
to spread; (hi) the waves that propagate through the network and initiate 
damage in areas remote from the point of collision. 
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a 


% of damaged 
links 


% of destroyed 
links 


Scaled final 
impulse d 




1 Figure 3(a) 


0.10 


94% 


3.8% 


-0.26 


1 Figure 3(b) 


0.25 


42% 


3.8% 


-0.32 


1 Figure 3(c) 


0.50 


4.6% 


6.3% 


0.54 


1 Figure 3(d) 


1.00 


0% 


8.6% 


0.46 



Table 1 Damage and/or destruction of a bridge. 
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Abstract A functional form of local strength conditions under fatigue loading is 
introduced and employed to formulation and analysis of fatigue crack ini- 
tiation and propagation. For the strength conditions associated with the 
Palmgren-Miner linear damage accumulation rule and the power-type S-N 
diagram, the problem is reduced to a non-linear integral Volterra equation, 
which can be transformed to a linear one for the case of a single crack. 
An analytical solution of some simple problems are presented for the latter 
case and shortcomings of the local approach are pointed out. A non-local 
approach free from the shortcomings is presented along with an example 
of its implementation. 



1. INTRODUCTION 

Let us consider a cyclic process in a body O represented as a temporal se- 
quence x)}m=i, 2 ,... of connected closed but generally non-coinciding 

loops (cycles) afj{m,x) = [cJij(r, x); r^-i < t < Tm] in the stress space, 
(7ij{x, Tm) = CTij{x, Tm-i) , where m = 1, 2, ... is the cycle number and x G Id. 
The pure fatigue is a dependence of material mechanical properties, and 
particularly material strength, on the loading process history, considered 
as a sequence of events, but no explicit dependence on time or the process 
rate is supposed. Then the cyclic fatigue can be described in terms of the 
cycle number n (instant n) as a discrete or continuous time-like parameter. 

A common practice of a body fatigue life local analysis includes usually 
two steps. First, a crack initiation cycle number n*{cj} is determined from 
a fatigue strength condition expressed in terms of a damage measure based 
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on a cycle stress range Aaij{n,y). A crack of a length ao is supposed to 
appear at a point y* in a body Q where and when the fatigue strength con- 
dition is violated. Then the Paris type equation for the crack propagation 
rate, based on the stress intensity factor ranges, with the initial condition 
a{n*{a}) = ao is used for evaluation of the cycle number n*({fT};0) to 
separation of the body 12 into pieces or to unstable crack growth. However 
the value oq being a key issue for the fatigue crack propagation predic- 
tion is often not clearly fixed or is connected with the measuring ability of 
available equipment. On the other hand, the Paris type equation using the 
stress intensity factor ranges, which are characteristics of the stress field 
only at the crack tip y, can describe neither the scale effect for short cracks 
nor the influence of the fatigue damage during the previous cycles on the 
crack propagation rate. Moreover, the material parameters of the strength 
condition of the first step seem to be completely unrelated to the Paris law 
parameters. 

Trying to avoid the shortcomings, we first describe in this paper a local 
united approach based on an extension of the classical fatigue strength 
conditions to the crack propagation stage, and show its limitations. To 
overcome the limitations, we then give a non-local modification of that 
approach merging a special form of the general static non-local strength 
analysis [1] with the functional description of cyclic strength [3] (see also 
[2] ) . This allows to analyse strength and durability under oscillating in time 
homogeneous as well as highly inhomogeneous stress fields and predict both 
the crack initiation in a virgin material without cracks and its propagation 
through the damaged material as a united process. Note that some other 
particular non-local approaches were used for predicting fatigue life in [6]- 
[9]. 

Considered examples of the local and non-local approaches applications 
lead to linear or non-linear Volterra equations of the first or the second 
kind and some results of their solutions are presented. 

2. LOCAL CYCLIC BRITTLE STRENGTH 
AND DURABILITY CONDITIONS 

To describe cyclic fracture, i.e. crack initiation and propagation under 
cycling loading, we will analyse the brittle strength, that is strength at 
a particular point y along a particular infinitesimal plane (with a normal 
vector) ( at that point. 

The local brittle cyclic strength condition for a plane Q at a point y G H 
can be taken in the form 



k{W{-,y)]',n,y,C) < 1 , 



(2.1) 
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where A({cj'^(-, y)}; n, y, C) is a local brittle cyclic normalised equivalent 
stress functional (CNESF) defined similar to [3] on the sequence 
y)}m=i, 2 ,.. and being positively homogeneous in {cffj} non-decrea- 
sing in n material characteristics. 

An example of the CNESF associated with the power S-N durability 
diagram and the Palmgren-Miner linear accumulation rule can be taken in 
the following form similar to [3] , 



A{W{-,y)}]n,y,C) 




|||a‘^(m,y,C)||| 



-dm 



(2.2) 



where y, f) is the loop of the traction vector oii the plane f at 

the point y during the cycle m; y, C)||| is a norm of the m— th loop 

of the vector function a'^{m,y,C), e.g., \la^{m,y,C)\\ = sup^g^,^^_^^^^ |u|; 

6 is a non-negative material constant, and y, C); y, C) is a non- 

negative material function of the normalised loop shape a^{m, y,C) = 
y, C) /|||'?'^(^) U, Oil depending also on y and f for inhomogeneous and 
anisotropic materials. 

One can further assume in the example that the fatigue strength of the 
plane f is determined only by the loops of the normal stress and the 
normalised loop shape does not vary with m (self-similar process). If 
(T(^^(r, y) has not more than one internal local maximum and local minimum 
on each cycle, then cjf*(5'^^(y); y, C) = C) is a material parameter de- 

pending only on the asymmetry ratio R{y,C) = (^C,(imin{y,C) / CFc,C,max{yX) 
for a material point y and plane C,. Then CNESF (2.2) can be rewritten in 
terms of the stress range /\ac_c,{m,y) = (Jc_c,max{'m,y) - CT(;(;rnin{m,y), 

A{W{-,y)};n,y,C) = ^ If [Acj^^(m,y)]'’dm| , (2.3) 

(^miyX) Uo J 

where = (1 — R)cr*j^i if \R\ < 1 and = (1 — 1/R)a'^^ if |i?| > 1. 

Let us return to the general case. Let a body occupy at an instant 
n an open domain Il(n). Its boundary L(n) = L(0) U Y*{n) consists of 
an initial body boundary L(0) and a new crack surface Y*{n) occurring 
and growing during the loading process. Let y(r, x) denote applied multi- 
axial in-phase cyclic regular volume and boundary loading. Under the 
assumption that the material is elastic, the stress tensor field is cJij(r, y) = 
(jjj(r; r(r), y) = cJij(g(r, •), L(r), y). Consequently, the m— th stress tensor 
loop f7L(m, y) = fjL(m, r'^(m), y) = fjL(y‘^(m, •),r‘^(m),y) at a body point 
y depends on the changing body shape L'^(m), as well as on the applied 
cyclic load loop q^{m, x) on the same cycle m only. 
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We will consider further the cycle number m as a continuous variable 
attributing some loops r(m), y) also to the non-integer values of m. 

Generally, using a brittle non-local CNESF A({(j'^(-, y)}; n, y, C), the cyclic 
fracture process (the cyclic crack initiation and its propagation through 
the damaged material) can be described as follows. First, there is no 
fracture in a body 12(0) if inequality (2.1) is satisfied on all infinitesimal 
planes Q at all points y G 12. Then a crack or cracks appear on a cycle 
Uq at the points y* on the planes C*{y*)i where inequality (2.1) is violated 
and becomes equality, that is, the points y* constitute a crack set Y*{riQ), 
which becomes a part of the body boundary F(nQ) = F(0) U y*(ng), with 
the normal vector C*{y*) s-iid with zero boundary tractions. Taking into 
account that A is non-decreasing in n, we have that the crack initiation 
instant (cycle number) nj, the crack initiation set Y*{nQ) 3 y*(ng) and the 
crack initiation planes Z*(ng) 9 C*(l/o) determined from the following 
equation and inequality, 

ng = sup{n: sup sup A({(t''(-; T(0), y)}; n, y, (f) < 1}, (2.4) 

y c 

A(K(-;T(0),y)};n5,yS,Cd(yS))>l, 

A({o-‘'(-; r(-), y}; n, y, C{y)) = l, Vn > n*Q, y G T(n). (2.5) 

If the sets Y*{riQ) and are empty, then ng is an instability instant 

and Y*{n) and Z*{n) will be not empty for any n > tIq. If there is an 
analytical or numerical method of the stress field calculation for any crack 
set Y*(n), relations (2.4)-(2.5) allow to describe the crack propagation for 
any cycle n. 

Assuming a smooth dependence of A({cj'^(-; T(-), y)}; n, y, C) on and 
using (2.5), the fracture plane with a unit normal C*{y) can be determined 
also from the equations 



<9A({cj^(-;r(-),y)};n,y,0 

dCj 



= 0 , 

C=C*(y) 



lf(y)l 



1 \/n\/y e Y*{n). 



If the direction of crack growth is a priori known then there is no need to 
determine C* . 

3. EXAMPLE OF LOCAL DURABILITY 
ANALYSIS 



3.1 Symmetric plane problem for fatigue crack initiation and 
propagation 

Let us consider a plane problem for an elastic homogeneous body symmetric 
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with respect to axis x\ and symmetrically loaded. Let the body have 
one edge crack of a length a{m) or one central crack of a length 2a{m) 
or two symmetric edge cracks of a length a{m) each along the x\ axis 
(in the last two cases the symmetry with respect the axis orthogonal to 
x\ is also supposed), already existing or appearing during the process. 
Thus the geometry change is described by only one parameter a(m), i.e. 
r(m) = r(a(m)), and the fatigue crack propagation path is straight with 
a normal vector C,* = {0, 1}. 

Let an external multi-axial self-similar cyclic loading be represented in 
the form q{r,x) = qo{T)q{x)^ where qo{T) is a scalar cyclic function with a 
constant asymmetry ratio ii, and consequently Aq{m,x) = Aqo{m)\q{x)\. 
Assuming the crack growth during a cycle is small, we can neglect its 
influence on the stress cycle shape distortion during one cycle and write 
Aaij{m,y) = AqQ{m)\aij{a{m),y)\ for this case. 

Let us take CNESF (2.3). Then the equation for finding the crack initi- 
ation instant nj according to (2.4) is 

|'5-22(ao,y*)|'’ / [A®(m)]^dm = (cr|jf )^ (3.1) 

Jo 

where ao = 0 if there is no crack initially in the body, y* is the tip of an 
already existing crack or the stress concentration point where the crack will 
initiate. If there exists an initial crack, ag / 0, then (3.1) implies nj = 0 
due to the stress singularity at the crack tip, |d 22 (a 0 ) oo)| = oo. 

Let the origin of the coordinate system be in the middle of the cen- 
tral crack or at the open end of the edge crack or at the point where the 
crack will appear. Then (2.5) leads to a non-linear Volterra equation for 
a(n). However, we can change variables similar to Zobnin and Rabot- 
nov (see [4] where a solution of the creep durability problem analogous to 
problem 3.2 below is presented for 6 = 1). Then the dependence a(m) 
for the developing crack length is to be obtained from the following non- 
convolution linear Volterra integral equation of the first kind given by (2.5) 
for g(a) = [Aqo{m{a)) / dm{a) / da, 



ra{n) 



\d 22 {a,a{n))\^g{a)da = 1 - 



'ao 



d22(ao,g(n))|^ 

|d22(ao,oo)|^ 



(3.2) 



3.2 Crack in an infinite plane under uniform loading 

Consider now a more particular example of a straight crack with a length 
2a{m) in an infinite plate. The origin of the Cartesian coordinate system 
{x\,X 2 } coincides with the centre of the crack. Let a uniform cyclic traction 
with a range Aq{m,x) = Aqg{m) and with a constant asymmetry ratio R 
is applied parallel to the X 2 -axis at infinity. 
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An exact expression for Aa 22 {'in', xi) ahead of the crack in an infinite 
isotropic or anisotropic plate has the form (e.g. [5]) 



Acj22(m;2/i) 

AKi(m, a{m)) 



AKi(m, a{m))jji 
y^7ra{m){y‘l — a^(m)) ’ 
Aq{m) \J 7ra(m), 



(3.3) 

(3.4) 



where AKi{m) is the mode 1 stress intensity factor range. 

For periodic tensile cyclic traction Aq{m) = Aq^ = const, the problem 
can be solved analytically. Equation (3.1) implies the fracture cycle number 
for an infinite plane without crack is = (cj|j^/Ago)^ under such loading. 
As was mentioned above, Ug = 0 if there exists an initial crack. 

Let n = n/n^ be the normalised cycle number. After substituting stress 
(3.3) into (3.2), the equation can be solved using the Laplace transform 
under the assumption b < 2, giving 



da{h) AK‘f{a{h)) AKf{a{h)) 

dh A(7g2sin(67r/2) AAT^(ao) 



(3.5) 



The results are presented on Fig. 1 and 2 for different b by solid lines. 

On the other hand, the normal stress range A(T 22 (w-; yi) (3.3)-(3.4) near 
the crack tip can be approximated asymptotically (e.g. [5]) by the expres- 
sion Acj 22 (w,; a(m), yi) = j£ asymptotic stress 

^/27r(j/i-a(m)) 

distribution, after solving the corresponding Volterra equation we arrive at 
the results presented on Fig. 1 and 2 by dashed lines. 





Figure 1 Fatigue crack length vs. cycle Figure 2 Fatigue crack growth rate vs. 

number for different b (local approach). stress intensity factor range for different 

b (local approach). 



One can see from Fig. 1 that the durability of the infinite plane with any 
crack is the same as its durability without crack. On the contrary, ex- 
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pression based on approximate (asymptotic) stress representation predicts 
unrealistic infinite durability for the infinite plane with a crack. The crack 
growth rate equations for both stress distributions look like the Paris type 
law given however not by a material functions of AiPi but highly dependent 
on the initial crack size oq and applied loading qq. They tend to the Paris 
law da/dn = CAiPf as a(n) grows, see also Fig. 2, where the exponent 
k = 2 for employing the asymptotic stress distribution) and k = 6 — 2b 
for the exact one (3.3), however C is again not a material constant but 
depends on the initial crack and applied loading. 

The both solutions are valid only for b < 2 and blow up when 6^2, 
that is, they are not able to describe the fatigue crack propagation for 
common structural materials with experimentally determined values for 
S-N diagram constants (usually 6 > 4). The local approach does not also 
predict the fatigue crack start delay observed experimentally. A way to 
overcome those shortcomings is an application of a non-local approach. 

4. NON-LOCAL CYCLIC BRITTLE 
STRENGTH AND DURABILITY 
CONDITIONS 

We will suppose that eyelie strength at a point y G id on a plane ( depends 
not only on the eyelie stress history at that point, {(r‘j(m, y)}m=i^ 2 ,... but 
also on the stress history in its neighbourhood and generally, in the whole 
of the body, {cr^{m, x)}m=i, 2 ,..., x G il. 

A non-local brittle cyclic normalised equivalent stress functional 
A®({cj}; n, P, y, C), which is positively homogeneous in a and non-decrea- 
sing in n, can be introduced. It is considered as a material characteristics 
implicitly reflecting influence of material microstructure. Then the non- 
local cyclic strength condition for a plane f at a point y G il takes the 
form A® ({cj}; n,T, y, C) < 1. 

The simplest examples of the non-local brittle CNESFs and strength 
conditions are obtained by replacing the local stress aij{r,x) by its non- 
local counterpart af-{T;T,y,C,) in the corresponding local brittle CNESFs 
described in Section 2, 

A®({cr''};n,F,|/,C) = A({a'=®(-, F(-), y, (f)}; n, y, C), (4.1) 

Similar to the non-local analysis of non-cyclic ([1] and references therein) 
and cyclic [6]-[9] strength, the non-local stress can be taken particularly 
as a weighted average of cjjj(r, x) 

^*y('^T(r),y,C) = / ^ w{y,x)aij{T;T{r),x,Odx, 

Jno{y,G,r) 



(4.2) 
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where the weight function w{y, x) and the non-locality zone 12® (some 
neighbourhood of y) are characteristics of material point and plane and 
generally of the body shape F. 

Using the introduced brittle non-local CNESF, the cyclic fracture pro- 
cess can be described as in Section 2 after replacement there the stress 
tensor a by its non-local counterpart a®. 

5. EXAMPLE OF NON-LOCAL DURABILITY 
ANALYSIS 

5.1 Let us consider the 2D problem from Section 3.1 using the non-local 
durability analysis with the particular non-local CNESF (4.1)-(4.2), where 
the crack propagation plane C* is prescribed by the problem symmetry, 
12® (r, y, (*) is the interval (yi — i5_(yi), -|-(5) for y ahead of the crack a(n) 

and not close to an opposite body boundary, 6-{yi) = min(5, \ yi — a(n)|) 
and 5 is a material constant. As possible approximations, one can choose 
w{y,x) as a constant w.r.t x G 12®(y) and arrive at the Neuber stress 
averaging, cf [1], or as a piece- wise linear or as a more smooth hat-shaped 
function of x. 

Repeating the same reasoning as in Section 3.1 but now for the non- 
local stress range Acr^(m; a, yi), we arrive at the same equations (3.1)- 
(3.2) where ^ 22 ( 0 ,, yi) must be replaced by 

af 2 {a,yi) = Jll^^^_^y^-^w{yi,xi)a 22 {a,xi)dxi. For a problem with initially 
existing crack, the crack propagation start instant rig obtained from the 
non-local counterpart of (3.1) is non-zero since |<T^(ao,ao)| < 00 at the 
crack tip in spite |(T 22 (ao, oo)| = oo- For example, the start delay for a 
constant Ago is ng = n^|iT^(ao, ao)|“^. 

Since |ir^(o(n), o(n))| < 00 , we can differentiate the non-local counter- 
part of (3.2) w.r.t. a{n) and arrive at the following linear non-convolution 
Volterra equation of the second kind for the unknown function g(a) 

fa(n) 

g{a{n))+ )C{a{n),a)g{a)da = -\&f 2 {ao,ao)\ lC{a{n),ao), (5.1) 
J ao 

where /C(a(n),a) = \af 2 {a{n),a{n))\-'^^^\af 2 {a,a{n))\’’. 



5.2 Let us consider the non-local version of the particular problem from 
Section 3.2, and choose the piece- wise linear weight 



w{yi,xi) 



2((2- |yi -xil) 

5^ + 256-{yi)-5^_{yiy 



xi G (yi - S-{yi),yi + (5). Using (3.3) for yi = qq and <5_(yi) = 0, we 
obtain the corresponding non-local stress at the crack tip. It can be used 
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to estimate the material parameter 8 = ^ experimental 

data on the monotonous tensile strength ar for a smooth sample and the 
critical stress intensity factor K\c for a sample with a long crack. The 
non-local stress can be also used in the above formula for Uq to calculate 
the crack start delay 



Tin = 



{aQ-\-S)^/2aQ-\-S . a. 



+ ^ln 



ap 



ao+S+^yS{2ao+5) 

under a uniform tensile periodic traction Aq(m,x) = Ago- 

Results of the numerical solution of Volterra equation (5.1) with 8 = 
0.5oo are presented on Fig. 3 and Fig. 4 for different b. The specific non- 
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n 
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AKi{a) 

AKi(ao) 



Figure 3 Fatigue crack length vs. cy- Figure 4 Fatigue crack growth rate vs. 

cle number for different b (non-local ap- stress intensity factor range for different 

proach). b (non-local approach). 

monotonous and non-smooth dependence of the crack growth rate 
on the stress intensity factor range beginning, Fig. 4, can 

be perceived as a signature of the particular weight w{y, x) and employed 
for simulation of the short crack retardation near inter-grain boundaries. 
Such curves may be useful for experimental identification of w{y,x). 



6. CONCLUSIONS 

A united description of fatigue crack initiation and propagation is princi- 
pally possible using the local as well as the non-local approach, however the 
local approach in the considered examples can be applied only for a limited 
range of material fatigue parameters and cannot describe the crack start 
delay. The non-local approach seems to be free of the drawbacks. When 
the stress fields are available analytically or numerically and the strength 
conditions are associated with the linear accumulation rule, the 2D prob- 
lem in both approaches can be reduced to non-linear Volterra equation(s) 
for the unknown crack geometry. It can be transformed for a single crack 
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to a linear non-convolution Volterra equation in the case of a material with 
a power-type S-N diagram. 
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Abstract In this paper we present an overview of a variational approach to modelling 
the initiation of fracture in a nonlinearly elastic material. The work is 
motivated by experiments on polymers in which cracks initiate at cavities 
that form in the polymer sample under sufficiently severe loading. 



1. INTRODUCTION 

This work is motivated in part by interesting experiments of Gent and 
Park [6] . Gent and Park took samples of transparent polymers and bonded 
a rigid bead within each sample. They then subjected the samples to uni- 
axial tension. The beads acted as stress concentrators and Gent and Park 
observed that, as the loading increased, small cavities (not previously evi- 
dent in the sample) would form near the poles of the bead along the axis of 
tension. These would then enlarge and elongate into a crack-like shape in 
the direction of loading leading eventually to failure/fracture of the sample 
(see figure 1). 

In this paper we give an overview of new results on a variational approach 
to modelling such phenomenon that has recently been developed (see e.g. 
[ 13 ], [ 14 ], [ 15 ]). 
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The experiments of Gent & Park 

Figure 1 Formation of a cavity leading to a crack. 



It is known that, under suitable hypotheses, minimisers of variational 
problems in elasticity may develop discontinuities which can be interpreted 
as cavities forming in an initially perfect material. (See [1], [12], [17], [8] 
for the radial cavitation problem and subsequent development of [10], [13], 
[14] for general boundary value problems with no assumption of symmetry.) 
Alternatively, such singular minimisers can be interpreted as the limiting 
deformation of a body containing a small pre-existing cavity in the reference 
configuration of diameter £ > 0, centred at the cavitation point, in the limit 
as e ^ 0 (see [12], [7], [18]). 

In elastomers, such as used in the Gent and Park experiments, one ex- 
pects that the cavities observed result from the expansion of pre-existing 
(initially non- visible) holes in the material. Thus, in the theoretical vari- 
ational approach of [10] cavities can form anywhere whereas, in an actual 
material sample, the cavities are formed by the expansion of tiny pre- 
existing voids which were created during the manufacturing process. 

In this paper both the above viewpoints are adopted simultaneously: the 
theoretical material is modelled as initially perfect using a homogeneous 
stored energy function but the flaws in the actual material are incorporated 
by using deformations whose point discontinuities are constrained to be at 
pre-specified points (the flaws in the material) . If pre-existing voids (flaws) 
are widespread then one anticipates both approaches should yield similar 
results. However, we show that if a flaw is not located at an energetically 
optimal point then this gives rise to a configurational force. Hence, if 
flaw points are sparse and all such points are located sufficiently far from 
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energetically optimal points, then we conjecture that cavitation will first 
occur at one of these flaws and that the resulting configurational force may 
be sufficient to produce a fracture/crack in the material initiating from the 
cavity. 

We would like to acknowledge the fundamental work of Ball [1] on radial 
cavitation which has motivated our current approach. Our aim in this 
paper is to give the underlying ideas whilst, for the most part, suppressing 
technical details. 

2. MATHEMATICAL PRELIMINARIES 

Let 17 C IR^ denote the region occupied by a nonlinear elastic body in 
its reference (undeformed) state. By a deformation of the body we mean 
a map u : 17 ^ IR^ belonging to the Sobolev space W^’^(17), which is 
one-to-one (almost everywhere), and which satisfies the local invertibility 
condition 

det Vu > 0. (2.1) 

As we shall see, this class of deformations includes discontinuous maps. In 
nonlinear hyper-elasticity we associate with each such deformation of the 
body an energy given by 

E{u)= [ W(Vu(x))(ix, (2.2) 

Jn 

where W : ^ 1R+ is the stored energy function of the material and 

denotes the 3x3 matrices with positive determinant. (See e.g. [4], 
[2] for further background.) In this paper we consider the displacement 
boundary value problem in which we require that 

u|an = Ax, (2.3) 

where A G is fixed. 

The equilibrium equations of nonlinear elasticity are formally given by 
the Euler-Lagrange equations for (2.2): 

/dW \ d \dW 1 

Div(^^(Vu)j^ = — ^^(Vu(x))J =0, XG17, ^ = 1,2,3. (2.4) 

An alternative form of the equilibrium equations is the so called energy- 
momentum form given by 

Div M(Vu) = 0, 

^dW 

M(Vu) := IT(Vu)I - (Vu)T — (Vu) 

<yF 



where 



(2.5) 
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is the energy-momentum tensor. (See Eshelby [5], and Ball [3] for a rig- 
orous derivation of (2.5) as a necessary condition for a minimiser.) For 
smooth, invertible equilibria the two forms are equivalent but, for singu- 
lar/discontinuous equilibria, weak solutions of (2.4) and (2.5) may differ. 
In the variational approach we seek weak solutions of (2.4), (2.5) by min- 
imising the energy among deformations satisfying (2.1) and (2.3). 

Notice that an immediate solution of (2.4), (2.3) is the homogeneous 
map 

u^(x) = Ax. 

A central question we will address is whether there exist discontinuous 
deformations satisfying (2.3) with less energy than u^. The next remark 
shows that, far from being special, the homogeneous deformations and 
the class of boundary conditions (2.3) play an important role in studying 
local minimisers of the energy (2.2). 

Remark. If uq G IT^’^(H) is a strong local minimiser of (2.2) (i.e. for 
some e > 0, E'(u) > E{uq) for any u with ||u — uo||loo < e) subject to the 
conditions (2.1), (2. 3) and if uq is at xq G 14 then it follows that, for any 
domain D, the stored energy function satisfies 

E{u)= [ IT(Ao + Vv(y))dy > [ IT(Ao) dy = E(u[() 

JD JD 

for all V G ITo’^(n), where uo(y) = Aoy v(y), Ug(y) = Aoy and 
Ao := Vuo(xq). In other words the homogeneous deformation Uq has 
least energy amongst all deformations of 14 = 14 satisfying the boundary 
condition (2.3) with A = Aq or, equivalently, the stored energy function W 
is IT^d_quasiconvex at Aq. (See James and Spector [9] for further details.) 

Example. A simple class of stored energy functions we will consider is 
given by 

IT(F) = K|F|P + /i(detF), FgM^xS^ p > 1, (2.6) 

where k > 0, | • | denotes the Euclidean norm (|A|^ = trace(A"'"A)), and 
h : (0,oo) ^ [0,oo) is C^, convex and satisfies h{d) -|-oo as d ^ O"'' 
and -|-oo as d ^ -|-oo. Such energy functions are examples of 

polyconvex stored energies introduced by Ball (see e.g. [2]) and include 
examples of energies proposed by Ogden [11] to fit observed experimental 
data. For ease of exposition we state the results in this paper for stored 
energy functions of the form (2.6) (though our methods apply to much more 
general polyconvex stored energy functions, including those with explicit 
dependence on the adjugate of F, Adj F). 
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It is a mathematical fact that, for stored energy functions of the form 
(2.6), if p > 3 and £'(u) < +oo then u G and is continuous by 

the Sobolev embedding theorem (a more sophisticated argument yields the 
same result under condition (2.1) in the case p = 3). Hence to model the 
formation of discontinuities we work in the regime p <3. 



The Distributional Jacobian. The key to modelling the formation of 
discontinuities lies in the use of the distributional Jacobian; first note that, 
for maps, det Vu is expressible as a divergence: 



det Vu 



d 

dx°‘ 




(AdjVu) 




div(i(AdjVu)u). 



(2.7) 



where AdjVu denotes the adjugate matrix of Vu. Next let (p G (7^(11) 
(the infinity differentiable functions on with compact support), multiply 
(2.7) by cp and integrate by parts to obtain 



pdetVudx = — / Vp 



in 



(AdjVu)u 



dx. 



(2.8) 



This motivates the definition of the distributional Jacobian, DetVu, 
which is the functional defined by 

(Det Vu)(p) f Vp • [(AdjVu) u] dx, V(pGC'“(H). (2.9) 

3 Jn 

It follows from (2.8) that for maps u 

(DetVu)(p)= f pdetVudx, V(pGC'“(H), 

Jn 

and we denote this by 



DetVu = (det Vu)£^, 



(2.10) 



where denotes 3-dimensional Lebesgue measure. For discontinuous de- 
formations u G IF^’^(D) the distributional Jacobian is not in general given 
by ( 2 . 10 ) as illustrated by the next example. 



Example. Let Q. = B the unit ball in IR^ and let u : D — > IR^ be given 
by u(x) = X -|- C|^ where c > 0. Then det Vu(x) > 0 for x 7 ^ 0 and u 
produces a hole of radius c at the centre of B. The distributional Jacobian 
of this map is given by 

Det Vu = (det Vu)£^ -|- , 

O 



( 2 . 11 ) 




300 



where i5o denotes the Dirac measure supported at the origin. In analogy 
with (2.10), (2.11) is to be interpreted in the sense (of distributions) that 

(DetVu)(99) = f y?det Vudx + ^7TC^(/9(0), G (^“(D). 

Jn 3 

Modelling flaws in a material. The above discussion motivates our 
modelling of (initially non-visible) flaws in a material by restricting atten- 
tion to maps satisfying 



m 

Det Vu = (det Vu)£^ ^ ajdxi , ( 2 - 12 ) 

i=l 

where a* > 0. Hence if > 0 for some k, then the map u produces a 
hole of volume at at G H. (Note that the holes produced need not be 
spherical.) 

Condition INV. It turns out that maps u G IT^’^(H) satisfying (2.1) and 
(2.3) need not be one-to-one almost everywhere. Take, for example, the 
discontinuous deformation of B given above and this time let —1 < c < 0 
(a hole of “negative radius”). It is easily verified that the corresponding 
deformation u still satisfies det Vu > 0 almost everywhere, however, u is 
no longer one-to-one in a neighbourhood of the origin. Moreover, in this 
case 

f det Vudx = ^7t((1 -|- c)^ — c^) > vol(u(H)), 

Jb 3 

so the classical change of variables formula clearly fails. 

The (invertibility) condition INV introduced by Muller and Spector [10] 
in particular excludes the last example and is well suited for proving the 
existence of minimisers of (2.2) in classes of deformations that allow cav- 
itation to occur. Essentially, INV is the requirement that holes produced 
within one part of the body are not filled by material from other parts (see 
[10] for further details). 

Remark. In particular, it is shown in [10] that if u satisfies INV on H 
and ujan = h, where h : H ^ IR^ is a homeomorphism then vol(h(H)) = 
(DetVu)(H). 

Theorem 1 (Existence of minimisers [13]). Let xi, X 2 , . . . , x^ G 

p > 2, ai, 02 , ■ ■ ■ > 0, and define the set of admissible deformations 
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A = ^(xi,X 2 , . . . ,Xm) by 

^ := {u G = Ax, satisfies INV on Hq; 

m 

Det Vu = (det Vu)£^ + det Vu > 0 a.e.}, 

i=l 



where Ho is a bounded domain with Hq D H and u® is the homogeneous 
extension to Hq of u defined by^ 



( u(x), i/ X G H 
I Ax, if X ^ Q 



Let E be defined by (2.2) and (2.6). Then E has a minimum on A. 

The next result shows that any minimiser given by the above theorem 
must produce a discontinuity if the boundary condition (2.3) is sufficiently 
severe. 

Theorem 2. Let A G be fixed and define A = t A where t > 0. Then 

for sufifieiently large t any minimiser of E on A (whose existenee is given 
by the last theorem) must satisfy a* > 0 for some i. 

Proof. The proof proceeds in two stages. 



Step 1. We first prove that if the deformation u is such that a* = 0, i = 
1,2, ... ,m, then 

E{u) > E{u'^), 

where is the homogeneous deformation. This follows easily from the 
definition of E and the convexity of h in (2.6) since 



E{u) = f [k|Vu|^ + /i(det Vu)] dx 

Jn 

> j [k|Vu|^ + /i(det A) + /i^(det A)(det Vu 
Jn 



det A) dx. 



It follows from our assumptions that Det Vu = (det Vu)T^ and hence, by 
an earlier remark (see discussion on condition INV), it follows that 



/ det Vu dx = 

Jn 



vol(u^(H)) = f det Adx. 

Jn 



^The use of u® is a technical requirement which prevents the formation of cavities at the boundary 
of n. 
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Thus 

E{u) > f k|Vu|^ + /i(det A) dx > f k| A|^ + /i(det A) dx = £^(u^), 

J Q Jo. 

where the last inequality is a result of Jensen’s inequality. 

Step 2. It now suffices to demonstrate that for sufficiently large t, there 
exists a deformation u G A satisfying 

E{u) < E{u'^). 

It will then follow that any minimiser must satisfy > 0 for some i (i.e. 
the minimiser must be discontinuous). We first assume that Q = B and 
define 

d(x) = A(d|x|3 + (l-d))5^ , (2.13) 

where d G (0, 1) is a constant. An easy calculation yields 

det Vu = (det A) d 



and clearly 



= Ax. 



For t > 0 we next compare the energies of the maps 



u = tu, 



where u^(x) = Ax. Define AE := F'(u) — £'(u^). Then 



AE = / 
Jn 

= tP 
= tP 
< tP 



fP[| Vd|P - I A|?’] + det Vd) - det A) 



dx 





|Vd|P- |Ap 


dx + D 


h{t^d det A) — h{t^ det A) 


f 






det A 






|Vd|^’ - |A|?’ 


dx J- D 


/ —h'{s)ds 




In 






J t^d det A 




f 

In 




dx — D t^(l — d)(det A) h' {t^d det A) 



Next note that, since ^ oo by assumption, it follows that h\s) oo 
as s ^ oo and thus, since p < 3, it follows that AE < 0 for all sufficiently 
large t. This completes the proof in the case 0, = B. Q ^ B then we sim- 
ply rescale and translate the deformation (2.13) onto a small ball centred 
at one of the flaw points and then extend it to 0,\B by the homogeneous 
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deformation Ax. Then exactly analogous arguments yield the same result. 

Remark. It is a consequence of arguments in [16] that if A G is 

such that h'{det A) < 0 then 

< E{u) for all u G A. 

So discontinuous deformations satisfying (2.3) do not have less energy than 
the homogeneous deformation if this condition holds. 

3. OPTIMAL LOCATION FOR A 
DISCONTINUITY 

We next consider the case where there is only one flaw point in the ma- 
terial (so that deformations satisfy (2.12) with m = 1, i.e. there is only 
one flaw at xi G fl). It is a consequence of a simple scaling argument that 
if there exists a deformation u G A(xi) with a discontinuity at xi G H and 
such that E{u) < E{u^) then given any point X2 G H there exists a map 
u G A(x2) with discontinuity at X 2 and with E{u) < E{u^) (see [14]). We 
now address the problem of determining the energetically optimal location 
for the flaw point. 



Inner variations; moving a flaw; the energy momentum tensor. 

Let u = u(-,xi, A) denote a minimiser of E on A(xi). We consider an 
inner variation of u i.e. a variation of u of the form: 



Ue(x) = u(x -|- ev(x)), eGlR, 



where v G C'q(H) satisfies v = — m (a constant vector in a neighbourhood 
il 5 (xi) of xi). Note that the variations move the potential discontinuity 
point xi in the direction of m. It follows from arguments of, for example, 
Ball [3] that if h satisfies js/i'(s)j < const[h{s) -|- 1] Vs then 



5E := 



A 

de 



E{vie) 



£ = 0 



[ Vv : M(Vu) dx. 



where 

rvdW 1 

W(F)I-FT — (F) 

is the energy-momentum tensor. 

Next assume that u(-,xi. A) is smooth in fl\Bs{xi) (so that (2.5) holds 
in this region) to obtain 



M(F) = 



5E = 



div[M(Vu)"'"v] dx = / v-M(Vu)nds 



n\Bs(:x.i) 



8Bs(xi) 
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= / — m • M(Vu)ri(is = / m • M(Vu)n ds. (3-1) 

Jdn 

To continue with our analysis we need to make assumptions on the regu- 
larity of minimisers given by Theorem 1. These are motivated by corre- 
sponding results that are known to hold in the case of radial cavitation. 



Hypotheses. We assume that for each xi G 17 there is a unique minimiser 
of E on ^(xi) denoted u(-,xi, A). We further assume that A(t), t G IR 
is a smooth one-parameter family of matrices such that for t > 0 the 
minimiser u(-,xi, A) G A(xi) is discontinuous and for t <0 the minimiser 
is u(x,xi, A) = Ax. We define Acrit = A(0). Finally we assume that for 
any > 0, u(-, xi, A) ^ = Acrit^ in C^{ri\Bs{xi)) as t ^ 0. 

We write 

u(x, xi, A) = Ax-I- w(x, xi, A), (3.2) 

where w = 0 for x G 517, and expand (3.1) as a series for 7 > 0 at 7 = 0. 
First, we rewrite the right hand side of (3.1) using (3.2) as 



m- 



I an 



rrdW 

{W{A + Vxw) - W(A))I - (Vxw)T — (A + Vxw) 



nds, (3.3) 



where we have used the fact that 



Ian 



A^-^(A -h Vxw)n(7s = 0 



since u(-,xi. A) is a minimiser of E on A(xi) (see [14] for details) and also 
that 



[ W{A)nds = 0. 
Jan 



Expanding (3.3) as a series in 7 for 7 > 0 now yields 



5E = m • 

2 



'an 



n I VxW 



d^W 

5F2 



(Acrit) [VxW] ]ds + o{t 



Ian 



,dw^ 52 IF 
dE^dE^^ 



, . , dw^ , . 2s 

[Acrit ) -^ ds + 0(7 ), 



where w = ^w(x, xi, A(7 ))|^^q is the right derivative of w at 7 
next lemma shows that w solves a linear system. 



(3.4) 
0. The 



Lemma 1. w is a (singular) solution of the linear system 



d 

dx'y 



d'^W ^ ^ ^ dw^ 



= 0 in 17\{xi}, i = 1,2,3, 



(3.5) 
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and satisfies the boundary eondition w = 0 on 90. 



The proof of this follows from the assumptions on w: in particular w 
satisfies 



A. 

dx° 



dW 



dF, 



-(A + Vw) 



0 in 0\{xi}, i = 1,2,3 



and w = 0 on 90. Then, taking a right hand derivative with respect to t 
at t = 0 yields the required result. 



Remark. To evaluate the integral in (3.4) it is helpful to first note that 
w = 0 on 90 and to then rewrite it in the form 



!dn 



dx°‘ dxd dx^dx'^ ’ 



(3.6) 



where A*T = 

dFldFi 



{Acrit)- The second term is included since, by lemma 

1, the corresponding integrand is then divergence free in 0\{xi} i.e. we 
have the quadratic conservation law 



A A AA] 

dx'^ \ 9x“ “^9x^ J 



9 

9x" 






d‘^w^ 



ad Qxddx'^ 




= 0 . 



(3.7) 



in 0\{xi}. In evaluating the integral (3.6) it is sometimes helpful to use 
(3.7) to transform it to an integral on dB^{xi) (see [15]). 



Concluding Remarks. Our approach is to next derive an expansion on 
90 for the singular solution w of the system (3.5) and hence calculate the 
sign of SE given by (3.1). If 5E 0 then we can conclude in particular 
that the location of the flaw point is not optimal. This procedure has 
been carried out in [15] in the case when = B, A = AI and it is shown 
that 5E 7 ^ 0 unless xi is located at the centre of the ball B. Hence a 
cavity forming at a non-central location in the ball induces a non-zero 
configurational force (which is in fact directed towards the centre of the 
ball). We conjecture that this may be sufficient to cause the formation of a 
crack initiated from the cavity and directed towards the centre of the ball. 
For further details and a discussion of related issues we refer the interested 
reader to [13], [14], [15]. 
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Abstract The recent surging interest in nanotechnology is providing a strong impetus 
to understanding fracture processes in nanoscale materials. There are open 
challenges because many classical concepts of fracture mechanics are no 
longer applicable as the characteristic dimension of a structure at nanoscale 
becomes comparable to or smaller than the size of the cohesive zone near 
a crack tip. In this paper, we apply a top down approach, the recently 
developed Virtual-Internal-Bond (VIB) method to investigating fracture 
of such nano-materials. We demonstrate that, at a critical length scale 
typically on the order of nanometer scale, the fracture mechanism changes 
from the classical Griffith fracture to one of homogeneous failure near the 
theoretical strength of solids. 

Keywords: Nanomaterial, size effect, fracture modeling, cohesive zone 

1. INTRODUCTION 

We are now entering the era of nano-technology. More and more nano- 
sized devices and nano-structured materials have or will come into our 
life, e.g. nanotubes, nanowires, nanobelts, biomolecular motors and nano 
bio-composites, etc. As the dimension of a structure approaches the fun- 
damental length scale of a physical property, new mechanical, optical, and 
electrical properties arise that are not present in a macroscopic bulk ma- 
terial. Many classical concepts of fracture mechanics will no longer be 
applicable as the characteristic size of a structure becomes comparable to 
or smaller than the size of the cohesive zone near a crack tip. The failure 
mechanisms of materials become drastically different as the characteristic 
dimension decreases to nanoscale. For example, no well-defined crack front 
was observed in the molecular dynamics (MD) simulation of nanowire frac- 
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ture [1]. The effects of surfaces and interfaces are expected to dominate at 
nanoscale. In nanocomposites, the interfacial region, which is usually an 
imperceptible region of the matrix in a traditional filled polymer, becomes 
the dominant phase [2]. Biomolecular systems exhibit strong entropic ef- 
fects at nanoscale [3, 4], 

Atomistic methods for modeling nanoscale phenomena are often referred 
to as the “bottom up” approach, starting from electrons and atoms and 
reaching the scale of large molecular clusters. This is represented by var- 
ious MD or ab inito calculations for simulating the mechanical behavior 
of nanostructures. The bottom up methods could accurately model the 
atomic nature of materials, but they are still subject to severe length 
and time scale limitations. On the other hand, continuum methods for 
nanoscale modeling and simulation can be called the “top down” approach. 
Such methods often start with extending the range of applicability of 
proven engineering methodologies to nanoscale phenomena. The contin- 
uum models are not subject to length and time scale limitations, but for 
obvious reasons they are phenomenological and can be quite inaccurate for 
nanoscale modeling. 

Continuum models incorporating the atomic structure of solids can be 
traced back to the 19*^ century. An example was the Cauchy-Born rule 
that was described by Born as a means to estimate the theoretical strength 
and to assess the stability of cubic crystals subject to simple deformation. 
Attempts to make connections between atomistic and continuum descrip- 
tions of materials quickly followed [5, 6, 7]. Recently [8], the Cauchy-Born 
rule was used to derive nonlinear, hyperelastic constitutive models for use 
in numerical simulations to predict stress and deformation under physically 
realistic loading conditions. Gao and Klein [9, 10, 11] extended the con- 
cepts of Cauchy-Born rule and developed a Virtual-Internal-Bond method 
(VIB) to model crack nucleation, propagation and instability. The VIB 
model could describe the fracture process as a localization zone near a 
crack tip which is related to the virtual bond potential and fracture en- 
ergy. In this paper, we apply the VIB method to investigating fracture 
in a nanoscale material. We focus on the features that are unique at the 
nanoscale such as transition of fracture mode from the classical Griffith 
fracture to homogeneous failure at the cohesive strength. 

2. FRACTURE LOCALIZATION ZONE 

MODELED BY THE VIRTUAL INTERNAL 
BOND METHOD 

The Virtual-Internal-Bond model was developed based on an extension 
of the Cauchy-Born concept which is a multiscale assumption about how 
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the motion of atoms can be related to continuum deformation measures. It 
attempts to reproduce the behavior of a homogeneous, hyperelastic solid, 
which has a microstructure consisting of internal cohesive bonds between a 
network of material particles which are not necessary atoms [9, 10, 11]. It 
had been demonstrated in the previous work [10] that the onset of fracture 
predicted by the VIB model is not determined solely by the choice of bond 
potential, but also depends on the state of deformation in the localization 
zone. The size of this localization zone could be evaluated via a J-integral 
analysis as [10] 



^ 7rDot/(/o) 

where Dq is the constant in bond density function [9, 10], U is virtual bond 
potential, and Iq is the length of the unstretched bond. 

The dimension of /i is a measure of the fracture localization zone. We see 
that the size of the localization zone is correlated with the fracture energy 
G and the virtual bond potential of the VIB model. The failure process 
of material described by the VIB model is illustrated in Fig.l, from point 
A of maximum traction force at the crack tip to the traction free point B 
where a pair of new surfaces are created. During the fracture simulation 
using a VIB-based finite element method (VIB-FEM), crack growth and 
nucleation is represented by a separation of two adjacent nodes at the crack 
tip, and the localization zone of fracture is represented by one overstretched 
sheet of mesh. In contrast to a conventional FEM calculation where the 
mesh size is a numerical concept which is selected only to achieve a desired 
computational accuracy, the mesh size of VIB-FEM has specific physical 
meaning in the sense that it is directly related to the J-integral and the 
fracture surface energy of the material. This is an important difference 
between VIB-EEM and conventional EEM calculations. 

3. FRACTURE STRENGTH OF 
NANOMATERIALS 

According to the discussion of the last section, we know that the VIB 
model could describe fracture in a material via a localization zone whose 
width is determined from the fracture energy and the virtual bond po- 
tential. This will be the theoretical basis for our probing the size depen- 
dent fracture behavior of a nanomaterial. To illustrate the basic concept 
of nanoscale fracture, we start with a simple model involving an infinite 
nanostrip containing a semi-infinite crack along the midline of the strip, 
as shown in Fig. 2. For simplicity we consider loading by constant vertical 
displacements along the strip boundaries. The height of the strip is H. We 
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can calculate the energy release rate of crack extension by J integral (plane 
stress) on the dashed-line contour F. 

2 

G = ^H = —H (3.1) 

where is the strain energy density, E is the Young’s modulus, and a is 
the vertical normal stress far ahead of the crack tip in the strip. If we apply 
the Griffith criterion (i.e. the energy release rate equals twice the fracture 
surface energy 7 for brittle fracture). 



G = 27 (3.2) 

the fracture strength and strain of strip can be obtained as 

= 2^^ (3.3) 

which corresponds to a fracture strain of 

= ( 3 . 4 ) 

On the other hand, assuming the theoretical strength of solid is ath = E/30, 
we could write the following relation 



-^ = 60 
(^th 



7 

EH 



(3.5) 



According to eqs. (3.4) and (3.5), the fracture strength has a simple rela- 
tion with a dimensionless number described in Fig. 3 as the dashed- 

lines. There is a cross point between the dashed-line and the horizontal line 
measuring the cohesive strength on both Fig. 3(a) and (b), beyond which 
the fracture strength predicted from the Griffith criterion would exceed the 
theoretical strength (This is physically impossible! See discussions below). 
This point corresponds to a critical thickness 



H* 



AE^ 



a_ 



th 



(3.6) 



Taking Young’s modulus of the strip as 100 GPa, the fracture surface 
energy as 1 J/m^, we obtain a value of H* being around 40nm. 

The Griffith criterion predicts a fracture strength exceeding the theoret- 
ical strength of solids is a physical contradiction and indicates that linear 
elastic fracture mechanics (LEFM) is not applicable at sufficiently small 
length scales. In fact, the critical length in eq. (3.6) measures the size of 
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the cohesive zone near a crack tip. As the structure size approaches this 
critical length which is on the nanometer scale, the small scale yielding 
concept, which is the basis for LEFM, is no longer valid and the hyperelas- 
tic material properties play a dominating role on fracture behavior. The 
implication is that in nanomaterials, the elastic softening behavior near the 
cohesive limit of materials, which is normally restricted to within the cohe- 
sive zone near a crack tip, now controls the fracture process. The conven- 
tional elasticity and FEM methods do not include the cohesive behaviors 
of solids and therefore can not be used to model the fracture behaviors of 
nanomaterials. One would need to develop new methods capable of mod- 
eling both the linear elastic and cohesive elastic material behaviors. VIB 
model is one of such examples and can be used to model nanoscale fracture. 

In the following we use the VIB model to analyze the fracture strength 
of the same strip problem shown in Fig. 2. The strain energy density in the 
nano-strip can be expressed with VIB model as [9, 10, 11] 

^{Eij) = Do J U dip (3.7) 

where Ejj and denotes the Green-Lagrange strain tensor and the bond 
orientation, respectively. For two dimensional problem, ^ = (cos 99 , sin (/?). 
The deformation gradient in this case is 



F = 



1 0 
0 1 + e 



(3.8) 



where £ is the uniform normal strain in the nano-strip far from the crack 
tip caused by the uniform load acted on the top side of the strip (see Fig. 
2). From Ejj = \{FuEij - 5/j), we have E 22 = e + e^/2, and eq. (3.7) 
becomes 



^Eij) = $(e) = Do 
Solving the following equation 



J U 1 + ( 2 e + £^) sin^ ip^ dip (3.9) 



4-(V) = I 



(3.10) 



yields a relation between Sf and y where E is the Young’s modulus 
of the VIB model. The P-K stress in normal direction is 



^22 ~ ^0 



CTT IqU\Io^I -I- (2e/ -I- e^) sin^ ip) 



+ (2e/ -h ej) sin^ ip 



sin^ ip dip 



— 77 



(3.11) 
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The Cauchy stress can be evaluated to be, 

a/ = (l + e/)54 (3.12) 

and the relation between af and further calculated. The 

predictions of the VIB model are described in Fig. 3 as the solid lines. 
Note that the VIB predictions (solid curves) coincide with those of LEFM 
at large values of H but start to deviate from classical predictions for 
sufficiently small values of H. The critical thickness predicted by VIB is 

27 

= ^ (3.13) 

^max 

where ^max is the strain energy density when the stress is exactly equal 
to the theoretical strength. We emphasize that for hyperelastic material, 
^max 7^ j ‘IE. If we use the same material parameters as those used in 

the previous calculations based on LEFM, the critical thickness of strip is 
estimated to be about lOnm. The VIB model predicts that, as the strip 
height reduces to below this critical material length, the fracture strength 
no longer depends on the structure size and remains at the theoretical 
strength level. 

What is the stress distribution near the crack tip near the critical length? 
What is the characteristic stress field associated with nanoscale fracture? 
How does the stress field near a crack tip changes from the classical K- 
field as the structural dimension decreases to nanoscale? To answer these 
questions and visualize the theoretical predictions, we use VIB-based finite 
element method to calculate the stress in the strip as a function of the strip 
height. The VIB-FEM method could model crack initiation and propaga- 
tion according to the associated constitutive law without a presumed frac- 
ture criterion. The simulation results (marked by scattered data points) are 
compared with those of theoretical analysis in Fig. 3(a) and (b). The stress 
field near the state of emergent crack growth at different values of strip 
height is plotted as color maps in Fig. 3(c). Attached to each stress color 
map is a curve describing the distribution of stress concentration ahead of 
the crack tip. When the height of the strip is large (PI), there is distinct 
stress concentration with a kidney shaped stress field in front of the crack 
tip, is consistency with the classical K-field. With decreasing the height of 
strip (P2, P3), the stress concentration becomes weaker and weaker. As the 
strip height reaches the critical point (P4), the stress concentration com- 
pletely disappears, and the stress distribution in the strip becomes uniform 
and equal to the cohesive strength of the material. This picture demon- 
strates that materials become insensitive to pre-existing flaws at nanoscale 
and can maintain theoretical strength despite of defects. The stress con- 
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centration vanishes at a critical structural size. This is very different from 
the macroscopic engineering concepts that failure always occurs by stress 
concentration near materials flaws and the severe stress concentration at 
a crack tip can cause catastrophic structure failure under applied stresses 
much lower than theoretical strength. 

4. CONCLUSIONS 

We extend the recently developed VIB model [9, 10, 11] to modeling frac- 
ture of nanomaterials. By analytical VIB modeling and VIB-FEM simula- 
tion, we showed that, as the structural size shrinks to the nanometer scale, 
there is a transition of fracture mechanism from the classical Griffith lin- 
ear elastic fracture mechanics to one of homogeneous failure with no stress 
concentration at the crack tip. The unique feature of nanoscale fracture 
stems from the fact that material strength is limited by theoretical strength 
of solid. At nanoscale, the background stress in a cracked specimen will 
approach the theoretical strength. When this occurs, the stress concentra- 
tion near the crack tip disappears and the structure becomes insensitive to 
pre-existing flaws. 
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Traction force 




Figure 1 Illustration of crack nucleation in VIB-FEM including a stress (cr) strain (e) 
curve showing the stress softening process at the crack tip. 



Uniform external load; constant w, = 0 




Figure 2 Illustration of a notched nano-strip under uniform external load. F is the J 
integral contour, a and e are the uniform stress and strain, respectively, in the strip far 
ahead of the crack tip. 
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(a) (b) 




(c) 



Figure 3 The prediction of the fracture strength and the critical thickness of a notched 
strip, (a) The curves for the fracture strain of the strip versus the dimensionless number 
and the discrepancy between the VIB prediction and that of LEFM. (b) The 
fracture strength of the strip versus the dimensionless number and comparison 

of VIB prediction with LEFM. (c) The VIB-FEM calculated color maps of the stress 
field at different widths of the strip; the size dependent stress distribution ahead of the 
crack tip. At the critical thickness, the stress concentration disappears and the fracture 
strength approaches the theoretical strength of solid. 
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Abstract Perturbations in terms of small elastic deformations superimposed upon a 
given homogeneous strain are analysed within a boundary element frame- 
work. This is based on a recently-developed Green’s function and boundary 
integral equations for non-linear incremental elastic deformations. Plane 
strain deformations are considered of an incompressible hyperelastic solid 
within the elliptic range. The proposed approach is shown to yield bifur- 
cation loads and modes via a perturbative approach. Numerical treatment 
of the problem is detailed and applications to multilayers are shown. Re- 
lations between shear band formation and global instabilities are given 
evidence. 



1. INTRODUCTION 

The response to perturbations of a pre-stressed, non-linear elastic solid 
is an important issue in a broad spectrum of mechanical problems including 
the modelling of biological tissues, the analysis of geological formations and 
the behaviour of seismic insulators and rubber bearings. 

With reference to plane strain deformations of incompressible materials, 
Biot [1] has shown that the incremental elastic response is governed by two 
incremental moduli, functions of the current stretch. Biot’s constitutive 
framework was assumed in [2] to obtain a Green’s function and a bound- 
ary integral formulation for incremental deformations superimposed upon a 
given, homogeneous strain. Both Green’s function and integral formulation 
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pave the way for constructing a boundary element technique (BEM) suit- 
able to analyse incremental problems of non-linear elasticity. This is the 
purpose of the present article, where a general numerical scheme is formu- 
lated to handle generic boundary value problems with prescribed nominal 
tractions or displacement boundary conditions. 

It should be mentioned that several attempts have been presented to 
analyse non-linear problems using boundary element techniques. In these 
cases, in addition to the usual boundary integrals, a domain integral is 
introduced, leading to the so-called ‘field-boundary element method’. The 
introduction of this term nullifies a main advantage of BEM and originates 
from the discrepancy between the nonlinear character of the equations gov- 
erning the problem and the employed fundamental solution (usually per- 
tinent to linear, isotropic elasticity). Although restricted to perturbations 
of homogeneously deformed, elastic solids, the proposed boundary element 
technique retains all the well-known advantages of the small strain for- 
mulation, like: discretization limited to the domain boundary; automatic 
satisfaction of the incompressibility constraint; description of singularities 
near corner points of the boundary. 

The method is shown to be particularly suitable to analyse bifurcation 
problems even involving surface and localized modes. 

2. INCREMENTAL CONSTITUTIVE 
EQUATIONS 

Constitutive equation given by Biot [1] for incompressible materials in- 
crementally deformed in plane strain is adopted. The constitutive frame- 
work embraces a broad class of material behaviours including hyper and 
hypo elasticity, and the loading branch of associated elastoplasticity. In a 
Lagrangian formulation of field equations, with the current state taken as 
reference, the constitutive equations for the nominal stress tensor rate tij 
can be written in the form 

iij — -|- p5ij — ^ijkl1^l,k T '^i,i — 0, (^-f) 

where Vi is the velocity, 5ij is the Kronecker delta and 



& 1+&2 . ill + ^22 . Cl — CJ2 




(2.2) 



are the in plane hydrostatic stress rates (positive in tension), related to the 
principal components ci, C 2 of the Cauchy stress and to the nominal stress. 
The tensor M.ijki represents the instantaneous stiffness, characterised by the 
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major symmetry ^ijki = ^klij and having the form [3] 
a 

IKllll = ~ 2 ~ P' If^ll22 = — M*) 1^1112 = IK 1121 = 0, 

a 

IK22II = — 1^*, IK2222 = /^* + 2 If^2212 = IK222I = 0, 

a a 

IK1212 = /W + — , IK1221 = IK2112 = n — p, K2121 ~ P~ 

where 

<^1 + <^2 

a = ai-a 2 , p= , (2.3) 

and p, /i* are two incremental moduli corresponding respectively to shear- 
ing parallel to, and at 45° to, the Eulerian principal axes. 

The formulation is restricted to the elliptic range (E), corresponding to 
negative or complex coefficients 71 and 72: 

1 + k 

where k = g ji^p) is a parameter characterising the pre-stress. The elliptic 
range may be further sub-divided into elliptic-imaginary (El: A > 0, so 
that 71 and 72 are both negative) and elliptic-complex (EC: A < 0, so that 
71 and 72 are a conjugate pair) regimes. 

Discontinuous strain rates corresponding to shear bands are possible 
at the boundary of the elliptic range. Elliptic imaginary /parabolic (EI/P) 
boundary is attained when k = 1 (71 = 0) whereas elliptic complex/hyperbolic 
(EC/H) boundary is attained when A = 0 (71 = 72). 




A = - 4 — + 4 ^ , (2.4) 

B J 



3. THE FUNDAMENTAL SOLUTION 

In the framework described by the constitutive eqns. (2.1), the Green’s 
function set {u/;7t^} for an infinite and uniformly deformed medium can 
be written in the form [2]: 



q 

Vi 



■ 5i„ log r 



27t2^(1 + k) \ [(2 - i) 72 -h 1 - i] V -71 + [(2 - i) 71 -h 1 - i] ^“72 
— f~ [K^{a -|- 0) -|- (3 — 2i) (3 — 2g) Kf{a — 0)] log (cos a) da\, 



TT^ = —- 



27rr 



cos 



6-{g-l) 



7T 



+ 



^ r Kg (a + g) 



2 J 7 t (1 + k) Jq cos 



da 



a 



(3.1) 

(3.2) 
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where r and 6 are the polar coordinates singling out the generic point with 
respect to the position y of the concentrated force, indices i and g range 
between 1 and 2 and 



Kf{a) = 



sin [a + (i — 1 ) |] sin [a + {g — 1 ) |] 
A (a) 



A(a) = sin^ a(cot^ a — 7 i)(cot^ a — 72 ) > 0 , 



7T 



Kg{a) = K^{a) cos a+ {g — 1)— r(a), {g not summed) 



r(a) = 2 (2 cos2«- 1) -k. 



(3.3) 

(3.4) 

(3.5) 

(3.6) 



From the Green’s velocity vf and pressure rate tt®, the in-plane hydro- 
static stress rate and the associated incremental nominal stress tfj can 
be obtained by using constitutive equations ( 2 . 1 ). 



4. BOUNDARY ELEMENT FORMULATION 

We refer to mixed boundary value problems in which velocities and in- 
cremental nominal tractions r are prescribed functions 

Vi = Vi, on dBv, iijUi = fj on dBr, OB = dBy U dBr, (4.1) 

defined on separate portions dB^ and dB^ of the boundary dB of a solid 
B, currently in a state of homogeneous, finite deformation. 

In this context, an integral representation exists relating the velocity at 
interior points of the body to the boundary values of nominal traction rates 
and velocities [ 2 ]: 



Vg{y) = / %(x) n*(x) u^(x,y) - tf (x,y) Ui(x) Uj(x) 



IdB'- 



dlx 



(4.2) 



If the point y is at the boundary, eqn.(4.2) becomes [2] 



CjVj{y) = [ fj(x)u|(x,y)dG - / r|(x, y) uj(x) dG, (4.3) 
JdB JdB 

where 

Cf = lim [ ff(x,y)dG, (4.4) 

is the so-called C-matrix, depending on the material parameters, state 
of pre-stress and the geometry of the boundary (in the case of a smooth 
boundary, Cf = \dgi). Note that symbol dC^ introduced in (4.4) denotes 
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the intersection between a circle of radius e centred at y and the domain 
B. 

The boundary equation (4.3) is the starting point to derive the collo- 
cation boundary element method. To this purpose, the boundary dB is 
divided into m elements T® (e = 1, • • • , m), with subsets ruu and vtIt be- 
longing respectively to dBu and dBr (clearly m = vriu + mr). 

Inside each boundary element T®, the following discretization for veloc- 
ities and nominal tractions is introduced 



Uj(x) = (/?„(x) Via, 
fj(x) = (/9„(x) fia, 



a = 0, • • • , 0, 



(4.5) 



where Via, Tia are the nodal values of velocities and nominal traction rates, 
respectively, and (pa are the relevant shape functions, selected as polyno- 
mials of degree 0. 

The discretized form of eqn. (4.3), collocating the point y at 
corresponding to the node a of the element e is: 






= 0 , 



(4.6) 

where indices a and i are summed and range between 0 — 0 and 1 — 2, 
respectively. 

Collocating eqn. (4.6) at each node along the two directions x\ and 
yields an algebraic system that can be written in a form 



Hv = Gf, (4.7) 

where v and r are the vectorial expressions for vf^ and defined as: 

^20{e— l)-l-2a+^ '^ia^ '^2<3{e—l)+2a-\-i Ta’ (^*^) 

where 0 is not a free index, but the fixed number specifying the degree of 
the interpolating functions. 

Solution of system (4.7), after re-arrangement of data and unknowns, 
gives the nodal velocities Via on dB^-, and the nominal traction rates fip 
on dB.^. 

We limit the presentation to discretization of the boundary into linear 
elements and linear shape functions, so that the singular integrals in eqn. 
(4.6) relative to elements adjacent to the collocation node e can be evalu- 
ated analytically. In particular, the strongly singular integral on the left 
hand side of eqn. (4.6), after change of variable, takes the form 

Istrolg=j-^ (^1 - 'rf(ry,6'2)dr/. (4.9) 
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As far as the two elements e — 1 and e are concerned, the incremental 
Green’s tractions can be computed as: 

= (4.10) 

which are independent of 6. Introducing eqn. (4.10) into eqn. (4.9), we 
obtain 

= {-^YXig^og • (4-11) 

Analogously, the weakly singular integral on the right hand side of eqn. 
(4.6) is equal to 

(4.12) 

Taking in account the expression of vf given in eqn. (3.1) the integral (4.12) 
can be analytically evaluated and the resulting four components are listed 
in Table (1). 



Table 1 Analytic expressions for the weakly singular integrals (4.12) 



1 
1 
1 

2 
2 



g 

1 

2 

1 

2 



Integral /(f 



le — 1 
2 



21 og(le-l )-3 

On 



v\{l,0i 



21 og(le )-3 



f^ + v\{i,e2) 



^uf(0i) + |t;2(02) 



V" ^2 (^l) + ^ 2^2 (^ 2 ) 



^e— 1 

~T~ 






21 og(le )-3 



Dll = 4 /nr(l + fc)( 72 V- 7 l + 7 l\/“ 72 ), D22 = 4 /i 7 t (1 + fc)(V“ 7 l + \/“ 72 ) 



5. NUMERICAL EXAMPLES 

As a first example, the response of a multilayered elastic block to an 
incremental, skew-symmetric loading f, (see the detail in Fig. 1) is investi- 
gated. The block is formed by three layers perfectly bonded to each other. 
Material (1) constituting the external layers is supposed to be different 
from material (2) of the inner layer. All layers are supposed to undergo 
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the same homogeneous, plane strain deformation with the principal direc- 
tions of deformation aligned normal and parallel to the layers. Therefore, 
a uniaxial state of traction or compression prevails in the laminate, with 
different values for materials 1 and 2. Starting from this pre-stressed state, 
the incremental load f is applied. The loaded zone has been chosen to be 
equal to 2/15 6 (6 is the half-length of the edges) and a regular boundary 
mesh for each layer has been adopted. 

Three ratios of incremental shear moduli (/r*/^)i, and 

have been considered for the two materials (Tab. 2) and the relevant results 
are shown in Fig. 1, where the velocity [normalized through multiplication 
by yL\/{hf)] is plotted versus the pre-stress k. It can be seen that trac- 

Table 2 Bifurcation stress k for a three-layered elastic structure 



Example 


Shear moduli ratios 


Bifureation stress k 






{h*/h)2 


Bl/h2 


Analytieal 


Numerieal 


1 


1.0 


0.5 


0.5 


0.4722 


0.4852 - 0.4859 


2 


0.5 


1.0 


2.0 


0.3714 


0.3789 - 0.3797 


3 


2/3 


1.0 


1.5 


0.4386 


0.4469 - 0.4477 



tion increases stiffness whereas compression induces stiffness degradation, 
which becomes dramatic when critical values of k are approached. Tab. 
2 compares numerical estimates of the bifurcation values of k with those 
evaluated analytically by Bigoni and Gei [4], though for slightly different 
boundary conditions. It is worth noting that the value of k is independent 
of the material, but depends only on the maximum in-plane stretch. 

A second example concerns the so-called ‘van Hove condition’, where 
the solid is subjected to prescribed displacements over the entire boundary 
and the current deformation (and stress) is homogeneous [5, 6]. In these 
conditions, starting from an unloaded configuration, shear bands occur as 
the first possible bifurcation. We analyse this situation for the square elas- 
tic block shown in Fig. 2, characterised by = 0.25 (corresponding 

to the elliptic complex regime) and homogeneously deformed in a state of 
uniaxial tension and compression. All displacements are prescribed on the 
boundary, so that the solution is known unless an arbitrary value of ho- 
mogeneous pressure. A perturbation is given by prescribing the triangular 
distribution of velocity sketched in Fig. 2. The level sets of the modulus of 
the velocity are reported in Fig. 3 and 4, for three different values of pre- 
stress k = {—0.859,0,0.859}. The values ±0.859 are close to the boundary 
of loss of ellipticity (±0.866), where shear bands become possible, inclined 
at an angle r/ = 27.367'’, with respect to the direction of tensile stress. 
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Figure 1 Non-dimensionalized velocity of the corner point c versus pre-stress k. 




Figure 2 Loading geometry in van Hove conditions. 



The fact that strain localization can be observed within the elliptic range 
— employing a perturbation approach — agrees with previous findings 
[2, 7]. This approach may provide an explanation of the fact that shear 
banding is a preferred instability when compared to other diffuse bifurca- 
tions, possible at loss of ellipticity under van Hove conditions [8]. 

The van Hove setting is very peculiar and provides the maximum pos- 
sible ‘confinement’ to a material sample. A relaxation of this severe con- 
figuration was proposed by Ryzhak [9] and will be called ‘weak van Hove’ 
conditions in the following. In particular, the material must be homoge- 
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Figure 3 Level sets of modulus of velocity at different values of pre-stress k. Loading geometry 
is sketched in Fig. 2, with c/b = 1/2. Note the shear bands emerging at /c = ±0.859. 






— 0.4 

— 0.3 

— 0.2 
— 0.1 
^0 



Figure 4 Level sets of modulus of velocity at different values of pre-stress k. Loading geometry 
is sketched in Fig. 2, with c/b = 4/9. Note the shear bands emerging at fc = ±0.859. 



neous and orthotropic, with orthotropy axes parallel and orthogonal to 
the given loading direction. Two parallel edges of the material element 
must be in smooth (bilateral) contact with a rigid constraint. The current 
configuration, sketched in Fig. 5, is perturbed with two assigned, triangu- 
lar velocity distributions. For weak van Hove conditions, level sets of the 
modulus of the velocity are plotted in Figs. 6 and 7, for different values of 
pre-stress k = {0,0.7,0.857}, corresponding to compression parallel to X 2 - 
It can be seen that shear banding is not evident until A: = 0.7 but it 
appears clearly for k = 0.857, which is close to the boundary of ellipticity. 
‘Reflection’ of shear bands at the boundary emerges as a peculiar deforma- 
tion pattern. Similar deformation mechanisms have been also observed in 
different contexts (porous plastic materials [10]; dynamics of visco-plastic 
solids [11, 12]), and may explain pattern formation in biological system 
or geological structures. The localization of deformation may also suggest 
possible technological applications. For instance, the highly strained re- 
gions could be employed to transmit signals so that the pre-stress could 
become a parameter controlling special types of delay lines. 








326 




Figure 5 Loading geometries in weak van Hove conditions. 




Figure 6 Level sets of modulus of velocity at different values of pre-stress k. Loading geometry 
is sketched in Fig. 5(a). Note the shear bands emerging at = 0.857. 
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Abstract The paper deals with the problem of coupling of various effective properties 
of a random mixture. It is shown that effective properties of a random sta- 
tionary composite formed of two different materials are coupled through the 
spectral measure in the Stieltjes representation of the effective properties. 
This gives an approach to indirect evaluation of the effective thermal or 
hydraulic conductivity of a random material from known effective complex 
permittivity of the same mixture. The spectral measure is reconstructed 
from effective complex permittivity measurements and used to estimate 
other effective properties of the same material. 



1. INTRODUCTION 

Different effective properties of a finely-structured heterogeneous mix- 
ture are related or coupled through its microgeometry. The problem of 
formalizing this coupling of the properties is very important for predicting 
properties of composite materials in material design, as well as for indirect 
evaluation of the effective properties, when direct measurements are diffi- 
cult to make. Implicit accounting for the geometry of the composite was 
exploited starting from the pioneering work of Prager [1] in deriving cou- 
pled bounds on the effective material properties. Coupled or cross-property 
bounds use measurements of one effective property to improve bounds on 
other effective properties. The work of Prager was followed by a number of 
papers by Avellaneda, Berryman, Cherkaev, Gibiansky, Milton, Torquato, 
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and others (see references in monographs [2, 3, 4]). Various empirical rela- 
tions or relations derived for specific geometries are used in practice, such 
as for instance, Kozeny-Carman or Katz- Tompson relations providing an 
estimate for permeability of a porous material [5, 6]. Geometric characteri- 
zation of the medium is often introduced through the “formation factor” F 
which relates properties of one phase in the mixture to the effective prop- 
erties of the material: F = aja* , where a is the conductivity of a fluid 
filling in the porous material, and a* is the effective conductivity. 

The present work uses explicit analytic representation of various effec- 
tive properties of a composite [7] through its geometric structural function 
associated with the spectral measure ^ in the Stieltjes analytic integral rep- 
resentation of the effective complex permittivity e*. This analytic integral 
representation of the effective permittivity e* of a mixture of two materi- 
als with permittivities e\ and C 2 was developed by Bergman, Milton, and 
Golden and Papanicolaou [8, 9, 10, 11] in the course of computing bounds 
for the effective permittivity of an arbitrary two component mixture. The 
integral representation gives a function F{s) as an analytic function off 
[0, l]-interval in the complex s— plane: 



F{s) = 1 - - = 
€2 






s — z 



s = 



1 

1 - ei/e 2 



( 1 . 1 ) 



Here the positive measure ^ is the spectral measure of a self-adjoint oper- 
ator Ty , with X being the characteristic function of the domain occupied 
by one material, and 

r = V(-A)-i(V-), (1.2) 

where —A is the Laplacian operator, and V denotes the gradient, so that 
(V-) is the divergence operator. The spectral function was used to de- 
rive microstructural information about the composite [12, 13, 14, 15], to 
bound the effective permittivity [16, 17, 18], to appraise the accuracy of the 
permittivity measurements [19], and to model the effective complex con- 
ductivity of geological mixtures [20, 21] or of random resistor networks [22]; 
it was calculated from reflectivity measurements at different temperatures 
in [23]. 

The paper discusses coupling of different properties of a stationary ran- 
dom mixture through the spectral function /x. It is demonstrated in [7] 
that different properties of a random mixture admit representations sim- 
ilar to (1.1) with the same function jj,, and that the effective response of 
the random medium for a range of different parameters of the applied field 
determines the function ^u. Hence, when computed from measurements 
of one effective property (say, from measurements of e*), the function ^ 
can be used to evaluate the effective response of the same medium for 
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other applied fields as well. From the computational point of view, the 
problem of reconstruction of the spectral measure pL is extremely ill-posed: 
It is equivalent to the inverse potential problem and is well studied in the 
mathematical literature (see, for instance, the monograph on inverse source 
problems [24] and on regularization of ill-posed problems [25]). The last 
section shows computational results of recovering the spectral function p, 
from numerically simulated effective measurements of the complex permit- 
tivity of a composite using regularized algorithms developed in [7, 26]. As 
an example, the thermal conductivity of St-Peters sandstone is estimated 
using the reconstructed function p [27]. Computed values of the thermal 
conductivity are in good agreement with measured values in [28]. 

2. COUPLING THROUGH THE SPECTRAL 
FUNCTION 

We assume that the medium in a domain O is a fine scale mixture of two 
materials with the values of the complex permittivities ej and the thermal 
conductivities 7j in regions Oj, j = 1,2, with O = OiU O2. Let x be the 
characteristic function of the region Oi occupied by the first material for 
a realization p £ fl, where Q is the set of all realizations of the random 
medium. 

We assume that the characteristic size of the inhomogeneities is microscopic 
in comparison with the size of the region O, hence x is a finely oscillating 
function. 

Suppose that two different fields are applied in this random medium, 
the electric field, E^, and the temperature gradient field, E^. The complex 
permittivity of the medium is modeled by a (spatially) stationary random 
field e{x,p), x £ and p £ Q., e{x,p) = eix{x,p) + £2(1 — x{x-,p))- 
Similarly, the thermal conductivity is x(x, p) = 7ix(3:, p) + 72(1 — p)). 

Since the stationary fields are governed by similar equations, we will use 
the notation cr to describe both properties. The stationary random fields 
Ea{x,p) and Ja{x,p) are related by J„{x,p) = a{x,p)Ea{x,p) and satisfy 
the equations 

V • = 0, V X = 0, {E^{x,p)) = 6k, cr = e,7. (2.2) 

Here is a unit vector in the direction, for some k = 1, . . . , d, and 
( • ) means ensemble average over H or spatial average over all of R'^. The 
effective tensor a* is defined as a coefficient of proportionality between the 
averaged fields: (Jo-) = a*{Eo) ■ Hence the effective property tensors e* 
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and 7* are such that 

{J,)=e*{E,) and {J^)=-f*{E^) ( 2 . 3 ) 

We notice that both problems are coupled through the same function 7: 

V ■{eix{x,rj) + e2{l-x{x,T])))Ee = 0 , e* = {eE^} ( 2 . 4 ) 

and 

V ■{xix{x,7]) + X2{l-x{x,v)))E^ = 0 7 * = ( 7 ^ 7 ) ( 2 - 5 ) 

Suppose that one of the effective properties, e* (see 2 . 4 ), can be measured. 
The problem is to find the other effective property 7* using ( 2 . 5 ). We 
consider here isotropic mixtures and focus on one diagonal coefficient e* = 
4 k and 7* = Xkk- 

Let the complex permittivities ei,i = 1 , 2 , depend on a parameter p 
that can be varied, with the microstructure remaining the same. This 
means that variation of the parameter p does not change the function x- 
The temperature dependent complex permittivity of sea ice provides an 
example of a medium which does not fall into this consideration, since 
induced by temperature variations, melting changes the structure of brine 
pockets. 

Theorem. Assuming the known properties e* = ej(p), i = 1 or i = 2 , 
of materials in a stationary random mixture depend on a parameter p, 
measurements of the effective complex permittivity e*{p) ( 2 . 4 ) in an interval 
p G {pi, P2) uniquely determine the effective thermal conductivity 7* ( 2 . 5 ) 
of the mixture for given values of the components 7^, i = 1,2. 



The key observation is that the effective properties e* and 7* are coupled 
through the function p in their integral representation [ 7 ] : 



e*{s) = 62-62 f 
Jo 

7 * (s') =72-72 [ 



dp{z) 


1 


( 2 . 6 ) 


s — z 


1 - 61/62 


dp{z) 


1 


( 2 . 7 ) 


s' — z 


1 - 71/72 



To demonstrate this, we consider a model problem for a random mixture 
of two materials with conductivity a\ = h and cj 2 = 1, and derive the 
spectral integral representation for the effective property following [11]. 
The conductivity a{x, 7) of the mixture is a{x, rj) = h x{x, rj) + {l—x{x, r])). 
The field E satisfies 



V ■ {hx + l - x) E = 0 



(2.8) 
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Introducing s = 1/{1 — h), the last expression can be written as 

V-xE = sV-E, s=-^ (2.9) 

I — h 

Let V If he a perturbation of the constant field Sk , so that E = ep + Vip . 
Then, 

V ■ ek) = sAip (2.10) 

Applying (— A)“^ to both sides of this equation, then taking gradient, and 
introducing the operator T as in (1.2), T = V(— A)“^(V-) , we can express 
E as a function of Ty;, 

E = s{sl + Tx)~^ek- (2.11) 

The spectral resolution of Tx with the projection valued measure Q results 
in the representation 

E{s)= [ —dQ{z)ek ( 2 . 12 ) 

Jo s-z 

The integral representation for the function E(s) is obtained using (2.12). 
Indeed, 

E{s) = l-a*{s) = {s-\E,ek) (2.13) 

and hence, 

TPf \ / r r I r \ ixdQ{z) et, Ck) , . 

F[s) = {x[sl + Tx) ek,ek)= (2.14) 

Jo s — z 

If a function ^ is a positive function of bounded variation, corresponding 
to the spectral measure Q, df{z) = {xdQ{z)ek,ek), then 

F{s) = /■ AM ( 2 , 15 ) 

Jo s-z 

Substituting now in this model problem the value of /i as /i = ei/e 2 and 
h = 71/72 , we end up with representations (2.6) and (2.7). 

It is shown in [7] that the spectral function /x in the Stieltjes integral rep- 
resentation can be uniquely reconstructed if measurements of the effective 
permittivity of the mixture e* are available on an arc in a complex plane. 
Provided the properties of the constituents are dependent on a parameter 
p, variation of p in an interval p G (pi,P 2 ) gives the required set of data. 

If the properties of the constituents depend on the frequency of the ap- 
plied electromagnetic field, frequency can be taken as such a parameter 
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which variation does not change the structure of the mixture. The spec- 
tral measure /i is determined by the structure of the mixture, hence, it is 
quite natural that it is the same for different effective properties. Having 
reconstructed this function from one set of data, we can use it to compute 
other effective properties such as thermal or hydraulic conductivity of the 
same mixture. Practically, if the function /x is known from the measure- 
ments of e*, evaluation of the effective thermal conductivity j* reduces to 
a calculation of the integral in (2.7). 

Similarly, we could consider other stationary problems for: 

■ diffusion coefficient with concentration gradient and mass ffux 

■ hydraulic conductivity with pressure gradient and fluid velocity 

■ magnetic permeability with magnetic field and magnetic induction 

3. REGULARIZATION 

The problem of reconstruction of the spectral measure /x can be reduced 
to an inverse potential problem. It is shown that the function F(s) admits 
a representation as a logarithmic potential of the measure fi [7] 

d 7 

F{s) = ^ In \s — z\ dfi{z), d/ds = {d/dx — i d/dy) (3.1) 

The reconstruction problem for the logarithmic potential is extremely ill- 
posed and requires regularization to develop a stable numerical algorithm. 
The potential function xx is a solution to the Poisson equation — Axx = 
■0, supp(0) C H, where 0 is the density of the mass distribution in H. 
Solution of the problem is given by the Newtonian potential with d y,{z) = 
0dz, z G H. The inverse problem is to find 0 given values of du /dn, or 
Vxx. 

Let A be an operator in (3.1) mapping the set of measures A1[0, 1] on 
the unit interval onto the set of complex potentials defined on a curve C : 

as) = 0 : 

^Ks) = f{s) + ig{s) = — j \n\s - z\ dy,{z), seC. (3.2) 

To construct the solution we formulate the minimization problem: 

||H^-F||^min (3.3) 

li&M 

where || • || is the L^(C)— norm, F is the function of the measured data, 
F{s) = 1 — e*(s)/e 2 , s G C. The solution of the problem does not con- 
tinuously depend on the data: Unboundness of the operator A~^ leads 
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to arbitrarily large variations in the solution, and the problem requires a 
regularization technique. 

A regularization algorithm developed in [7] is based on constrained mini- 
mization: It introduces a stabilization functional J(/x) which constrains the 
set of minimizers. As a result, the solution depends continuously on the in- 
put data. Instead of minimizing (3.3) over all functions in minimization 
is performed over a convex subset of functions which satisfy J(/x) < /?, 
for some scalar /? > 0 . The functional J(/x) was chosen as a quadratic 
stabilization functional and a total variation functional. 




Figure 1 Reconstruction of a three-resonance structural function. Smooth functions are 
reconstructed using Tikhonov regularization with different regularization parameters a. 
The three delta-functions are recovered (almost identically to the true solution) using 
non-negatively constrained minimization [26]. 



The advantage of using a quadratic stabilization functional J (/x) = 
||Lyu||^, is the linearity of the corresponding Euler equation resulting in ef- 
ficiency of the numerical schemes: Ha = {A* A -|- aL*L)~^ A*F^ . However, 
the reconstructed solution necessarily possesses a certain smoothness. The 
alternative nonquadratic stabilization functional imposes constraint on the 
variation of the solution in the domain. The total variation penalization, as 
well as the regularization based on the non-negativity constraint [26], does 
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not impose smoothness on the solution, which permits recovering blocky 
and contrast structures. 

Accurate reconstruction of the function n is especially important when 
the initial materials’ constants are in the vicinity of the spectral interval, 
say as in the case of percolation. In [26], we assume that the medium 
formed as a mixture of sandgrains and water, has three resonances. The 
corresponding structural function fx is shown in Figure 1 as a sum of three 
delta functions. Numerically simulated multi-frequency values of the imag- 
inary part of the effective complex permittivity were used to recover the 
structural function fx. The functions ^ reconstructed using Tikhonov and 
non-negatively constrained regularization, are also shown in the same fig- 
ure. While the Tikhonov regularization gives oversmoothed curves, the 
non-negatively constrained solution practically exactly reconstructs the 
true function: The difference is indistinguishable on the given scale. 

4. COMPARISON WITH EXPERIMENT 

For appraisal of the suggested indirect method of computation of the 
effective properties of the composite from known effective complex permit- 
tivity, the approach was applied in [27] to the data for St-Peters sandstone, 
which is composed of sandgrains and has 11% porosity. Assuming porous 
space filled with water, with known dependence of Cwater on frequency, mea- 
surements of the effective e*{ux) were simulated using the Maxwell- Garnett 
model. These simulated data of e* were used to compute the spectral func- 



Table 1 Thermal conductivity of St-Peters sandstone 





Wet sandstone 


Dry sandstone 


Measured 


6.36 


3.56 


Computed 


6.63 


3.55 



tion which was used then to calculate the thermal conductivity of the 
rock. Computed and measured data for wet (sandgrains and 11 % of water) 
and dry (sandgrains and 11 % of air) sandstone are summarized in Table 
1. Values of the thermal conductivity computed using the suggested algo- 
rithm are in good agreement with experimental data taken for comparison 
from [28]. 
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5. CONCLUSION 

It is shown that various effective properties of a stationary random mix- 
ture are coupled through the spectral function. The spectral function can 
be found from measurements of effective complex permittivity and used to 
calculate other effective properties. The approach is applicable to porous 
media, biological materials, artificial composites, and other heterogeneous 
materials in which the scale of the microstructure is much smaller than the 
wavelength of the electromagnetic signal. 
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Abstract The limitation of modeling complicated crust structures is one cause of 
difficulty in studying earthquake phenomena. When a stochastic model 
is used, the homogenization techniques based on the bounding medium 
theory, which constructs two deterministic models that bound the mean 
behavior of the stochastic model, enables us to efficiently analyze the model 
with the evaluation of variability of the earthquake processes. This paper 
presents the application of the homogenization techniques to two earth- 
quake problems, the earthquake wave propagation and the surface earth- 
quake fault formation. Numerical simulation is made and the results are 
compared with available data. 



1. INTRODUCTION 

Earthquakes are mechanical phenomena which involve fracture and wave 
propagation processes; see, for instance, [1, 2]. While a simple homoge- 
neous model is sufficient for qualitative analysis, a more detailed model is 
required to reproduce or predict earthquake more qualitatively. However, it 
is not possible to construct a reliable model, since measuring underground 
structures is difficult. Modeling is one bottleneck in studying earthquake. 

An alternative of a deterministic model is a stochastic model, i.e., mean, 
variance or covariance is given to parameters for properties and configura- 
tions of the crust structures; see [3]. Variance or covariance corresponds 
to the uncertainty due to the limitation of measurement. The analysis of 
such a stochastic model is more laborious than a deterministic model; the 
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behaviour of the stochastic model becomes stochastic as well. A Monte- 
Carlo simulation is not a realistic solution for earthquake problems since 
one simulation requires huge numerical computation. 

Homogenization techniques have been developed for the analysis of spa- 
tially heterogeneous materials; see [4] for a list of related references. Some 
techniques dealing with the spatial distribution of heterogeneity are appli- 
cable to problems which have both spatial and probabilistic distribution of 
heterogeneities. The authors are applying such techniques to analyze the 
stochastic model, and the techniques based on the hounding medium the- 
ory[5] is presented in this paper. The theory is an extension of computing 
bounds for the effective moduli of heterogeneous materials, and constructs 
two fictitious but deterministic models that provide optimistic and pes- 
simistic estimate for the mean behaviour of the stochastic model, in the 
sense that these models give upper and lower bounds for the mean of the 
total strain energy stored in the stochastic model. 

In this paper, we briefly summarize our recent studies on two earthquake 
problems, namely, the earthquake wave propagation and the surface earth- 
quake fault formation. Presenting the bounding medium theory in Section 
2, we show the results of numerical computation of these two problems in 
Sections 3. 

Cartesian coordinates, denoted by Xj, are used. Index notation is used 
for a vector or tensor quantity, the summation convention is employed, and 
indices following a comma denote partial differentiation with respect to the 
corresponding coordinates. 

2. FORMULATION OF HOMOGENIZATION 
TECHNIQUES 

For simplicity, we present the bounding medium theory considering a 
two-dimensional anti-plane shear problem. For an isotropic but heteroge- 
neous elastic body B, we denote displacement and an elastic modulus by u 
and c {u = Us and c = C1313 = C2323). For given c, the governing equation 
of u is 

(c(x)tt^i(x))^j =0 for X in B. (2.1) 

The boundary condition is, say, u = uon dB. This boundary value problem 
is transformed to a variational problem of 

J{u,c)= I ^c(x)«i(x)u j(x)dsx, (2.2) 

Jb ^ 

for u satisfying u = u on dB. Since c is positive, the solution of the 
boundary value problem, denoted by tt®, minimizes J. 

We consider a case when the elastic moduli is given in a stochastic 
manner, i.e., the mean, variance or covariance is given to c. We regard 
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c as a random field in (Q,iF,P), where co represents a stochastic event, T 
is Borel set of 0, and P is the probability measure that gives the realization 
of B with a particular elastic moduli. An argument co emphasizes that c 
is a random field. The displacement that satisfies Eq. (2.1) for such a 
stochastic c is regarded as a random field as well. 

Our first interest is to evaluate the mean of the stochastic displacement; 
the mean behaviour is not the displacement when B has the mean of the 
stochastic elastic moduli. Computing the mean behaviour is difficult since 
the joint probability of the displacement and the elastic moduli need to be 
evaluated. Instead of directly computing the mean behaviour, we seek to 
find displacement fields which bound the mean behaviour. As mentioned, 
the bounding medium theory determines two fictitious but deterministic 
media which provide such bounding displacement fields [5]. While vari- 
ous bounding media can be determined for a given stochastic model, the 
simplest bounding medium is easily defined by using Eq. (2.2). Eor one re- 
alization of c, due to c > 0, the following inequality holds for displacement 
satisfying boundary conditions: 

J(u®(tc), c(tc)) < J{u,c{uj)) for u satisfying u = u on dB. 

Here, u®((u) is a yet-unknown solution of the boundary value problem when 
c{io) is realized in B. The left side is the total strain energy stored in B. 
Denoting this energy by E(ui), we have 

E{u;) < J{u, c{(jj)). 

Since c is a random field but u is deterministic, taking the mean for both 
sides of the above equation, we arrive at 

(E) < J{u, (c)) for u satisfying u = u on dB, (2-3) 

where ((.)) = f^(.)P(duj) stands for the mean of (.). The sharpest bound 
for the mean elastic energy (E) is given by the solution of the variational 
problem of J(u, (c)), i.e., displacement in a fictitious but deterministic body 
whose elastic moduli is (c). Thus, in the sense that an upper bound for 
the mean elastic strain energy is obtained, this body is a hounding medium 
for the stochastic body. 

Another bounding medium is determined by considering the comple- 
mentary strain energy. Denoting the compliance modulus by d = 1/c, we 
define a functional for stress Uj as 

I{(j,d) = - ^d(x)<7i(x)<7i(x) -h A(x)((jj,i(x))dsx 

+ IdB rii(x)ai(x)u(x)d£x, 



(2.4) 
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where A is a Lagrange multiplier enforcing the equilibrium = 0 in S) 
and Hi is outer unit normal of the boundary. In the same manner as shown 
above, the following inequality is derived for I: 

{E) > I {a, {d)) for a. (2-5) 

The exact solution, crf{uj), gives the maximum value of I as I{a^,d{co)) = 
E{uj), since cr? is given as cr| = c u® . Equation (2.5) shows that a fictitious 
but deterministic body with d = (d) (or c = l/(l/c)) underestimates the 
mean strain energy. Thus, this body is another bounding medium for the 
stochastic model. 

It is shown that the upper or lower bounding medium for the stochastic 
model is given by B with (c) or l/(l/c), respectively. They correspond to 
the Voigt and Reuss bounds for the effective moduli of heterogeneous ma- 
terials. It is known that the Hashin-Shtrikman bounds are always shaper 
than the Voigt and Reuss bounds; see, for instance, [4]. For stochastic mod- 
els which are stochastically uniform and isotropic, we can determine shaper 
bounding media by making use of the (generalized) Hashin-Shtrikman vari- 
ational principle instead of the variational problem of J or I; see [5] . 

3. APPLICATION TO TWO EARTHQUAKE 
PROBLEMS 

We apply the homogenization techniques to two earthquake problems, 
the earthquake wave propagation and the surface earthquake fault forma- 
tion. Curst structure is modelled as a three-dimensional isotropic body, 
with Young’s modulus being stochastic and Poisson’s ratio being deter- 
ministic. Symbol c is now used to denote Young’s modulus, and elasticity 
tensor is given as chij^i with hijki being a constant tensor given by Poisson’s 
ratio. The bounding media are determined by using available geological or 
ground data with uncertainties, and the elasticity tensor of the media are 
{c)hijki and {I / {I / c)))hijki- 

3.1. EARTHQUAKE WAVE PROPAGATION 

An earthquake wave is transmitted from a source fault, propagates in 
crust which consists of several geological layers [2], and is amplified in sur- 
face ground structures. For a given focal mechanism, we compute the 
earthquake wave propagation using the bounding media of the stochastic 
underground structure model. It should be emphasized that the spatial 
resolution in modeling near the ground surface must be much smaller than 
the length scale of the wave path, in order to compute higher frequency 
wave components which shake buildings and structures. The underground 
structure model becomes quite complicated in such a high spatial resolu- 
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tion, and huge computational resources will be required to solve the wave 
propagation in the highly heterogeneous body. 

To efficiently solve the wave propagation in the underground structure, 
we apply the homogenization method or the multi-scale analysis based on 
the singular perturbation expansion[6, 7]. Denoting by e the ratio of the 
two length scales of modeling and the wave path, this method introduces 
a fast spatial variable y = 1/ex and regards c as a function of x and y; the 
dependence of c on y expresses the change in c in the modeling length scale. 
For a point x, therefore, a region of the modeling length scale, denoted by 
Sx, is used as a domain for y. In this setting, the homogenization method 
takes the following expansion of up. 

Ui{-x) = uf\-x) -he'uf^(x,y) H . (3.1) 

In applying the homogenization method, we have to pay attentions to 
the boundary conditions for S'x. The homogenization theory assumes peri- 
odic boundary conditions since it is aimed at analyzing composite materials 
of more or less uniform microstructures. Such periodicity, however, can- 
not be assumed for the underground structure. We use the uniform stress 
boundary conditions {tj = njCJjj with constant aij) for the upper bounding 
medium or uniform strain boundary conditions {ui = yjeij with constant 
€ij) for the lower bounding medium. This is because these boundary condi- 
tions, respectively, give the maximum and minimum strain energy among 
all boundary conditions that produce the same average strain, i.e., denoting 
the strain energy density by e, we have 



f e°'duy < f e^dvy < f e^dvy, (3.2) 

Js^ ./Sx 4Sx 

where superscript a or e stands for the uniform stress or strain boundary 
conditions and g for general (possibly mixed) boundary conditions; all 
of these boundary conditions produce the same average strain taken over 
5x. Inequality (3.2) is called the universal hounds[d] since it holds for any 
arbitrary linearly elastic bodies. 

In the present analysis, the homogenization method is applied to the 
bounding media in static state. This treatment is not suitable for com- 
puting higher frequency wave components that have short wave length, 
which is smaller than the wave path length scale and comparable with the 
modeling length scale. Such components accompany larger acceleration 
even though they have smaller amplitudes. Lower accuracy is expected for 
the higher frequency components, which is the limitation of the present 
analysis. 

We carry out numerical simulation of the earthquake wave propagation 
using the bounding media of the stochastic model. Two earthquakes which 




346 




Figure 1 Epicenter of simulated earthquakes and location of measurement sites. 



Table 1 Characteristics of target earthquake. 



Date 


Lat. 


Long. 


Depth 


Strike 


Dip 


Rake 


Mag. 


easel 08/11/1999 


35.4N 


139. 8E 


53km 


62° 


85° 


73° 


4.0Mw 


case2 05/28/1999 


35. 5N 


139. 5E 


38km 


283° 


70° 


112° 


3.5Mw 



occurred near Tokyo are simulated; see Fig. 1. The characteristics of 
the target earthquakes are shown in Table 1. The two bounding models 
are constructed for the crust. While the difference of the two models is 
negligible in the geological length scale, they are quite different in the 
length scale of the surface soil layers. The numerical computation uses the 
spatial discretization of 2[m], and hence frequency components up to 2 [Hz] 
are accurately computed. The target earthquake was measured at several 
sites; see Fig. 1. The results of the numerical simulation are compared 
with the measured data. Figures 2 and 3 show the comparison of the 
velocity wave at one site and the peak ground velocity at various sites; 
frequency components higher than 2 [Hz] are filtered out in the measured 
data. The overall waveform of the waves that are synthesized by using 
the bounding media is similar to that of the measured wave, although the 
synthesized waveforms do not bound the measured one. For the estimation 
of the peak ground velocity, the bounding media provide bounds for the 
measured data at most sites. However, the estimation is quite different 
from the measured one at two sites (site 4 and 10). This is mainly due to 
the local topographical effects which the stochastic model fails to capture. 
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velocity [kine] 




Figure 2 Comparison of velocity wave form. 





1 2 3 4 5 6 7 8 9 10 11 12 



a) case 1 b) case 2 

Figure 3 Comparison of peak ground velocity. 



3.2. SURFACE EARTHQUAKE FAULT 
FORMULATION 

For a large earthquake, rupture process on the source fault reaches the 
ground surface, forming a surface earthquake fault. Echelon fault, a peri- 
odic array of oblique cracks caused by lateral sliding, is a typical example 
of the surface earthquake fault. Large variability in fault displacement is 
often observed for echelon faults, which is mainly due to the complicated 
soil layers and the bifurcation during the formation processes. We seek 
to evaluate the variability using the stochastic model of surface layers, by 
computing the echelon fault formation in soil layers when the base rock 
layer slides. 

An elasto-plastic material with a yield function / of the Mohr-Column 
type is used for soil layers. Fault is modelled as the accumulation of plastic 
shear strain. A stochastic model is constructed by giving a stochastic 
description for Young’s modulus c; Poisson’s ratio and plastic material 
parameters are deterministic. For the evaluation of the variability, we seek 
to find a random field u in this stochastic and non-linear elasto-plastic 
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Table 2 Comparison of echelon fault configuration. 





experiment 


simulation 


orientation of fault direction 


26cm 


27.9cm 


base slip causing failure 


5cm 


5.2cm 


interval between adjacent fault 


11cm 


ll±lcm 



body. In incremental form, the governing equation is 

oj)),i = 0, (3.3) 

where ttj is displacement increment and is instantaneous moduli de- 
fined as 






('>«« - / = 0 «= / = 0. (3,4) 

c{x.,uj)hijki otherwise, 



Here, the yield function / is a function of stress and Vfpq is the gradient 
(V/pg = df /dapq) and hijki is the deterministic tensor given by Poisson’s 
ratio. 

We approximately compute / using stress in the bounding medium [8]. 
This approximation means taking the perturbation of / at the mean stress 
and then approximating it with stress in the bounding medium. Hence, 
the approximate solution approaches the exact one as the variability of 
c decreases. For given /, Eq. (3.3) yields a linear stochastic problem 
for -Uj. This linear stochastic problem is solved by applying the spectral 
method[3], and the stochastic behaviour of the non-linear elasto-plastic 
body is evaluated. We carry out numerical simulation of model experiments 
of echelon faults. Figure 4 summarizes the characteristics of the model 
experiment and the numerical simulations. In Fig. 5, the distribution of 
the maximum shear strain on the top surface is presented. Oblique faults 
are well reproduced even though uniform sliding is applied on the bottom 
surface. The configuration of these faults is compared with the observed 
ones in Table 2. The agreement is satisfactory. The probability of failure 
with respect to the base slip is computed in Fig. 6; the failure is defined 
as the formation of echelon fault. The probability density function is not 
Gaussian nor Poisson distribution. The mean and standard deviation of the 
experimental data are shown. While the variability given by the standard 
deviation is underestimated, the mean is well reproduced in the simulation. 
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model dimension and boundary conditions 



material properties 



mean of c (kgf/cm^) 


12.5 


Poisson’s ratio 


0.25 


friction angle (degree) 


51 


standard deviationof c (kgf/cm*) 


0.15 


corelationlengthofc (cm) 


50 



Figure 4 Characteristics of model experiment and numerical simulation. 



4. CONCLUDING REMARKS 

The homogenization techniques based on the bounding medium theory 
enable us to efficiently analyze the stochastic model. While only limited 
comparison is made, the numerical simulation shows that the earthquake 
wave propagation and the surface earthquake fault formation can be repro- 
duced to some extent by analyzing the stochastic models, and the variabil- 
ity due to the uncertainty of the underground structures is evaluated. Since 
it is not expected to fully measure the underground structure, stochastic 
modeling is a realistic choice for analyzing earthquake phenomena. A so- 
phisticated analysis method of the stochastic model is needed. 
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Abstract We present here a general methodology for using homogenisation technique, 
based on a stochastically stationary description of heterogeneities in porous 
media, to provide an overall pressure drop/flow rate relation valid at scales 
larger than those of the correlation lengths for heterogeneity. A dual for- 
mulation arises depending on whether flow rate or pressure gradient are 
treated as the independent variable. The homogenisation technique com- 
bines perturbation of the local variables with stochastic linearisation of the 
fluctuation equations. Closure problems are solved by means of spectral 
Stieltjes-Fourier decomposition under the statistical stationarity assump- 
tion. We then require the dual formulation to be consistent in form. The 
methodology is illustrated on generalized Newtonian single phase flow. 



1. INTRODUCTION 

In the context of fluid flow in heterogeneous porous material, engineers 
are often interested in the mean response of the system in terms of flow 
rate and pressure drop, rather than in the details of the flow pattern at 
scales small compared with the flow field. In this paper we give a general 
methodology for solving the homogenisation problem, which aims at cor- 
rectly transferring the hydrodynamical description between different scales. 
The mathematical flow model used at the local Darcy scale is an extension 
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of Darcy’s law, and may be written as 

F(x,ni) = -K(x,P,||VP||,ni).VP, (1.1) 

where F is the volumetric flux density, and P the (pressure) potential. The 
generalised conductivity K is, in the general case, a positive second rank 
tensor which may depend P (unsaturated flows), ||VP|| (non-Newtonian 
fluid flows) and other parameters n* describing the rheological behaviour 
of the fluid. Simplified versions of (1.1) are widely used for modelling 
Newtonian [1] and non-Newtonian [2] fluid flows in porous media. Here, 
we consider the formulation for non-Newtonian fluids flowing in isotropic 
heterogeneous porous media given by 

F(x, Ui) = -K(x, ||VP||, nj)VP. (1.2) 

For a fixed pressure gradient, the spatial variation of K comes from its de- 
pendence on petrophysical parameters such as the rock permeability and 
porosity. The spatial variability of these parameters is modelled by a cor- 
related stationary random field. At some larger scale, we are interested in 
deriving the relationship between the mean flux (F) and the mean pres- 
sure gradient (VP) by averaging (1.2). This requires the derivation of the 
cross-correlation between the heterogeneity of the porous medium and flux 
or pressure gradient fluctuations. It is worth noting that information is lost 
through approximations and linearisation used in the homogenisation pro- 
cedure. We attempt to estimate, then reduce this error, and hence extend 
the domain of applicability of our homogenised results, by a dual homogeni- 
sation. This involves carrying out the procedure from the view point of 
using first volume flux and second pressure gradient as primitive variables. 
In each case, closure problems are solved using the Stieltjes-Fourier spec- 
tral representation of the fluctuations in the context of a stochastically 
stationary formulation for these fluctuations. Closed analytical expression 
of the macro-conductivity tensor Ke is then obtained. 

2. ASSUMPTIONS AND RESULTS 

In this section we summarise the main assumptions and results obtained for 
generalized Newtonian fluids flowing in heterogeneous porous media. The 
local mathematical model is given by (1.2). We assume that K depends on 
geometrical parameters, which are spatially distributed and modelled by 
correlated stationary random fields, and that A = \nK admits continuous 
second order derivatives with respect to the norm of the pressure gradient 
||VP||. Then, as we shall show below, the macro-scale relationship between 
the mean flux and the mean pressure gradient takes the following tensorial 
form 



(U) ^ -(i^e)*,((VP),), 



(2.1) 
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where the generalised macro-conductivity {Ke)ij is given by 



{Ke)ij = K exp 



f w.w[w.w(5jj — 2kikj] 



S’„o„o(w)dw } . (2.2) 



Here w is the wave vector, Sg_OaO is the spectral density of the fluctuation 
of the generalised log-conductivity, and K is given by 



K = exp{H.Q — cj^ 



' II /T—r T- 



1 [ ((V^)-w)^ 

II (VP) II jRd + 

f ((VP).w)2w.W 



5'a0al(w)dw 



2 + 



■0 ||{VP>|| 



Ct2 1 

+ 2 ||(VP)P 



p)P V ° ll(VP)|| 

((VP).w)4 






5„o„o(w)dw}. 



We have denoted by the cross spectral density between the fluctu- 

ations of the generalised log-conductivity and the fluctuation of its 
derivative with respect to the pressure gradient. All these quantities and 
others appearing in (2.3) are defined in Section 3, equation (3.7). 



3. DUAL HOMOGENISATION 

Here, we apply the dual homogenisation described in the introduction to 
non-Newtonian fluid flows. We start with the dual formulations: 

■ Conductivity formulation (A-approach) 

F(x) = -A(x,||VP(x)||,ni)VP(x); V.F(x) = 0. (3.1) 

■ Resistivity formulation (i?-approach) 

VP(x) = -P(x,||F(x)||,n*)F(x); V.F(x) = 0. (3.2) 

Here R is the generalised resistivity. At this scale we require the relations 
between the flux and the pressure gradient to be pointwise reciprocal one 
of each other. Hence 

A(x, II VP(x) II , m) P(x, ||F(x) II, ni) = 1. (3.3) 

Based on previous studies [3], we introduce new variables: A = InA and 
B = \nR. Then the reciprocal condition (3.3) becomes 

A(x, ||VP||,ni) = -P(x, ||F||,ni). 



(3.4) 
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The corresponding macro-scale equation (3.28) is used to justify an expo- 
nential correction. Last, we assume that the parameters of the rheological 
models are not spatially distributed. 



3.1. PERTURBATIONS 



We introduce an expansion parameter a for convenience only. For V = 

Vq -|- cjv, the second order approximation of the norm towards the mean 

vnliiP i« IIVII ~ IIVoll 4- n- W-V _i_ V-V _ (Vp-v)^ 

value Vo IS ||V|| ^ ||Vo|| + f^yvoH + 2 [|iVo|| ||Vo|P _ 

smooth function /, we have 



Then for any 



/(x, ||V||) PS /(x, llVoll) + ct/(x, IIVoII)^ + ^ r(x, ||V, 



+ ^/'(x,||Vo 



IIVoll 



liVoll ' 2 

_ (Vq.v)^ 



(Vq.v)^ 



(3.5) 



where the prime denotes the derivation with respect to ||V||. We then 
decompose the different derivatives of / as a sum of a mean value and a 
fluctuation. Using perturbation of the pressure gradient and flux as 



VP = VPo + aVp, {Vp) = 0; F = Fo-|-cTf, (f) = 0, (3.6) 

the previous results lead us to define 

A^ = lnK{x,\\VPo\\)=A^o + aa^ ; (a°) = 0, 

1 T1 

A^ = ll^^oll) = Al + aa^ ; (a^) = 0, (3.7) 

A^ = llVPoll) = Al + aa^ ; (a^) = 0, 

and a similar decomposition for the log-resistivity B{x, ||F||). The upper 
index denotes the order of the derivative, and the lower index 0 denotes 
the ensemble average, e.g. = (^1^). Rearranging the terms and taking 
ensemble average we obtain 

A ^ A + aa and B ^ B + ab, (3-8) 



with 



iA 




< 



, VPo.(Vp a^} 
' liVPoll 



I ql (Vp-Vp) I 
IIVPoll + 




((V-Po-Vp)") \ 
IIVPoll^ IIVPolP ) ’ 



I ypp-Vp 
+ ^0 IIVPoll • 



(3.9) 

A similar expression for B and b holds with Fq replacing VPq) f replacing 
Vp, Bq replacing Aq (d = 0, 1,2), and 6*^ replacing (d = 1,2). 




Stochastic homogenisation of fluid flows in heterogeneous porous media 355 



3.2. MEAN EQUATIONS AND CLOSURE 

Inserting the previous perturbations and approximations into (3.1), and 
taking the ensemble average, we obtain an approximation of the true mean 
flux, as function of the true mean pressure gradient 

2 

Fo -K{[1 + y (a2)]VPo + <r2(aVp)}, (3.10) 

where K = exp(A). Similarly with(3.2), we obtain an approximation of 
the true pressure gradient as function of the true mean flux 

2 

VPo ~ -R{[1 + y (6')]Fo + (3.11) 

where R = exp(B). The linearised fluctuations can be written 

{ ^ -K{Vp + aVPo} ; Vp ^ -R{f + bFo}. (3.12) 

From (3.9) and (3.10) and similar expressions for the i?-approach the fol- 
lowing elosure terms must be obtained: 

Conductivity approach: (a° (Vp)j); (a^ (Vp)*); {{Vp)i {Vp)j), 
Resistivity approach: {b^ fi)] {b^ fi); {fi fj) ■ 

To do this, we use the mass conservation equation V.F(x) = 0 which leads 
exactly to 

V.Fq = 0 and V.f = 0. (3T4) 

Taking the divergence of (3.12), using (3.14) with (3.9), freezing the mean 
terms, we obtain the following linearised equations for the pressure fluctu- 
ations (and similarly for the ii- appro ach ) : 

Conductivity approach: p^u -|- + Aq P,ij ~ 0, (3.15) 

Resistivity approach: p^u + R{b^-Foi + Bq fj,i} ~ 0, (3.16) 

where indicial notation is used, and where the comma, e.g. p^a or fj^i, 
denotes the space derivative with respect to the spatial coordinate. 

3.3. SPECTRAL SOLUTION 

Using the Stieltjes-Fourier spectral representation and the properties link- 
ing the spectral increments [4] [5], the partial differential equations (3.15) 
and (3.16) are transformed into algebraic equations between the spectral 
increments da^, db^, dp, dfi, and the closure problems are transformed 
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into the determination of spectral densities through the Wiener- Khinchine 
theorem: 



■ conductivity approach: Sp.^o, Sp.^i, and Sp^p^ 

■ resistivity approach: Sf.j,! and Sf^f. 

The main properties of the spectral increments used here are given in the 
Appendix. The basic algebraic equations between the spectral increments 
are thus 



dp ^i- 



(VPo-w) 



w.w -|- A, 



l(VPo.w)2 

0 IIVPoll 



da^, 



(3.17) 



dfi ^ - 



1 






l + M||Fn|U„,„ -Bl (Fo.w)2 
OH UN w.w - i+ 5 l||F^|| 



These equations are used to calculate the spectral densities associated with 
the closure problems (3.13). For the X-approach, we obtain 

c _ (yPo-^)wi c, a _ (VPo-w)rci^ 

-Dt^(w) Dk{^) 






_ (y P q.w)'^ wiWj 
P,W,3 — 7Pr~( b2 



1 



(3.20) 



where, for convenience, we have put Zlx(w) = w.w-|-A(,^^^^^. Similarly, 
for the i?-approach, we obtain 

1 



l + 5nM|F 



= - 



611^01 

1 



(w.w) Sij - WiWj 



Dr{w) 



^fifj = 



1 + ^oiFol 
1 



(w.w) 5ij - WiWj 



Dr{w) 



FojShObo, (3.21) 

FojSf,o,i, (3.22) 



(w.w) dim - WiW„ 



l + ^o'l|Fo 
(w.w) 6jn - WjWn 
Dr{w) 



Dr{w) 
FomFon Sf^OhO , 



(3.23) 



where, for convenience, we have put Dr{w) = w.w — i^i]|Fo|| ' 



3.4. MACRO-SCALE EQUATIONS 

Going back to (3.10) we obtain the macro-scale relations 

Foi ~ U = —{Ke)ij(y Fo)j, (3.24) 
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where the generalised macro-conductivity {Ke)ij is given by 



=K{5ij + — 



a 



w.w[w.w(5ij - . 

— 5^aOao(w)dw ^ . (3.25) 



iRd [Dx(w)]2 

Similarly for (3.11) we obtain 

(VPo)i ~ VPi = —{Re)ijFoj, 
where the generalised macro-resistivity {Re)ij is given by 



(3.26) 



/ n \ Tsfc 1 C 'W.'w\w.wSij — 2WiwA ri / \ 7 1 

{Re)ij — R - ~2 (i+_b1||Fq||)2 jRd [Djj(w )]2 S^f,Ofeo(w)dw| . 



(3.27) 



The perturbation results (3.25) and (3.27) may become negative for high 
values of a, resulting in unphysical relations between the mean pressure 
gradient and the mean flux. In order to recover more robust results, we 
follow the procedure already used in [3] and [5] , by imposing the following 
two constraints to (3.25) and (3.27): 

Ke.Re = Re-Ke = I ; Kg > 0 Re > 0 (3.28) 



The first constraint states that the permeability and the resistivity ap- 
proach have to be equivalent. For the il'-approach, the positivity constraint 
requires that VP.Fq < 0 (a similar relation holds for the R-approach) . 
From these constraints it can be seen that an exponential extrapolation of 
the macro-scale tensors {Kff)ij and {Re)ij preserves their symmetry, and 
satisfy both criteria. This correction leads to (2.2)-(2.3). If the mean flow 
is not aligned with the anisotropy of the medium, these effective coefficients 
are full second rank tensor [5]. 



4. NUMERICAL TESTS AND CONCLUSION 

This methodology has been recently applied to power- law fluids in [5, 6], 
and a general case may be found in [7, 8] . Here, we further investigate the 
power-law fluid and also study a visco-elastic fluid as modelled by Wissler 
[9]. The local resistivities of these fluids may be written as 

i!=|(m+«(lH) ), (4.1) 

where jj, is interpreted as a reference viscosity, k is the rock permeabil- 
ity, ai are dimensionless functions depending on the fluid model, Fc is a 
critical flux, and m is a power-law index. For power-law fluid, /x = x is 
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the consistency index, a\ = 0, «2 = ((3n + l)/4n)'^) where n is power- 
law exponent, Fc = {\ j \fc) \J kip j with c the shape factor and ip the 
porosity, last ra = n — 1. For Wissler fluid, /j, = po is zero flow-rate 
viscosity, ai = «2 = I, Fc = {l/\)^y~kipJc, with A the relaxation time, 
and m = 2. We denote by and the local resistivities of these 
fluids respectively. Four 2D isotropic media are considered, all with the 
same ip, c, and same correlation function. The different media are char- 
acterised by their permeability /c(x), with the same geometrical mean kc- 
We generated twelve media by increasing the standard deviation of In k as 
^ink ~ numerical model used to solve flow in these media 

is described in [5, 8]. By analogy to the local Darcy law, we define the 
macro- viscosities = xl^e\n,x, l|Fo||)/.Re^(l, X) II Foil) for the power-law 

fluid, and A, ||Fo||)/i?^(/Uo, A, 0) for the Wissler fluid. For 

2D exponential correlation function, we obtain [5, 6] 



= Xe||Fo 



In— 1 . 









W 

e 



ko 







Fnk 
e 4 



(4/?3-/3i) 



(4.2) 

(4.3) 



where /3fe = (1 — Vb) / Vb{l + Vb). Figure 1 details the boundary conditions 




-14 -13 -12 

Figure 1 Left: Boundary conditions used for the numerical simulations. Right: The 
four isotropic realisations of In fc. 



In k 

n»cJuT 1 fTiBdijm 2 



and In A:- fields considered here. In Figure 2, we compare simulation and 
homogenisation values for Xe fof the power-law fluid, together with 2D flow 
patterns (||F|| plots). Numerical and theoretical values are in good agree- 
ment even for large 2D patterns show that flow concentrates into 

higher-A:, as increases, and additionally, into lower tortuosity paths 
as n decreases. Figure 3 shows a very good agreement between the ho- 
mogenised and numerical p^ for Wissler fluids for ciinfc = 1. However for 
^infc ~ theory deviates from the numerics. 
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power-law exponent n 





<^=10, n=1 .0 






power-law exponent n 

Figure 2 Left: Theoretical (line) and numerical (symbols, media 1-4) equivalent consis- 
tency index Xe vs the power-law index n. Centre and right: Maps of the ||F|| for medium 
1, for Newtonian (centre) and power-law (right), n = 0.05, fluids. High fluxes <-^ light 
grey. The degree of heterogeneity is ct = 1., 10., and x = 1, = 0.2, c = 2.7. 




Figure 3 Left: Theoretical and numerical pY for medium 1. = 1.: solid line and 

circles ; = 10. dashed line and stars, go — 1,\ — = 0.2, c = 2.7. 

As a conclusion, we have developed a consistent methodology based on a 
dual homogenisation. This consistency leads to a larger domain of physi- 
cal validity of the macro-scale results. The spectral representation of the 








360 



fluctuations allows us to obtain analytical and tractable results. Last, nu- 
merical simulations show a good agreement with the theory for moderate 
degree of heterogeneity. We are working at improving the spectral decom- 
position in order to lighten the statistical stationary assumption. Note 
that relationship similar to (1.2) may be derived in the context of heat 
transfer through, at least, a formal generalisation of Fourier’s law relating 
the heat flux to the gradient of the temperature via a thermal conductiv- 
ity. Then, our methodology and results may apply directly to homogenise 
heterogeneous heat transfer problems. 
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Appendix: Spectral decomposition 

In order to solve the linearized equations (3.15) and (3.16) we assume the 
fluctuations are stationary and ergodic random fields. Under this hypoth- 
esis the fluctuations admit the following Fourier-Stieltjes representation 

([ 4 ]): 




(A.l) 



The Fourier-Stieltjes spectral increments dd etc. . . satisfy the following 
properties (we use dZ generally): 

{dZ{w)) = 0 {dZ*{-w)) = {dZ{—-w)) 



{dZ {w)dZ* {w')) = S'2z(w)(5(w — w')dw' 



(A.2) 



where * denotes the complex conjugate, Szz is the spectral density of the 
random process z(x) and 6 denotes the Dirac symbol. A similar relation 
for cross spectral density Szy holds: 

{dZ{'w)dY*{'w')) = 52y(w)(5(w — w')dw' (A. 3) 

The variances and covariances appearing in the closure problems are ob- 
tained from their spectral densities by the Wiener-Khinchine theorem as: 




Suvi'w) dw 



(u(x)u(x-h^)) = RuviO 



(A.4) 
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where ^ is the separation vector. For our purpose, we have used only 
Ruv{0), that is: 

{u{x)v(x.)) = Ruv(0) = [ 5„„(w)(iw (A.5) 



References 

[1] Bear, J (1987) Dynamics of fluids in porous media, Dover ed. 

[2] Vossoughi, S (1999) Advances in the flow and rheology of non- 
Newtonian fluids, Part B., D.A. Siginer et ah ed., Elsevier, Rheology 
series 8, 1225-1230. 

[3] Fadili, A (2001) Ecoulements diphasiques en reservoir petroliers 
heterogenes: homogeneisation stochastique, Ph.D, INP Toulouse, n° 
1762, pp. 301. 

[4] Priestley, M B (1981) Spectral analysis and time series, 1: univariate 
series. Academic Press. 

[5] Fadili, A Tardy, P M J and Pearson, J R A (2002) A 3D filtration law 
for power-law fluids in heterogeneous large-seale porous media, J. Non- 
Newtonian Fluid Mech., 106/2-3, (2002), 121-146. 

[6] Fadili, A Tardy, P M J and Pearson, J R A (2002) 3D maero-seale 
analytieal filtration law for power-law fluids in heterogeneous porous 
media, Proc. Biot Conf. Poromechanics II, eds. Auriault et ah, 431- 
436, Grenoble, France, August 2002. 

[7] Fadili, A Tardy, P M J and Pearson, J R A (2002) Stoehastie ho- 
mogenisation of non-Newtonian flows in heterogeneous porous media: 

1. Theory, in preparation. 

[8] Tardy, P M J Fadili, A and Pearson, J R A (2002) Stoehastie ho- 
mogenisation of non-Newtonian flows in heterogeneous porous media: 

2. Numerieal validation, in preparation. 

[9] Wissler, E H (1971) Viseoelastie effeets in the flow of non-Newtonian 
fluids through a porous medium, Ind. Eng. Chem. Fundam., 10(3), 
411-417. 




ON MICROMECHANICS-BASED 
NONLOCAL MODELING OF 
ELASTIC MATRICES 
CONTAINING NON-SPHERICAL 
HETEROGENEITIES 



I. Monetto^ and W.J. Drugan^ 

^ Department of Structural and Geotechnical Engineering, University of Genoa 
Via Montallegro 1, 161 f 5 Genova, Italy 

monetto@diseg.unige.it 

2 

Department of Engineering Physics, University of Wisconsin - Madison 
1500 Engineering Drive, Madison, WI 53706-1687, USA 

drugan@engr.wisc.edu 



Keywords: Nonlocal constitutive equations, constitutive behavior, inhomogeneous ma- 
terials. 

Abstract A micromechanics-based nonlocal constitutive equation relating the en- 
semble averages of stress and strain for a matrix containing a random 
distribution of non-spherical voids, cracks or inclusions but having macro- 
scopically isotropic behavior is derived. The model of impenetrable par- 
ticles considered consists of identical particles with fixed spheroidal shape 
and random orientation. It is shown how the effects of inclusion shape and 
spatial distribution can be separated. Terms related to inclusion shape re- 
duce to certain integrals which can be evaluated analytically only in special 
cases. Terms describing effects of spatial distribution can be obtained ex- 
plicitly for different statistical models, within the framework of up through 
two-point statistics. As verification of the formulation, completely explicit 
expressions are derived for the limiting case of spherical inclusions and for 
a standard statistical model on the basis of results found in the litera- 
ture. The new constitutive equation can be used to produce quantitative 
estimates of the minimum size of a material volume element over which 
standard local constitutive equations provide a sensible description of the 
macroscopic constitutive response of the material. 
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MICROMECHANICS-BASED NONLOCAL 
MODELING OF TWO-PHASE ISOTROPIC 
COMPOSITES 



1 . 



Employing a generalization of the [3] and [4] variational formulation to 
random linear elastic composite materials, due to [11] and [12], [2] devel- 
oped a micromechanics-based nonlocal constitutive equation relating the 
ensemble averages of stress and strain for random linear elastic compos- 
ite materials. Two-phase composites consisting of any statistically uniform 
and isotropic distribution of isotropic phases, for which an ergodic assump- 
tion was made as well, were considered. The microstructure was described 
statistically by using up through two-point correlation functions. Nonlocal 
terms up through the second gradient of ensemble averaged strain were 
included. Based on the same variational formulation, a higher-order non- 
local constitutive equation is due to [1], who considered also the second 
non-zero nonlocal term, which under the assumptions noted is the fourth 
gradient of ensemble averaged strain. This nonlocal constitutive equation 
has the form: 



< a >ij (x) = Lijki < e >ki (x) -h L 



( 1 ) <e >ki (x) 

ijklmn 






f( 2 ) <e >ki (x) 

ijklmnop V • ) 

where angle brackets denote ensemble average; aij and eij are the stress 

and infinitesimal strain components; x is the position vector; Lijki, ^i]kimn 
^( 2 ) 

and are isotropic tensors. The detailed forms of these tensors can 

be found in the references just cited; here, it is of interest to recall only that 
their components depend on the matrix elastic moduli, the shape and elas- 
tic properties of the inclusions as well as on the choice of the homogeneous 
comparison material. In particular, the shape and the spatial distribution 
of inclusions affect only the nonlocal tensor components through two ra- 
dial integrals of the two-point correlation function h{r) for the dispersion 
of heterogeneities, denoted as H and H and defined as: 



H = 



h{r) r dr, 



(1.2) 



h{r)r^dr. (1.3) 

The two-phase composite was further specialized to the case of a matrix 
embedding a random distribution of nonoverlapping identical spheres of a 
different material and completely explicit results were obtained. 
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For that case well-founded physical and mathematical bases for describ- 
ing the material’s statistics exist. Furthermore, the use of spheres as het- 
erogeneities makes possible the analytical evaluation of both coefficients 
H and H, which take into account details of the distribution of particles. 
However, despite the higher level of complexity introduced into the for- 
mulation as compared to the case of spheres, treatment of non-spherical 
particles would permit the preceding theory to be applied to a wider range 
of practical applications. A good example is particles of spheroidal shape. 
Short fibers in fibre-reinforced composites may be modeled as spheroids 
with aspect ratio of the order of 10 to 100; whereas a body containing 
penny-shaped cracks may be regarded as a limiting case of a composite 
with spheroids of aspect ratio tending to zero. 

A main goal of this paper is the derivation of a micromechanics-based 
explicit nonlocal constitutive equation for a matrix containing a random 
distribution of non-spherical particles. With reference to composites having 
macroscopically isotropic behavior, note that constitutive equation (1.1) 
still applies and is completely explicit except for the evaluation of integrals 
H and H. To determine these, the two-point correlation function h{r) 
must be specified. Thus, the two-phase composite, already specialized to 
an isotropic distribution of isotropic phases, must be further specialized to 
the specific case of inclusion shape and distribution under consideration. 

It is worthwhile to note that here attention is entirely focused on the 
formulation to derive the nonlocal corrections rather than on employing 
the constitutive model to produce quantitative results. In particular, it 
is proved that inclusion shape and spatial distribution induce mutually 
independent effects on the nonlocal corrections which can then be analyzed 
separately. 

2. STATISTICAL CHARACTERIZATION OF 
MATERIAL MICROSTRUCTURE 

The model of impenetrable particles here considered consists of nonover- 
lapping identical spheroids of semiaxes ai = 0,2 ^ 03 having random ori- 
entations. The shape is fixed by the aspect ratio w = a^/ai: w < 1 and 
w > 1 correspond to oblate and prolate spheroids, respectively; of course, 
w = 1 for the case of spheres. The spatial location and orientation of each 
spheroid are specified by the location z G of the spheroid center and by 
the unit vector a; G H directed along the semiaxis 03 , the unit hemi-sphere 
in being denoted by H. The related indicator function Xs(x — z; cj) = 1 
when X — z lies in the domain of the reference spheroid, and =0 otherwise. 

Preventing particles from overlapping introduces a higher level of com- 
plexity into the statistical characterization of the model. In order to make 
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possible some simplifications, whatever their locations the spheroids are as- 
sumed to take any orientation (there exist no preferred orientations) which 
is also independent of both locations and orientations of other spheroids. 
These assumptions add to those of isotropy, statistical uniformity and er- 
godicity on which the entire formulation is based. Under the above assump- 
tions, a convenient statistical description of this dispersion is obtained by 
placing the particles within concentric hard ’’security” spheres of radius a 
(the semimajor axis of the spheroids being denoted by a = max{ai,a3}) 
and referring to this random set of spheres to describe the statistics for the 
dispersion of the spheroid centers. The model of randomly oriented impen- 
etrable particles within security spheres was used first by [ 8 ] who employed 
a fast Fourier sine transform to evaluate numerically the matrix probability 
functions in random media for a specific choice of the radial distribution 
function of the security sphere centers. Note that this assumption is much 
more restrictive than simply requiring the particles to be nonoverlapping; 
on the other hand, it makes possible the use of statistical models for the 
radial distribution function well-known in the case of spheres. 

Now, recall that the two-point correlation function h{r) for a statistically 
uniform two-phase material consisting of an isotropic distribution of phases 
satisfies the relation ([ 12 ]): 



where c\ denotes the volume concentration of inclusions and P2{r) is the 
probability that two points xi and X2 separated by r = |x2 — xij fall si- 
multaneously in the inclusions. There are only two possibilities for such 
an event: either both xi and X2 fall in the same spheroid (Event A) or xi 
and X2 fall in two different spheroids (Event B). Let Pa and Pb the proba- 
bilities of Events A and B, respectively. The addition law for probabilities 
gives then: 

P2{r) = Pa + Pb- (2.2) 

The probability of Event A is: 



Pa = n 




Z;^)Xs(x2 



z; u)dz 




(2.3) 



where n is the number density of the spheroids {c\ = nVg, Vg denoting 
the spheroid volume). In this expression, notice that the total z-space 
integral (between square brackets) is the intersection volume of two aligned 
spheroids (figure la), whereas the surface integral over the unit hemi-sphere 
U (between braces) takes the average of such an intersection volume over 
all orientations. Both integrals can be easily evaluated in closed form and 
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(a) (b) 

Figure 1 Locus of the centers of spheroids containing two given points xi and X 2 : (a) 
Event A; (b) Event B. 




the final result is a radially varying function which =0 when r > 2a. We 
can write for compactness: 



Pa = CafA{p)X 2 a{r), (2.4) 

where Ca = nVa is the volume concentration of security spheres, Va denoting 
their volume, X 2 a is the indicator function of a sphere of radius 2a (x 2 a('i’) = 
1 when r < 2a, and = 0 otherwise) and hereafter, unless specified, p = r/a. 
Explicit expressions for function Ja are omitted for conciseness and will be 
reported elsewhere. 

Analogously, the probability of Event B is: 



Pb =n 




7^ [ As(xi - z]u)du 

Jn 



/ w(x2 - Z - Z]j)du' 

having introduced the radial distribution function g{r) for the dispersion 
of hard identical security spheres. It is worthwhile to note first that (2.5) 
reduces to Pb = c\ for < 7 (|z'|) = 1. Secondly, each surface integral over 
the unit hemi-sphere (between square brackets) returns a geometrical 
quantity, that is an inhomogeneous sphere of radius a, statistically equiv- 
alent to a spheroid randomly oriented. Let S denote a spherical shell of 
radius r, concentric with the reference spheroid. Varying r from 0 to a, the 
statistical density x{p) of the equivalent inhomogeneous sphere is defined 
as the ratio between the portion of S falling into the spheroid and the total 
surface of S. It follows that: 



dz > dz , 



(2.5) 



l{p) = 



1, 0 < p < c/a, 

/(p), cja<p< 1, 



(2.6) 
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c = min{ 01 , 03 } being the semiminor axis of the spheroids and function 
f{p) depending on the spheroid shape: 



f(p) 




for oblate spheroids {w < 1 ), 
for prolate spheroids {w > 1 ). 



(2.7) 



Finally, the total z-space integral (between braces) in (2.5) represents the 
intersection volume of two such inhomogeneous spheres (figure lb), which 
results in a radial function defined from 0 to 2o. Analogously with (2.4), 
(2.5) can then be written for compactness as: 



Pb = nca 



fB{p)X2a{r)g{\z'\)dz, 



(2.8) 



where here r = |x2 — xi — z'| . In general, since its derivation involves some 
integrals of the statistical density 7 , Jb may be either difficult or impossible 
to obtain analytically except for some special cases. To facilitate more 
explicit results, as the main goal of this paper, a convenient representation 
for g {g{r) = 0 for r < 2a since overlapping is not allowed) is in the form 
suggested by [ 6 ]: 

d 

g{r) = 1 - X 2 a{r) + [g{y) - l]—{xy{r))dy, (2.9) 

where Xy is the indicator function of a sphere of radius y > 2a: Xy{'f) = 1 
when r < y, and =0 otherwise. Using (2.9) and interchanging the order of 
integration of the integrals so appearing, ( 2 . 8 ) can then be written as: 



Pb = c\- nc, 



fB{p)X2a{r)x2a{\'2‘'\)dz 



+ 






fB{p)X2a{r)Xy{\^'\)dz 



dy. 



(2.10) 



Alternatively, having noted that both bracketed terms are convolutions, 
one obtains: 

Pb = c\- nCa{fBX2a * X 2 a){r) + 



d 

+nca [g{y) - l]^(/sX2a * Xy){r)dy, 



( 2 . 11 ) 



where r = |x 2 — xi|. Finally, using (2.4) and (2.11) in (2.2) and the result in 
( 2 . 1 ) gives the two-point correlation function for the dispersion of identical 
spheroids randomly oriented: 



h{r) 



Ca 

Cl(l - Cl) 



[fA{p)X 2 a{r) - n{fBX2a * X 2 a){r)] + 
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Figure 2 Intersection of two spheres of radius 2o and > 2o: (a) for < d < (2 + f)o; 
(b) for — 2)a < d < ^a; (c) for 0 < d < (^ — 2)a. 



T) c roo j 

+ ° / [g{y)-l]:r(fBX2a*Xy){r)dy = h^^{r) + h*{r), (2.12) 

which can be conveniently split into two parts: K^^{r) is the so-called well- 
stirred approximation corresponding to g{r) = 1 for r > 2a; and h*{r) is a 
correction term. 

The two-point correlation function (2.12) is now employed to evaluate 
H and H: 



H = 



) roo 

h{r)rdr = o? [h^^{p) -|- h*{p)]pdp, (2-13) 

Jo 



H= h{r)r^ dr = / [W"^{p) + h*{p)]p^dp. 

Jo Jo 



This task reduces to the evaluation of the following integrals: 



(2.14) 



roo f r2 roo 

p^h^‘‘{p)dp= ° |y^ p^fA{p)dp-n p^{fBX2a*X2a){p)dp 

nr \ d 

I P^^J^ [g{0-l]^^ifBX2a*Xea)ip)d^ 



(2.15) 
dp, (2.16) 



where ^ = y/a. Setting m = 1 in (2.15) and (2.16) provides contributions 
to H, whereas m = 3 corresponds to terms appearing in the expression of 

H. 

The second integral in (2.15), which involves function f^, can be easily 
evaluated for both m = 1 and m = 3 and the result depends only on the 
spheroid shape. In contrast, integrals which involve function fs may be 
either difficult or impossible to evaluate analytically since fs is not known 
explicitly, as already discussed. Nevertheless, more explicit results can be 
obtained on the basis of simple geometrical interpretations. The key point 
in the evaluation of these integrals is that their integrands are convolutions 
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and represent geometrically intersection volumes of two spheres whose cen- 
ters are separated by r (figure 2): the former of radius 2a is inhomogeneous 
with density fs] the latter of radius y = > 2a is homogeneous. Thus, 

as regards the second term in the well-stirred approximation (2.15) where 
^ = 2, it is straightforward to show that: 




p"*(/sX2a * X2a){p)dp = ~Va 




[f • 

U P-2 



S[4-(p-5f]fB{S)dS 



dp > + 



+ 3Va 




r f^-p 



5^fB{S)dS + 




Sj^-jp-Sf] 

4p 



fB{S)dS 




(2.17) 



Since /b(<^) is not known explicitly, let us interchange the order of integra- 
tion of all the integrals and evaluate first the p-integral. Combining terms, 
(2.17) finally reduces to: 



P'^{fBX2a*X2a){p)dp = 

= ^/ /i?(p)p^[10(3-m)(12-p2)-h(m-l)(240-h40p2-p^)](ip, (2.18) 

that is, a simple radial integral of function fs depending only on the 
spheroid aspect ratio. On the other hand, as regards the double integral in 
(2.16), the first derivative with respect to the radius of the homogeneous 
sphere of the intersection volume just mentioned is involved. In this case 
we can find: 




b(0 - l]^(/sX2a * Xia){p)d^ 



dp = 



= ^ W [»(«) - il 



jm—1 



ii-2 



>i-P 



dUsms dp 



r«+2 



+ 



p 



m— 1 






msms dp 



dc 



(2.19) 



Interchanging the order of integration of the p- and d-integrals, evaluating 
the /9-integral and combining terms, (2.19) finally reduces to: 



P 



b(0 - l]^(/BX2a *X?a)(/?)d^ 



dp = 



2 



e[ff(o - Md^ 



/b(p)[3(3 - m)p‘^ + {m- l)p^]dp 



+ — (m- 1) 



C^[5(0 - l]d^ 



Uo 



P^fB{p)dp 



(2.20) 
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where observe that the and /9-integrals are mutually independent, as 
grouped above, and can thus be evaluated separately. 

Introducing (2.18) and (2.20) into (2.15) and (2.16) and the results into 
(2.13) and (2.14), H and H assume the final forms: 



H = 



Cl(l - Cl) 



Ma + Ca 



p\p^-l2) 



fB{p)dp + 3E f fB{p)dp 

Jo 



( 2 . 21 ) 



H= 



Cl(l - Cl) 






P^ip'^ - 40p^ - 240)/s(p)dp 



+ Ca 



- P^fB{p)dp + 3E p^fB{p)dp 



having defined: 



p{g{p) - l]rfp = / pdp+ lim 

/n 



P [g{p) - l]4p = 4-h lim 



P[P(P) - l]e “"dp 



( 2 . 22 ) 



Im-A = [ pfA{p)dp, IniA = [ p^fA{p)dp, (2.23) 

Jo Jo 



= 2-hlim/(s), (2.24) 

s^O 



P [p(p)-l]e “"dp 






together with: 



f(s)= / pg{p)e ^Pdp-^. 



(2.26) 



3. EFFECTS OF INCLUSION SHAPE AND 
SPATIAL DISTRIBUTION ON THE 
NONLOCAL COEFFICIENTS 

This section discusses the physical and analytical implications of the 
approach here followed in the evaluation of H and H. Inclusion shape 
and spatial distribution have been proved to induce mutually independent 
effects which can be evaluated separately. 

In (2.21) and (2.22) integrals IniA, ImA as well as all the radial integrals 
involving function fs describe effects of inclusion shape through spheroid 
aspect ratio w. Iuia, ImA are known analytically, as already mentioned, 
whereas evaluation of other integrals cannot be obtained in closed form 
except for particular cases. As an example, the case of spheres corresponds 
to taking the limit for w ^ 1: Itua and Ittia reduce to constants and all 
other radial integrals can be easily evaluated, so that H and H assume the 
forms: 



H = 



a^[2 + ci{-9 + 5"^ 
5(1 - Cl) 



H = 






175(1 - Cl) 
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As regards the spatial distribution of inclusions, this affects the nonlocal 
corrections only through integrals S and H which are simple integrals of 
the radial distribution function. Thus, completely explicit expressions for 
H and H require knowledge of g{r). As an example, the best known model 
for the radial distribution function is due to [7] which [10] specialized for 
the case of hard identical spheres. Using this model for g{r), f{s) becomes: 



f{s) 



8sL{2s]Cg) ^ 

12ca[L{2s;Ca) + M{2s;ca)e“^^] 



(3.2) 



from which integrals H and H follow: 

^ _ Ca(22 -Co) ^ _ 4ca(1310 + 1679ca + 1629c2 - 62c3 + 7^) 

5(l+2Ca) ’ ^ 175(1 + 2Ca)3 ' ^ ’ 

To conclude, it is interesting to observe that combining (3.1) and (3.3) 
where Cg = c\ for spheres [2] and [1] results can be reproduced. Alterna- 
tively, improved results based on a different choice of the radial distribution 
function can be obtained; these will be reported elsewhere. 
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20, France 

^ Department of Mathematical Sciences, University of Liverpool, Liverpool L69 3BX, UK 

Abstract In this paper, we attempt to replace heterogeneous ferro-magnetic photonic 
crystals by homogeneous structures with anisotropic matrices of permittiv- 
ity and permeability, both deduced from the resolution of annex problems 
of electrostatic type on a periodic cell. The asymptotic analysis relies on 
the multi-scale method which is a tool in the theory of homogenization 
with rapidly oscillating coefficients [2]. We note a singular perturbation 
for the divergence of the electromagnetic field associated to scaled per- 
mittivity eixlrf) and permeability pL{x/rf), which are periodic functions of 
period rj 1. We establish the sharp convergence of the oscillating field 
towards the homogenized one via the notion of two-scale convergence [1]. 
We finally solve numerically the associated system of partial differential 
equations with a Finite Element Method in order to exhibit the matri- 
ces of effective permittivity and permeability for given 2D ferro-magnetic 
periodic composites. 



1. INTRODUCTION 

The theory of homogenization is concerned with the study of the be- 
haviour of solutions of elliptic boundary value problems when the coeffi- 
cients are periodic with a small period t] [2] [6]. Such situation corresponds, 
for instance, to the electromagnetic or elastic properties of a medium with 
large number of heterogeneities [8]. The main difficulty in homogeniza- 
tion problems is to pass to the limit in the product of two sequences both 
of which converge weakly and identify the limit. Due to oscillations, the 
limit of the product is not equal to the product of the limits, and so this 
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problem is nontrivial. In order to analyze these oscillations in the physical 
space represented by the macroscopic (or slow) variable x = (xi,X 2 ,X 3 ), 
one introduces the so-called microscopic (or fast) variable y = x/ry, and 
one produces suitable test functions which are then used as multiplier in 
the original equation. The main results say that the weak limit of such 
solutions satisfies a suitable boundary value problem which has constant 
coefficients, that represent what is known as homogenized (or effective) 
medium. There are many ways to obtain the homogenized coefficients, 
deduced from a limiting procedure (e.g. T-convergence’ of the energy 
functional [6], multiple-scale expansion method and ‘77-convergence’ [2]). 
We will use the ‘two-scale convergence’ [1] which consists in passing to 
the limit in a weak formulation of the initial problem with ‘two-scale’ test 
functions. 

We will concentrate here on a problem of homogenization arising in elec- 
tromagnetism and more precisely on periodic structures called ‘photonic 
crystals’. We shall consider periodic structures defined by a unit cell Y^j 
of characteristic dimensions ry (1^ = [0,?y[^). The content of the cell will 
define the effective response of the macroscopic finite structure. Clearly, 
there must be some restrictions on the dimensions of the cell Y^. If we are 
concerned about the response of the composite structure to electromag- 

2'ttcq 

netic radiation of frequency cu, the conditions should be ?y <C A = , 

iO 

where cq denotes the speed of light. If this condition were not obeyed, 
there would be the possibility that the internal structure of the medium 
could diffract as well as refract radiation. This so-called long wavelength 
limit assumption ensures that the electromagnetic wave is too myopic to 
detect the internal structure and in this limit an effective permittivity and 
permeability is a valid concept. In this paper, we will discuss how the 
diffracted field can be related to £gf / and Hef / and provide some numerical 
results. 

2. SET UP OF THE PROBLEM 

We consider a fixed domain flf corresponding to a 3D ferro-magnetic 
diffracting object (see figure 1) lit by an incident electromagnetic field at 
a fixed frequency uj (its associated wavelength can be in resonance with 
the obstacle). The small heterogeneities of the object - of characteristic 
size ry- induce oscillations of the field in the structure flf, and in turn 
outside the structure \ Dj. Therefore, we can introduce (E(j,H(j) the 
diffracted field (which only makes sense outside the structure) deduced 
from the incident field (E*,H*) illuminating the structure by (E(j,H(j) = 
(E^,H^) - (E*,R). It is worth noting that we can rigorously define the 
diffracted field, since the structure does not cover the overall space, which 
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emphasizes the importance of its boundary. Thus by defining the complex 
wave number /cq as fco = uj{sofio) 2 ^ we obtain the following problem of 
electromagnetic scattering: 






curlE^ + = 0 

curl — iuJSoSr^Eiri = 0 






(2.1) 



where the so-called outgoing wave conditions of Silver-Miiller play a fun- 
damental role by ensuring existence and uniqueness of the solution of ifPr))'- 
the uniqueness is due to the fact that if (E^, H^) is null, then they ensure 
that for a given open subset 17 strictly including 17^ {^nix) = fJ^riix) = 1 in 

Tie / (E^ A H,,) • — ds > 0 (2.2) 

Jdn X 

with an equality in (2.2) if and only if (E^, H^) = 0 in M^\17 [5]. Of course, 
the two first equations of the system (2.1) make sense when assuming that 
E^ and and all their derivatives are taken in the sense of distributions in 
the overall space M^. The radiation conditions are relevant in C'°°(M^ \17^). 
That is to say, E^ and are continuous, as all their derivatives outside the 
obstacle (this is a consequence of the Helmholtz equation arising outside 
the obstacle, which induces analyticity of the diffracted electromagnetic 
field). From now on, we will always assume these hypotheses. If we take 
the curl of the former equations we then have two similar problems: 




curl^/i^ ^curlE^j — /cgS^E^ = 0 

^ E(j = 0(^) 

. R A curlE^ -h ikB^ = o(|^) 




curl^e^ ^curlH^j — = 0 

^ H(^ = 0(^) 

. R A curing -h ikU^ = o(|^) 



At this point, let us note a fundamental difference with our previous 
work on homogenization of dielectric PCF [5] in which it appeared much 
more difficult to perform the study of the problem {V^) than the one of 
the problem (T*^), since yi was a constant function equal to /jq unlike 
The magnetic field was divergence free, in contrast with the electric 

field for which divE„ behaves like — . Indeed, taking the divergence in 

7 ] 
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the second equation in {Vrj), we obtain div(e^E^) = 0 which implies that 

-E,; . The behavior of the gradient of E^ being 

E^j TjE 

related to the ones of the divergence and the curl of E^, it implies strong 
oscillations for the gradient of the electric field E^. Hence, in [5] we exclu- 
sively dealt with {V^). Here, the Maxwell system is completely symmetric 
and the same difficulty occurs for the magnetic field H^. We arbitrarily 
choose the magnetic field as the variable (this is more convenient to make 
some comparisons with results established in [5], but all this study holds 
for the electric field mutatis mutandis). Thus, taking into account that 

E^ = curlH^, we will come back to the couple (E^, H^), solution of 

UJEQS'q 

the initial problem {V-q) by taking the curl of H^, solution of the problem 
(V^). To conclude this section, let us emphasize that in this paper, we 
explain in which sense the field tends to a field solution of the 

so-called homogenized diffraction problem whose resolution leads 

to two annex problems of electrostatic types which will be discussed in full 
details in a forthcoming paper. 

3. HOMOGENIZED MAXWELL SYSTEM FOR 
THE SCATTERING PROBLEM 

In this section, we state the result of homogenization for a three-dimensional 
structure filled with a periodic arrangement of ferro-magnetic inclusions. 
The asymptotic analysis has been carried out thanks to the multiscale ex- 
pansion technique applied to a scattering problem. We give the associated 
compactness result of two-scale convergence which establishes rigorously 
the theorem. 

Main results 

Let be a sequence of locally square integrable functions on solu- 
tions of 

' curle“i(x, curlH^ - /cg/i(x, = 0 ,in V'{R^) 

(pH) J H(j = 0(^) ,inC-(M3-H,) 

[ ^ AcurlH(5 + ifeH;j = o(^) ,in 

where e“^(x, and /i“^(x, respectively denote the inverse of relative 
permittivity and permeability of the media i.e. £“^(x, (re- 
spectively /i“^(x, = /U“^(|)) if X G and 1 elsewhere. 
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We suppose that H^, solution of the problem (V^) has a two-scale 
expansion of the form: 



VxgO/, H^(x) = Ho(x, -) - h r/Hi(x, -) -h r/^H 2 (x, -) -h ... (3.1) 

T] T] 7] 

where Hi :flfxY i — > is a smooth function of 6 variables, independent 

of T], such that Vx G fly, Hj(x, •) is y-periodic. 

Our goal is to characterize the electromagnetic field when ij tends to 
0. If the coefficients Hj do not increase “too much” when r] tends to 0, 
the limit of will be Hq, a rougher approximation to H^. Hence, we 
make the assumption that for all x G M^, Hj(x, = o(^), so that the 
expansion (also denoted by the German word ‘ansatz’) still makes sense in 
a neighbourhood of 0. If the above expansion is relevant, we can state the 
following fundamental result: 

Theorem 1. When rj tends to zero, solution of the problem (V^), 
eonverges weakly in L^(fly) to the average of the first term of its asymptotie 
expansion on the basie eell Y, namely Yihomip^) = /y -f^o(x,y) dy, whieh is 
the unique solution of the following problem 




curl([e;^j^](x)curlH/jom(x)) - k‘^[iJ.hom]ilhom{'^) = 0 
< H)(_(x) = O(^) 

_ W\ ^ curlH^^^(x) + im^„^(x) = o(^) 



with 

( [e/iom](x) =< e(x,y)(I - VyVy(y)) >y ,in 

( [e/iom] (x) = I 

and 

f [/Uhom](x) =< /l(x,y)(I - VyWy(y)) >y ,in Hy 

\ i/U/iom] (x) = I ,inO,'j 

Here, < f >y is the average of f in Y (i.e. Jy f{x,y) dy). Furthermore, 
e(x, y) and /2(x, y) respeetively denote 



e(x,y) 



1 , if X £ fl) 

£r(y) , */x G Hy 



and 



/i(x,y) 



1 , if X £ fl) 

lir{y) , ifx£flf 



Besides, Vy = (Vi,V 2 ,y 3 ) o.nd Wy = (IHi, H2, H3), where Vj ,j £ 
{1, 2, 3} and Wj ,j £ {1,2, 3}, are the unique solutions in H}{Y)/'R (Hilbert 
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space of Y -periodic square integrable functions with square integrahle gradi- 
ents, defined up to an additive constant) of one of the six following problems 
(JCj) and (Mj) of electrostatic type: 



(ICj) : divy 



^r{y){Vy{Vj{y) -Vj)) 



0,iG {1,2,3} 



(Mj) : divy 



hr{y){Vy{Wj{y) -yfi) 



0,j £{1,2,3} 



As rj tends to zero, we can replace the isotropic heterogeneous ferro- 
magnetic diffracting obstacle of shape 17^, by a homogeneous obstacle of 
shape 17/ (see figure 1) with both anisotropic permittivity and permeability 
which are given by what follows: 



Corollary 1. Developed form for the matrices of effective permit- 
tivity and permeability 

The relative permittivity and permeability matrices of the homogenized 
problem are equal to: 






and 



( < £r(y) >y 0 0 

0 < £r(y) >V 0 

V 0 0 < £r(y) >y 



(‘fill ^pi2 

<p22 ‘fi23 
V331 lp32 (/33 



/ < Ur(y) >Y 


0 




/ ^11 


fn2 ipi3 \ 


[/^/lOTn] = 1 0 


< Pr(y) >Y 


0 


^21 


'lp22 V’23 ] 


V 0 


0 


< Mr(y) >y / 


\lp31 


^32 1p33 / 



where (pij and fiij represent correction terms defined by: 

dV- dV 

yi,j e {1, 2, 3}, (fiij =< £r-^ >Y = < £r-^ >Y= ~ < £rWi ■ Wj >Y 

oyi opj 

and 

w . r-, ^ m , dWj dWi 

Vl,J € {1,2,3}, Ipij =< /ir-^ >y = < >Y= — < UrV Wi ■ V Wj >Y ■ 

oyi oyj 

Here, the brackets denote averaging over Y . Furthermore, Vj and Wj are 
the unique solutions in H^fY)/^. of the six partial differential equations 
K,j and Aij . Hence, thanks to the symmetry of the matrices on the right 
(ifij = ipji and fiij = ipji), the homogenized permittivity and permeability 
are given by the knowledge of twelve terms ifij and fiij, depending upon the 
resolution of six annex problems fitCj) and (Mj). 

To identify the limit problem, one can substitute the ansatz (3.1) in 
the first equation of and collect terms of the same orders of ry (multi- 
scale method). Nevertheless, to establish the convergence result of the main 
theorem, it is more convenient to use the notion of two-scale convergence. 
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Definition 1. We say that ^ Hq if there exists r]k tending towards 0 
(as k tends to infinity) sueh that for every if in [L‘^{fl,C^{Y))] [1] 



lim 



X 



• v?(x, — )dx = 

h — >+oo rik 

Analogously, we should say that H„ - 



U{x,y) ■ ip{x,y)dxdy (3.2) 



nxY 
Ho if ||H 



^IIl2(q) ^ l|Ho|lL2(Qxy)- 

This approach amounts to take the variational form associated to the 
first equation of (V^) with suitable test functions of the form (3.1) and 
then to take the limit when ry tends to 0. A justification for this is given 
by the following lemma, the proof of which can be found in [4] : 

Lemma 1. Let ft be a smooth bounded open subset in and (H^) be 
a bounded sequenee in [L^(fl)] sueh that for a given sequenee of eoereive 
and bounded symmetrie matriees yirj 

( div(yr^H^) = 0 
sup / f I H 



V Jn 



^ + I curlH, 



^ dx < +00 
- ^ 

( An is bounded in [H 2 (514)] 

Then 3Hq G i^(curl, 14), 3 Hi G L^(14, i^j|(curl, T)) and a subsequenee 
(still denoted by (H^)J sueh that: 

{ Uri Ho(x,y) 

curlH^ ^ curia; Hq(x, y) + curlj^ Hi(x, y) 

div(yi^H^) ^ divr,{fio{x, y)Uo{x, y)) + divj^(Hi(x, y)) = 0 

(for the sake of simplieity we denote by yo{x,y) the limit of Hrj, assuming 
that there is no eonfusion in the present mathematieal seetion with the value 
yo = 4.10“'^7r of the permeability of vaeuum). 



4 . 



NUMERICAL ILLUSTRATION IN 2D 



In the sequel we seek to determine the coefficients of the tensor of effec- 
tive permittivity [shom] in 2D case (this procedure repeats mutatis mutandis 
for the effective permeability [yhom] ) ■ More precisely, 14j is invariant itself 
with respect to the third component and we look at the particular case of 
TM polarization i.e. H = n(xi,X 2 )e 3 . When s does not depend on the 
third component namely e(y) = e{y\,y 2 ) we get from the annex problem 
(/C,) 

[Shon.]= 0 

0 0 < £ >y2 
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Figure 1 The fixed set Q.j with two ‘scaffolding’ and with rj < rj' m the 2-D 
case. 



where =]0; 1[^ and is the 2x2 matrix given by: 

[4 . _ ( {s)y^ - {^diVi)y2 ~{ediV2)Y2 \ 

^ “V - (e^2Vi)y2 {e)y, - {ed2V2)y. ) 

and Vj^ j G {1, 2}, is the unique solution in H^{Y‘^)fR of 



(Vj) : div e{y){V{Vj{y)-yj)) 



= 0 



Multiplying diVy{e\/y(yi-yi)) by Vj in (Vj), j G {1,2}, and integrating 
by parts over the basic cell Y^ leads to the weak formulation: 



(^(y) {YyiVi - 2/0) • V = 0 (4.1) 

To get the corresponding variational equation from the annex problem 
(Mj), one has to replace £ by /U in (Vj). In the discrete formulation the 
basic cell is meshed with triangles and node elements are used for the scalar 
fields Vi'. 

n 

Vi = J2f^i^k{x,y) , in (4.2) 

k 

where (5^ denotes the nodal value of the component Vi of the multi-scalar 
potential V. Besides, are basis functions of first order finite elements. 
The GetDP software [3] has been used to set up the finite element problem 
with some periodicity conditions imposed to the field on opposite sides of 
the basic cell Y . If we take e as a piecewise constant function in (4.1) i.e. 
e = 4-|-3i in an elliptical inclusion (major and minor axes 0.3 and C).4) and 
1.25 elsewhere (cf. fig. 2), [£hom\ writes as 

/ 1.9296204 + /0.2536979 (-1.0533083 - il. 1849819)10"^® \ 

(-44.417444 -12.0555534)10"^® 2.1127643 + iO.4618554 ) 
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Figure 2 Potentials Vx (left) and Vy (right): the basic cell contains an elliptic inclnsion 
of permittivity e = 4.0 + 3i with minor and major axes a = 0.3 and b — 0.4 in a matrix 
of silica (e = 1.25). 



with < e >y 2 = 2.2867255 + il. 1309734 (see fig. 2 for the associated po- 
tentials Vx and Vy). We note that the off-diagonal terms are not strictly 
null: this artificial anisotropy induced by the mesh of the structure indi- 
cates the order of magnitude of the numerical error. Also, these numerical 
results have been checked with the so-called Method of Fictitious Charges, 
based on an integral approach (the reader can get any further details in 
[7]). Let us emphasize that with the Finite Element Method, we can deal 
with every type of geometry in the basic cell and that e (or fi) can even be 
a tensor (provided it is symmetric, coercive and bounded). Also, we note 
that our result in 2D seems contradictory with the classical one [2] where 
e (resp. f) should be replaced by its inverse in the annex problem. Our 
result proves to be consistent with that one thanks to a duality relation 
generalizing a classical result for checkerboard problem due to Keller [7]. 

5. CONCLUSION 

We note that there exists some ferro-magnetic medium whose relative 
permeability is lower than 1. It suggests that thanks to the homogeniza- 
tion process, one can adjust the effective permittivity and the effective 
permeability in such a way that [£hom][Fhom] = I- The effective medium 
may therefore transmit light without deviation and reflect light as an ordi- 
nary medium (note that both effective permeability and permittivity can 
be anisotropic, although their product is the identity matrix). Another 
consequence is that bodies of various permittivity and permeability may 
verify [ehom] [Fhom] = I, and one has thus to define a class of equivalence for 
such heterogeneous structures, which behave in the same way for the long 
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wavelength, although they are quite different structures: similarly to the 
well-known lack of uniqueness of the solution to inverse problems, the ho- 
mogenized diffracted field can be associated to various effective structures. 
Intuitively, one cannot distinguish such bodies in transmission (even if their 
shapes are quite different), since the transmitted waves do not see them! 
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1. INTRODUCTION 



An important problem in micromechanics is posed as follows: in a fibre- 
reinforced composite, what is the influence of the elastic properties of the 
fibres and matrix on the overall elastic properties of the composite [1] . To 
answer this question, different micromechanical approaches are used ac- 
cording to a random or periodic distribution of the fibres. For the former 
case, various methods have been used, namely, dilute, self-consistent and 
Mori-Tanaka methods [l]-[3]. For the latter case, Fourier series have been 
used [3]-[5] and the method of cells [6], which cover a wide range of ap- 
plications. Bounding methods [2], [3], [7] are very useful in the absence of 
exact or numerical solutions, especially when the bounds are very close. 
Composites with rapidly varying properties (periodic) can be studied by 
means of the asymptotic homogenization method [8]-[10]. Closed-form so- 
lutions may be obtained [9], [11]-[12], though the main emphasis of the 
technique nowadays is largely numerical, which relies on the solution of 
unit cell problems. See references in [11]-[12]. In this paper the problem 
of finding the effective properties of a two-phase fibre-reinforced composite 
is addressed. The constituent materials have isotropic elastic properties 
and the fibres are periodically arranged in a hexagonal array. Here there 
are two disparate length scales, i.e., the size of the periodic cell I and the 
width L of the composite, which allow the introduction of a geometric small 
parameter e = 1/L <C 1. The method of two scales can then be applied 
leading to local and global problems to be solved. The latter ones are 
solved over the unit periodic cell and give rise to the effective coefficients 
of the former one: the so-called homogenized problem. For a hexagonal 
array, the method also leads to exact closed-form formulae, which can be 
provided directly from [11] in a way that is suitable for a relatively easy 
computation. The limiting cases of empty and rigid fibres are considered. 



2. STATEMENT OF THE PROBLEM 

A two-phase fibre reinforced composite is studied here in which the prop- 
erties of the constituents are homogeneous, isotropic and elastic. The Oxs 
direction is the axis of symmetry. The fibres have a circular cross-section 
and they are periodically distributed without overlapping in directions par- 
allel to the Oxi axes and the lines with slope at an angle 7t/3, correspond- 
ing to hexagonal symmetry. Thus, the composite effective properties are 
transversely isotropic. The non-zero terms of the stress-strain constitu- 
tive relation may be written as a function of five independent parameters 
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k*,l*,n*,p* and m* as follows: 

^(o-i +CJ 22 ) 
<733 

<711 — <722 
£732 = 2p*€32, £731 



k*{eil + € 22 ) + ^€33, 

r(eii + € 22 ) + n*es 3 , 
2m*{eii - € 22 ), 

2p*€3i, cJi2 = 2m*ei2, 



(2.1) 



where aij are the components of the stress tensor, the indices i, j range 
from 1 to 3, the components of the strain tensor are defined by 






1 / dv4 duj \ 

2 dxi j ’ 



(2.2) 



here the components of the displacement vector are up, k* is the plane- 
strain bulk modulus for lateral dilatation without longitudinal extension; 
I* is the associated cross-modulus; n* is the modulus for longitudinal uni- 
axial extension; p* and m* are, the rigidity moduli for shearing in the 
longitudinal and in any transverse directions, respectively. The engineer- 
ing constants are related to these moduli through 



El=n* - l*^/k* = n* - 4k*uf, u* = I* /2k* , 

Ef = 4k*m*/{k* + m*n*/El) = 2(1 + u/)m* , 
uf = (k* - m*n*/E:)/{k* + m*n*/E:), (2.3) 



where the subindices a and t refer to an axial or transverse property, 
respectively. The Young moduli are denoted by E * , Ef and the Poisson 
ratio by u* and uf . Also sub-indices 1 and 2 correspond to a quantity 
related to the matrix and the fibre, in that order. Bulk and rigidity moduli 
of the phases are defined by K and p, respectively. The volume fraction per 
unit length occupied by the matrix is Vi and the fibre, V 2 = vrii^/ sin(7r/3) 
so that Yi -|- V 2 = 1. The Voigt or arithmetic mean of a certain property 
are given below as 



K, = KiVi + K 2 V 2 , Pv = piVi + P 2 V 2 . (2.4) 



The jump or contrast of a property across the matrix-fibre interface is 
denoted by means of the double bar notation as 



\\K\\=Ki-K2, II ;U 11= - ^2- (2.5) 

The main purpose of this paper is to produce helpful exact formulae to 
compute overall stiffnesses and engineering moduli. 
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3. TWO-PHASE ELASTIC COMPOSITE 



In a recent study [11], a similar fibre-reinforced composite was ana- 
lyzed with the same geometry except that both elastic constituents have 
transversely isotropic properties. The composite overall parameters are ob- 
tained by means of the asymptotic homogenization method and properties 
of doubly periodic functions. The final formulae can be used for isotropic 
components as well. The substitutions of these produce the formulae 



k* = K, + /r„/3 - 1^2 II + m/ 3 f 

r = \\K + ^i/2, III! 2^/3 II 

n* = K,+ -V 2 WK- 2^/3 f 

P* = Ml [1 - 21^2 II ^ II Pi/{pi + M 2 )] , 

m* = Ml — ^2 II M II Mi, (3.1) 



where 



K^ = 
Pi = 

Mi = 



RDi 



Vi + {l + Ki)DiV^M^% /Bi, 



I + XV2- X^V^M-% 



1-1 



(1 -|- Kl)Ei/ 



1 + WHi - 



(3.2) 



The parameters Bi, Di, Ei, Hi (i stands for isotropic); ki and x and 
the infinite order vectors Vp, Vp, Vm, Vm and matrices M.k,Mip-, -Mm which 
appear in (3.2) can be found in [11], after some simpler substitutions of 
the isotropic properties. The super-index T denotes a transpose vector. 



It is interesting to mention that explicit formulae can also be obtained 
for empty or rigid fibres in the limit when ^ 2 / Pi 0, 00 , respectively. 

The above overall properties k* ,l*,n* ,p* and m* of (3.1) are seen to de- 
pend on the isotropic characteristics of the components, the volume fraction 
filled by them and the radius R of the fibre circular cross-section. The three 
quantities Ki, Pi and Mi that appear in (3.1) are, in fact, relatively easy to 
compute. Thus simplifying considerably the computational effort. Enough 
accurate results are obtained after the infinite order vectors and matrices 
are truncated to the second order. The powers of R, a number less than 
one-half, appear frequently in the components. The series involved also 
converge very quickly. 

The structure of (3.1) leads to an important result. The expression Ki 
may be eliminated from (3.1 a, b, c) to produce the well-known universal 
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relations of Hill [13] in terms of deviations from the so-called ‘formula of 
mixtures’, viz., 

II in -|- /i/3 II _ k* — Ky — /it,/3 _ I* ~ Kv + 2/i^,/3 , 

\\ K — 2/i/3 II I* — Ky -|- n* — Ky — 4/i„/3 

Thus the knowledge of one of the properties fixes the other two. The 
structure of (3.3) lead Avellaneda and Swart [14] to introduce two mi- 
crostructural parameters Ap_ and A^, having a simple physical interpreta- 
tion, namely, they represent, respectively, the mean transverse hydrostatic 
strain and mean deviatoric strain in the fibre phase per unit applied trans- 
verse pressure and shear to yield 

Ak = '\-+ \\ K — /i/3 II Ki/pii, Am = Mi. (3.4) 

Hence an exact formulae is also obtained for Ak and A^.. 



4 . NUMERICAL EXAMPLES 



The material properties, of the binary composite considered here, were 
taken from [15]. The epoxy matrix Young’s modulus is Hi = 3.45GPa 
and Poisson’s ratio is vi = 0.35; correspondingly, the glass fibres values 
are E 2 = fS.lGPa and 1^2 = 0.22. It is of interest to show the exact 
results calculated using the asymptotic homogenization method (AHM) as 
a function of the fibre volumetric fraction V 2 up to the percolation limit, 
which is V 2 = 7r/[4sin(7r/3)]. This is done in Figures 1 and 2. 

As an example, the plane dimensionless properties dependence on the 
ratio /U 2 //U 1 against volume fraction V 2 is shown in Figures 1, 2. The 
shear modulus ratio 1 ^ 2 / IJ-i ranges over 0 (empty fibre; full dotted line), 0.9 
(dashed), 20 (dash-dotted), 120 (dotted) and 00 (rigid fibre; continuous) 
for the ratio of transverse Poisson’s ratio uf jv\ in Figure 1, and transverse 
Young’s modulus Ef jE\ in Figure 2. A typical fanning behaviour of the 
curves (non-intersecting) with fixed ratio [ 12 / 1^1 as fan ribs is shown in 
Figure 2. Other parameters, namely, k*/K\ and m* j [i\ show a similar 
pattern, though it is not shown here. The empty and rigid cases bound all 
others. In Figure 2, the curve corresponding to empty fibres is monotone 
decreasing, characteristic of a fibre-weakened composite. As the material 
in the fibre becomes stiffer, the composite becomes stiffer so as to reach 
the limiting rigid behaviour, which is monotone increasing. Note that the 
composite is weakened (reinforced) when [I 2 I l^i < 1(> !)• 
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Figure 1 The dependence of normalized effective parameters as a function of fi 2 /mi — 0 
(empty), 0.9, 20, 120 and cxa (rigid) of plane transverse Poisson’s ratio vljvx against 
volume fraction Vi- Note the bounding effect of empty and rigid fibres. 



A different behaviour is shown in Figure 1 for jv\ as far as F 2 / > 1; 
the curves are not longer monotone, but unimodal (a one maximum or 
minimum curve). Non- intersecting curves are obtained as well over the 
range of F 2 /F 1 between 0 and 00 . The empty and rigid curves act as 
bounds again, the rigid curve does not start at /ui = I for V 2 = 0, and 
displays a somewhat different behaviour as compared with the rest of the 
curves. Comparison with known bounds and experiments was done in [11]- 
[ 12 ]. 

The analysis carried out here refers to a hexagonal cell. A similar one can 
be done for a square array using [12]. It is interesting to compare results 
between the two geometries. For ^ 2 / = 20.27, generally the same jE\ 
can be attained for a square array with a lesser fibre volume concentration 
than for a hexagonal one. 
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0 0.2 0.4 0.6 0.8 



Figure Z As Figure 1 but for transverse Young’s modulus EijE\. Again note the 
bounding effect of empty and rigid fibres. 



5. CONCLUDING REMARKS 



A binary periodic composite is considered here, whose phases are elas- 
tic isotropic media. Exact closed-form formulae are given for the overall 
properties and engineerings constants. The periodicity of the composite is 
hexagonal, so that the homogenized properties are transversely isotropic. 
The numerical implementation of the formulae is relatively easy since it in- 
volves the computation of rapidly convergent series. Infinite order matrices 
and vectors appear in the formulae, but they are truncated to the second 
order in the calculations producing accurate enough results, because high 
powers of i? < .5 appear in the components. 

The exact formulae (3.1), (3.4) and the universal relations (3.3) may be 
useful for checking numerical codes and experimental data. 
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Abstract Asymptotic homogenisation technique and two-scale convergence is used 
for analysis of macro-strength and fatigue durability of composites with a 
periodic structure under cyclic loading. The linear damage accumulation 
rule is employed in the phenomenological micro-durability conditions (for 
each component of the composite) under varying cyclic loading. Both local 
and non-local strength and durability conditions are analysed. The strong 
convergence of the strength as the structure period tends to zero is proved 
and its limiting value is estimated. 



1. INTRODUCTION 

Different homogenisation methods are widely used for obtaining ho- 
mogenised macro-stress fields and effective elastic properties of composites. 
In [2, 6], the first approximation to the micro-stress field was derived from 
the properties of the components, micro-geometry of the composite and 
the applied macro-loads. Convergence of the micro-stresses to some limit, 
as the structure period tends to zero, can be proved by the two-scale ho- 
mogenisation technique [1, 3]. The present paper is based on the fact that 
this limit is exactly the first term of the micro-stress field approximation, 
which is the product of the homogenised stress tensor, depending only on 
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macro-geometry and boundary conditions, and the so-called stress concen- 
tration tensor, related only to the micro-geometry and stiffness tensors of 
composite components. 

Let B he a, Banach space and be an open or closed domain in a 
finite- dimensional space. Then C{Q,B) denotes the space of continuous 
Banach-valued functions /: Q 3 x f{x) £ B, that is such that \\f{xi) — 
f{x2)\\B ^ 0 as 9 X 2 ^ xi for any x\ £ fl. Let A4(n) be the space of 
all bounded functions on 17. 

2. ELEMENTS OF STRENGTH ANALYSIS 

For a bounded stress field CTjj(y), i,j = 1, ...,3, any local strength condi- 
tion for micro-stresses at a point y G 17 C {k is 1, 2 or 3) can be written 
in the form A {a{y),y) < 1, where A G A4(17)) is a normalised 

equivalent stress function, a material characteristic, which is non-negative 
and positively homogeneous of the order -|-1 w.r.t. a. 

Example 1. For some materials A ean be assoeiated with the von Mises 
equivalent stress, AM{cr{y),y) = {[(cJi(y) - U 2 (y))^ -f (cr 2 (y) - o- 3 (y))^-f 
(<^3(y) “ ^i(y))^]}^'^^/(v^'^r(y)), or with the Tresea equivalent stress, 

^T{cr{y),y) =inax|f7fc(y) - am{y)\/cfr{y), 
k^m 

where a\, cj 2 , <73 are the prineipal stresses and ar is a known uniaxial 
strength of material. 

Assuming body rupture means rupture of at least one of its points, the 
(initial) local strength condition for the whole body is then 

supA((j(y),y) < 1 . ( 2 . 1 ) 

yen 

Such local strength condition, however, is generally not applicable to un- 
bounded stress fields since the conditions will predict fracture under virtu- 
ally any singular stress field. 

For more general, especially singular stress fields, e.g. belonging to 
L2(17), a (point) non-local strength condition A®(cj;y) < 1 can be ap- 
plied. Here A®(ir;y) is a normalised equivalent stress functional, which is 
defined on the tensor- functions aij £ 4^2(17) and is non-negative positively 
homogeneous of the order -|-1 w.r.t. a, see [5]. 

Particularly for some materials A® can be related with a weighted aver- 
aging of aij{x), X G 17 along some neighbourhood of the point y, 

A®{a;y) := A (cr®(y), y) , af-{y) := J^Wijki{y,x)aki{x)dx, (2.2) 
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where afl G (7(17) is an auxiliary non-local stress tensor, and the weight 
w G C'(0,L^(n)) is a material characteristics, such as J^Wijki{y,x)dx = 
Sijdki- Then the non-local strength condition for the whole body is 

sup A (cT®, y) < 1. 
y&n 



Example 2. (i) If Wijki{y, x) = dijSki | for 3D, where d 

is a material constant, then erfj{y) = 

(a) If Wijki{y,x) = S{x — y)6ijSki, where 5{x — y) is the Dirac function, 
then crf-{y) = CTij{y), and the non-local strength- condition coincides with 
the local one. 

3. ELEMENTS OF FATIGUE DURABILITY 
ANALYSIS 

Pure fatigue under cyclic loading is characterised by dependence of the 
durability on the loading history considered as a sequence of loading events 
but not on time or rate of loading. Then the cycle number n can be 
considered as a a discrete or continuous time-like parameter, more relevant 
to fatigue than the natural continuous time t. The Wohler S-N durability 
diagram (Wohler function) for a material under an uniaxial regular periodic 
cycling with constant stress range Aa = amax ~ (Xmin and mean stress 
Cm = {cTmax + Cmin)/2, is a dependence of the critical number of cycles 
n* (Act, dm) to rapture, e.g. on Ad. For a multiaxial in-phase periodic 
cycling, we consider Ad = Adjj and dm = Cmjj {i,j = 1,2,3) as tensors. 
For simplicity, suppose further that amij = 0 and l/n*(Ad) is a continuous 
function. The approach discussed below works also for amij 7^ 0 under in- 
phase cycling if one considers l/n*(Ad, am) as a continuous function of the 
two tensor variables, and the corresponding conditions on dm as a function 
of coordinate and scaling parameter have to be applied as well. 

If the material fatigue properties and/or stress field vary with the coor- 
dinate, one can write for a body D an (initial) durability condition under 
periodic cycling loading as 



n < inf n*(Ad(y),y), (3.1) 

yen 

where n*{Aa{y), y) is the Wohler diagram for a homogeneous material with 
the fatigue properties as at the point y, under the periodic cycling Adjj 
homogeneous in space coordinates. 

Let us consider now a loading process with varying cycle parameters 
such that closed loops can be always identified but may be different. Let 
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m = 1, 2, ... be a number of a closed loop with the stress range Aaij{m, y) in 
the loading history {a{-,y)} = {a{m,y)}^^i at the point y. Let n*{Aa,y) 
be the Wohler function for the material of the point y. The Palmgren- 
Miner linear damage accumulation rule gives the durability condition for 
a cycle n in the form 



m=l 



1 

n* [Aa{m,y),y] 



< 1 . 



(3.2) 



where u!^ {{a{-,y)};n,y) is called fatigue damage measure. 

The corresponding body durability condition has the the form 

sup(j^({o-(-,y)};n,y) < 1. (3.3) 

yen 



Local fatigue durability condition (3.1) is generally not applicable to 
singular stress fields. For more general classes of stress fields, e.g. L 2 (fl), 
a non-local fatigue durability condition can be applied. For example, for 
the periodic cycling we can take 

n < inf n*®(Afj; y), n*®{Aa]y) := n*{Aa'^{y),y), (3.4) 

yen 

'■= j Wijki{y,x)Aaki{x)dx (3.5) 

where w{y, x) is as above. For the non-periodic cycling, one can replace 
Aa{n,y) by Acr®(n, y) in the linear damage accumulation rule (3.2). 



4. ELEMENTS OF ASYMPTOTIC 
HOMOGENISATION 

A boundary value problem of elasticity for a composite solid 0, having an 
eT— periodic structure, that is a large number of periodically distributed 
inclusions or pores with a scaling parameter e, is presented by displacement 
uf G H^(Q) and stress afj G L^(17) fields for each e > 0. According 
to [6, 1, 3], the homogenised displacement and stress fields, G Lf^(O), 
dij G L^(17), present a solution to a uniquely solvable homogenised problem 
of elasticity in the domain Q. 

It is known [1, 3] that afj G L^(fl) contains a subsequence, which two- 
scale converges to a function G L^(n x T), that is, 

linr| [ 'ip{x,-)alj{x)dx - [ [ ip{x,^)aij{x,C)dxd^\ = 0, (4.1) 

Jn ^ \^\ JnJY 

for any ■0 G L^(fl, Cper(T)). Furthermore, 

= AjkiiO^kiix), 



(4.2) 
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where is the stress concentration tensor [6, Chap. 9, Sec.4], ob- 

tained after solution of an auxiliary periodic problem of elasticity and such 
that Y Jy ~ 

5. HOMOGENISATION OF LOCAL 
STRENGTH AND DURABILITY 
CONDITIONS 

In a periodic medium, all becomes dependent on the scaling parameter 
e. Strength condition (2.1) and fatigue durability condition (3.1) become 

supA^((T^,y) <1, n < inf n*^{Aa^,y). (5.1) 

y&n 2/SO 

Suppose, 

A%a^,y) := A(a^|), n*%Aa^,y) :=n*(AcT^|). (5.2) 

Our aim is to derive macro-strength and macro-durability conditions like 
(2.1), (3.1) and (3.2)-(3.3), where the homogenised strength A function, 
Wohler function h*, and damage measure 6j^ are functions of the ho- 
mogenised stress CTih{x) and the composite micro-characteristics only. Let 
the notation |fj| for a tensor cjjj mean a matrix norm. 

Proposition 1. (homogenisation of local normalised equivalent 
strength function) Let a tensor funetion sequenee (J^{y) G C{Q) eon- 
verge to a tensor funetion cr^{y,C) ^ C{Ll,Cper{Y)) uniformly w.r.t. y as 
e ^ 0, i.e., 

liinsup \a%y) - a^{y, -)| = 0 (5.3) 

and A G C{W^^^,Mper{Y)). Then, 

liinsup A(o-^(y),-) -A(cj°(y, -),-) =0 (5.4) 

If <7^ is expressed by (4-3), then 

liin sup A (cr^(y), -) <supA{a{y)), A(<r(y)) := sup A(Ajfc^(C)(Tfcz(y), C)- 

V e/ 



and the limit suffieient heal maero- strength eondition is supA(d-(y)) < 1. 

y&n 
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Let us take any <5i > 0 . Belonging A(fj, C) to A4per(^)) implies 

that for any constant C\ > 0 there exists ^2 > 0 such that sup^gy |A {a', () — 
A {a" , C) I < 5i for any tensors a', a" such that |cj''| < C\ and \ a' —a" \ < 
62 - Due to (5.3) and belonging a^{y,C) to C{Cl,Cper{Y)), one can choose 
such e > 0 that \a^{y, C)|, |o'^(y)| < C\ for some Ci > 0 for any £ < e, y G D 
and C ^ Y. Let us take £ > 0 even smaller such that |cj^(y) — a^{y, |)| <62 
due to (5.3). Thus, sup^gy |A (cj‘^(y), C) — A (ir°(y, |), C) | < 5i. This im- 
plies the convergence of the right hand side of (5.5) to zero as e ^ 0, that 
proves (5.4). 

The rest of the proposition follows from (5.4), (4.2) and (5.1). ■ 

Note that although the hypotheses of Proposition 1 are satisfied for not 
any two-scale converging tensor function sequence cr^{y) G appearing 

in the elastic composite analysis, the range of their validity is not empty. 
A trivial example is an infinite periodic composite with smooth inclusions, 
under a uniform load at infinity: then cr'^{y) and <T^(y, y/r/) simply coin- 
cide. Moreover, the hypotheses of Proposition 1 are always satisfied for 
the non-local counterpart of any two-scale converging tensor sequence, see 
Proposition 7 below. 

Let us denote n*“^(A(j, y) := l/n*(Acj, y). Similarly to Proposition 1, 
we have 

Proposition 2. (homogenisation of local fatigue durability dia- 
gram) Let a periodic stress cycling have a tensor range sequence Afj^(y) G 
(7(D), which converges to a tensor function Aa^{yX) from 
C{D.,Cper{Y)) uniformly w.r.t. y as e ^ 0 i.e., 

lim sup |Afj‘^(y) — Acr‘^(y, -)| =0. 

Let n*{Aa, j) be a durability diagram such that 

n*-^ GC(R^^^,Mper(Y)) 



Theriim sup 

J/SO 



,*-i 



n 



^ (^Afj°(y, |), I) 



= 0 . 



//cj° is expressed by (f-2), then 

lim inf n* f Acr^(y), > inf h*{Aa{y)), 
\ E/ 

where h*{Aa{y)) := inf n*{Aijki{C)Aaki{y),C) 



(5.6) 



and the limit sufficient local fatigue macro- durability condition under peri- 
odic cycling loading is n< infyg^ n*((r(y)). 
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Using Propositions 2 and the linear accumulation rule (3.2), (3.3), we 
can write the limiting expression for the Palmgren-Miner fatigue damage 
measure and the durability condition under varying cyclic loading. 

Proposition 3. (homogenisation of local fatigue damage measure 
and durability condition) Let a stress eyeling have a range Aa^{m,y) 
from C{Cl), whieh eonverges to a tensor funetion Aa^{m,y,() from 
C{^,Cper{Y)) uniformly w.r.t. y for eaeh eyele number m, as e ^ 0, 
i.e., 

lim sup |Acj^(m, y) — Aa^{m, y,-)\ =0 
for any m. Let n*{Aa, be a durability diagram sueh that 

n*-^ £ C{R^^^,Mper{Y)) 



. Let 

n 

f ) = X] (^Aa%m, y), 

m=l 

. Then 



lim sup 








= 0 , 



If <7^ is expressed by (4-2), then 



lim supcj^ ({iT^(-, y)}; n, -) < supa>'^({o'(-, y)}; n), where 

yen 

‘^^{{^{■,y)}',n) :=supa;^ {{Aijki{C)^ki{-,y)};n,C) = 
Cer 



sup 



E 



< 



n* {AijkiiC)Aaki{m,y),C) h* {Aa{m,y)) 



E 



(5.7) 



(5.8) 



and the limit suffieient loeal fatigue maero- durability eondition under vari- 
able eyelie loading is 



sup Lo^ {{a {-,y)};n) < 1. 
yen 



Proof: Using (5.6), we have 

linr sup \w^{{a%-,y)};n, y) 
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This proves (5.7), and the rest of the proposition does directly follow. ■ 
Note that according to (5.8), the limit composite damage measure is 
generally not expressed but only estimated by the damage measure based 
on the limit composite durability diagram. 

6. HOMOGENISATION OF NON-LOCAL 
STRENGTH AND DURABILITY 
CONDITIONS 

Let us consider for a periodic medium the limits of non-local micro- 
strength and micro-durability conditions sup^^g^ A®^ (cj^; y) <1, n < 
infygQ n*®*^ (Afj*^; y) as e ^ 0. Representations (2.2), (3.4) become 

^ -'4ikAv, x)<ryx)dx, y € SI. 



Suppose the functions A*" and n*^ have form (5.2). Let further 



, , , , y X. 

u’ijki{y,x) := Wijkiiy, -,x, -). 


Then 




A'{,r®'.9) = A(.T®'{!,).|). 


n*%Aa®^,y) = n*{Aa®%y), |), 






= / Wijkiiy, -,x,^)ah{x)dx, 
Jn e e 


(6.1) 



Lemma 1 . Let cr^ G Lp'iyt) he a sequence of tensor functions cr^(x) two- 
scale converging to a tensor G Lf{ytxY) as e 0. Let w G 
C{ 0 .,Cper{Y, L‘^{^l,Cper{Y)))). Then the sequence 

c^®^(y,C):= [ w{y,C,x,^)a%x)dx, (6.2) 

JQ £ 

is bounded in C{(l,Cper{Y)) and does strongly converge in this space to 

cr®°(y, J^Jy Od^dx. (6.3) 

Proof: Since the sequence G L^(17) two-scale converges, it converges 

also weakly and, consequently is bounded in L^(fl), that is, 1 1 <7^11 1 , 2 < 
C < 00. 

The periodicity in f is evident for the both functions d®^(y, C) and 
cT®^(y, C), and it is sufficient to prove the proposition in the space C(0 xT). 
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From (6.2) we have, 



y&nc&Y 



sup sup 





r f 


X 


2 


< sup sup 




w{yX,x, -) 


dx 


y&nc&Y 

1 


Jn 

1 

2 


e 


-* 



/ sup|u>( 2 /,C,®,OI aa; 
In^&Y 



C = \\w\\c{n,Cper{Y,L‘2{n,Cper{Y))))C- 



That is, the sequence C) is equi-bounded in x Y). Let us check 

the continuity. 




X 

w{yiXi,x, -) 



X ' 

■ w{y 2 ,C 2 ,x, -) 



®"(y2,C2)| 

] X{x)dx 



< 



/ sup|rc(yi,Ci,a;,^) - w{y 2 ,C, 2 ,xX)\^ dx 
Jn^&Y 






wiVljCl, •) •) - w{y 2 , C 2 , ■, •)lli2(n,Cper(>"))^- 



The term ||u)(yi, Ci, •, ') - w{y2X2, ■, Xli^infip^riY)) tends to zero as 

V\yi - I/ 2 P + ICi - C 2 P ^ 0 uniformly w.r.t. {yiXi} G Cl x Y, i = 1,2, 
since w G C{H,Cper{Y, L‘^{H,Cper{Y)))). Thus, the sequence cr®^{y,C,) 
does not only belong to (7(0 x Y) but is also equi-bounded and equi- 
continuous. From the Ascoli-Arzela theorem, the sequence is then compact 
in (7(0 X Y). 

On the other hand, as follows from the two-scale convergence of a^, 
the sequence CF®‘^{y,(f) converges point-wise to cT®^(y, <C) for any {y, C} £ 
0 X y. Since the sequence is also equi-bounded, this means it converges 
to <T®^(y,C) weakly in (7(0 x Y) (see, e.g., [4]). However, each compact 
and weakly converging sequence in a Banach space converges also strongly 
(see, e.g., [7, Section 20.2]). This proves the lemma. ■ 

Proposition 4. Let G L‘^{Ll) be a sequenee of tensor funetions a^{x) 
two-seale eonverging to a tensor G L^(0 x Y). Suppose, w G 
C{Cl,Cper{Y, L‘^{Ll,Cper{Y)))). Then the sequenee a®‘^{y) given by (6.1) is 
bounded in (7(0) and does eonverge to the tensor funetion cr®°(y, |), given 
by (6.3), uniformly w.r.t. y as e D, i.e.. 



lim sup 



(x®^{y) - 0-' 



00 



(y,f) 



= 0. 



Proof: Let us note that a®^{y) = |), where the sequence d®^ 

is given by (6.2) and belongs to and is equi-bounded in C{Cl,CperiY)) 
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according to Lemma 1. This implies the sequence a®^{y) belongs to and 
is equi-bounded in (7(0). Then, owing to Proposition 1, 
supyeo |o-®^(y) - |)| = sup^g^ |d®^(y, f) - cr®°(y, f)| < 

supyeo sup^gy |5-®^(y, C) - o-®°(y, C) | ^ 0. ■ 

Applying Proposition 1 to the non-local stresses (6.3) and taking into ac- 
count their convergence proved in Proposition 4, we arrive at the following 
proposition on homogenisation of non-local strength conditions. 

Proposition 5. Let G L?‘{Ll) he a sequenee of tensor funetions two- 
seale eonverging to a tensor ^ Lf{Ll xY). Suppose the non-loeal stress 
a®^{y) is given by (6.1) with the weight w G (7(0, CperiY, Cper{Y)))). 
Suppose A G C(R'^^'^,Mper{Y)). Then 




where cr®°(y, C) is given hy (6.3). If is expressed by (f.^), then 




where A^{a;y) := supA ( / w,,ki{y,C,x)&ki{x)dx,c) , 

Cey \Jn J 

Wijkl{y,C,x) = J^Wijpq{y,C,X,C)ApqkliOdf.. 

Finally the limit suffieient non-loeal maero- strength eondition is 
suPyeQ A®(d;y) < 1. 

Changing the notations, we obtain a similar proposition on homogeni- 
sation of non-local fatigue durability diagram n* and then of the fatigue 
damage measure uj. 

The approach developed in the paper is based on the two-scale con- 
vergence for stresses (4.1) following from [1], see also [3], for the linear 
elasticity. It will also work for more complex material behaviour, e.g. plas- 
ticity or small-cyclic fatigue if the convergence (4.1) holds true for such 
cases. 
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Abstract We consider a kind of variational singular perturbation problems with 
piecewise constant coefficients and unbounded energy. The method of 
matched asymptotic expansions allows us to give a rigorous proof of the 
asymptotic behaviour (leading order term) in two examples with elliptic 
and parabolic limit, respectively. 

1. Introduction 

We consider a kind of singular perturbation problems inspired by thin shell 
theory. 

Let E be a (real) Hilbert space, a and b two symmetric positive and con- 
tinuous bilinear forms on V. Moreover a -|- 6 is coercive on V, but a in 
general is not (b may also not be coercive). We then consider the family 
of variational problems with small parameter e : 

Find G V such that Vtc G V : 

a{u‘^ ,w) + e^b{vf ,w) = {f ,w) (1) 

The left hand side is coercive on V with coerciveness constant O(e^) which 
vanishes as e tends to zero. Under the hypothesis 

a{w,w)=0 w = 0 (2) 

the form a is the square of a norm on V, and we may construct the “limit 
problem” . 

Find u G Va such that Vtc G Va 

a{u,w) = {f,w) (3) 

407 
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where Va is the completion of V with the norm Obviously Va D V and 
the duals satisfy C V' . The problems (1) and (3) make sense for f G V 
and f G respectively. It is then classical (see for instance [4] ) that when 
both conditions are satisfied converges to u in the strong topology of Va- 
Otherwise, 'd f G V' but f ^ the limit problem does not make sense 
as a variational problem ; in that case it may either make sense in another 
framework or not make sense at all. It is then easily seen that the energy of 
the solution of (1) tends to infinity so that classical a priori estimates are of 
no use. It appears in specific examples that the energy of concentrates 
in certain regions. The way to study the asymptotic behaviour of is the 
method of matched asymptotic expansions (see for instance [1]) involving a 
change of variables x ^ y which implies a dilatation of the singular region. 
This process changes the asymptotic expression of the energy which, in the 
appropriate spaces, remains bounded, then, standard a priori estimates 
allow us to prove convergence. 

The objective of this paper is to show some examples of transmission prob- 
lems (involving piecewise constant coefficients) where the limit problem (3) 
does not make sense at all for singular loadings. Hence, no convergence 
holds in the x variable. Energy concentrates along the segment X 2 = 0 
and the alternative description in the y variable and a scaling of allows 
us to establish rigorously the leading order of the asymptotic behaviour. 
It should be pointed out that in the first example (section 3) the limit 
problem is elliptic (independently of the fact that it does not make sense 
for certain /) and the asymptotic description involves a differential equa- 
tion with respect to the variable normal to the singular curve, whereas 
the tangential variable is a parameter. Moreover the topology of this limit 
discards additive functions of the tangential variable. The corresponding 
indeterminacy of the limit is connected with lower order (non singular) 
terms which match with the outer region. Oppositely, in the example of 
section 4, the limit problem is parabolic and both variables are involved in 
the description of the asymptotic behaviour, accounting for propagation of 
singularities along the characteristics. 



2. Remarks on a simple transmission problem 

Let us consider in the interval I = (— 1,-|-1) 

—d[a{x)du] = / for X G I 

(± 1 ) = 0 

where a{x) denotes the piecewise constant function 

, ^ f a+ for X > 0 
a{x) = < r r, 

[ a_ for X < (J 



( 4 ) 

( 5 ) 

( 6 ) 
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and a± are strictly positive constants. 

Classically for / G this is a variational problem in Hq{I). Moreover, 

if / is sufficiently smooth, for instance / G s > —1/2, it is imme- 

diately seen that —adu is a primitive of / and then a continuous function 
; tt is of class for x > 0 and x < 0 and u satisfies the transmission 

conditions : 

M = 0, (7) 

\adu\ = 0 (8) 

where [ ] denotes the jump at x = 0. This is the usual definition of the 
transmission problem. 

For / G a unique solution u G Hq{I) exists and (4) make sense in 

distribution theory (whereas (8) is not satisfied in general). In particular, 
denoting by T G T^(J) a primitive of / we have 

adu = —F -|- C, (9) 

du = a~^{—F + C). (10) 

This situation changes for more singular /. For instance, if / = <5 q (where 
S\ denotes the Dirac mass at x = A), it is clear that (4) does not make 
sense in distribution theory. Indeed, if it did, we would have 

—adu = 5 q + C, (11) 

i.e., the block adu is a distribution, but there is no distribution u solving 
(11) as the product of 5q by a function bearing a jump at the origin does not 
make sense. Nevertheless, in the case a+ = a_ this difficulty disappears, 
and (4), (5) with f = 6 q has a solution u G s > 1/2 (this is an 
elementary example of Lions-Magenes theory [5]). 

Remark 2.1. The very reason of the impossibility of solving (4), (5) 
with f = 5 q is that “any definition of u should be very unstable”. Indeed, 
let us replace (5 q by 5)^. Taking A / 0, (4) makes sense, and (10) becomes 

du = a-\-Sx + C), (12) 

so that u has at x = A a jump of intensity — (a_)“^ or — (a+)“^ for A < 0 
and A > 0 respectively.* 

3. An example with elliptic limit 

In this section we consider an example of the problem (1) which is elliptic 
(for e > 0 as well as for e = 0) in the domain 



D = (0,7t) X (-1,+1) . 



(13) 
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The forms a and h are given by 




a{x 2 )diudiW dx 



(14) 



b{u,w) = / dijudijW dx (15) 

Jn 

where a{x 2 ) is the function defined in (6) and standard summation conven- 
tion of repeated indices is used. The energy space for e > 0 is F = 
so that : 

—di [a{x 2 )diu'^] + = / in fl (16) 

= dnU^ = 0 on 90 (17) 

where Va = i7g(ll), and the limit problem is 



-di [a{x 2 )diu] = / in 0 (18) 

tt = 0 on do, . (19) 

We shall take 

/ = F{xi)6'{x2) ( 20 ) 

with F G L^(0,7t). Clearly, f £ V' = but / 0 iT = F[~^. For 

reasons analogous to those of section 2, (18) with (20) does not make 
sense in distribution theory. Nevertheless, it is possible to write a “formal 
transmission condition” along X 2 = 0. Indeed, denoting 



a grad u = a = (ui, (T 2 ) 



(21) 



and assuming that the singularity is mainly concerned with the variable 
X 2 , we have : 

-^<72 = F{xi)5'{x2) ( 22 ) 

dX2 

or equivalently, the leading term of the singularity is the measure : 

-fj2 ~ F{xi)6{x2) (23) 



In order to study the asymptotic behaviour of u^, we make the change 



xi = yi , X2 = ey2 , u^{x) = v^{y) 



Di = d/dyi . 

Then (1) becomes the new problem Ve'- 

( Find £ Hl{Be) , B, = (0,7r) x (-1/e, 1/e) 
< such that Vrc G Hq^Bs) : 

I ao{v^, w) + w) + e^a2iy^ , w) = ( 4 >, w) 



(24) 

(25) 



(26) 
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where 



{<^,w) = - F{yi)D 2 w{yi, 0 )dyi 



(27) 



ao(v,w) = 


/ a{y2)D2vD2wdy + 


I DlvDlwdy 






T 


ai(v,w) = 


/ a(y2)DivDiwdy + 


/ 2D\D2vDiD2wdy 






iBe 


a2(v,w) = 


/ D\vD\wdy 

JBe 





We observe that the “inner” formulation of the problem (see (26)) is some- 
what analogous to the initial (“outer”) one (see (1) with (14), (15), (20)) 
with some differences ; the domain of definition depends on e and tends 
to the strip Bq = (0, tt) x lRy 2 as e tends to zero (but the functions may 
be extended with value 0 to Bq). Moreover, the “limit form” ao in (28) in- 
volves terms coming from a and b (see (14), (15)) so that the “boundedness 
of the energy” is a different concept in the outer and inner formulations. 
Moreover, the limit form ao is only concerned with D 2 W, not with w itself ; 
correspondingly, the functional (27) in the right hand side is also concerned 
with D 2 W. 

Usual techniques (a priori estimates and weak compactness) allow us to 
prove the convergence of D 2 V^ to a well defined limit. Indeed : 



Theorem 3.1. Let be the solution of (26) and let v be defined as the 
solution of the Lax-Milgram problem : 



Find D G V such that Vrc G V 

pn 

(avw + D 2 VD 2 W) dy = - / F{yi)w(yi,0)dyi 
^ Bq J 0 

where V = L? ((0, tt); i7^(IRy2)) • Then 

D2V^ — > V strongly in V 



(29) 



(30) 



Remark 3.1 We note that the convergence only takes place for the deriva- 
tive D 2 V^ ; this amounts to a convergence up to additive functions of yi. 
Equivalently, convergence may be stated in spaces of appropriate equiva- 
lence classes (see [7] for other problems in this context).* 



The explicit solution of the limit problem (29) is easily written, as it is in 
fact an ordinary differential equation in 7/2 with parameter y\ : 




I 1/2 
-|- a_ 




e £qj. y2 > 0 

e+(“-)^^^y2 fQj. 1/2 < 0 



v{yi,y 2 ) = -F{yi) 



(31) 
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According to (30) and Remark 3.1, we also may write 



(32) 



where v is any primitive in y2 of v defined up to +C{yi) ; the convergence 
being of course that of (30). Because of the exponential decay of v for 
\ y2 oo in (31), the integral of a{y2)D2v{yi,y2) between y2 = — oo and 
= +00 is easily computed: 

/ +00 

a{y2)D2v{yi,y2)dy2 = -F{yi) (33) 

-OO 

which should be compared with (23). Indeed, after the dilatation xi — > y 2 
we have 

a{y2)D2V%yi,y2)dy2 = uf (xi, xi)dx2 

where is defined as in (21) but for the problem in e. Consequently (33) 
shows that v describes explicitly the concentrated mass of (23). 



Remark 3.2. We saw in section 2 that in this kind of problems, the limit 
equation in the variables x does not make sense. The limit process does 
not amount to solving that problem. In fact we perturbed it with the e“^b 
terms and we considered the asymptotic behaviour of the corresponding 
perturbed solutions (after changing them in v^{y)). It is clear that 
this asymptotic behaviour does depend on the perturbation term, which 
is given by the physical (or other) definition of the problem, but this does 
not solve the limit problem, which does not make sense.* 



4. A model problem for shell theory with parabolic limit 

We consider again the domain 17 in (13) and the vector problem in the 
context of (1) with two unknowns {u\,U 2 ) = u defined by the bilinear 
forms 

a{u,w)= / a(x2) [7i(u)7i(rc) + 72(tt)72(rc)] dx (34) 

Jn 



b{u, w) 




{daU2){daW2)dx 

\ d \=2 



(35) 



where 0(^2) is again defined by (6) and 



7i(rc) = d\wi ; 72(rc) = d2W\ - W 2 (36) 

in the space V = Hq{Q) x Rg(17), V' = H~^ x H~^. We shall take 

if,v)= [ F{xi)v2{xi,0)dxi (37) 

Jo 
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with given F £ L^(0,7t), or equivalently 

f = {0,F{x,)S{x2)). (38) 

The space Va is not very easy to describe in an explicit way, but it is clear 
that W 2 appears in its norm without derivative, so that its trace is not 
defined. Then, obviously, f G V f ^ . 



Remark 4.1. The system of equations for the limit problem (e = 0) is 



I -di [adiui] - d 2 [a{d 2 Ui - U 2 )] = fi 
\ -a{d2Ui - U 2 ) = f2 



(39) 



or equivalently 

f -a{x 2 )dfui{xi,X 2 ) = fi{xi,X 2 ) - <92/2(3:1, X2) 

\ a{x2)u2{xi,X2) = a{x2)d2Ul{xi,X2) + f2{xi,X2) 



(40) 



which is essentially the first equation of (40) for ui (and then an elliptic 
problem in X 2 with parameter xi) and U 2 is then computed from the sec- 
ond equation (40). Obviously we have propagation of singularities along the 
characteristics X 2 = const, (note that the problem is parabolic in xi,X 2 )- 
Nevertheless, the derivatives with respect to X 2 at the right hand side of 
(40) imply very strong singularities of the solution u along the character- 
istics. For instance, if / is given by (38) the right hand side of the first 
equation is singular as 5\x2), so that u\ will also be so, and au 2 from 
the second equation (40) will be singular as 5"{x2)- Moreover when a is 
constant this gives U 2 itself singular as 5"{x2)- This situation is classical in 
shell theory (see [2], [3]). Moreover, when the function a is given by (6) 
the equation for U 2 does not make sense as in section 2.m 
In order to study the asymptotic behaviour of as e tends to zero we 
make the change (inspired by the considerations in Remark 4.1) : 



xi = yi , X 2 = rjy 2 ■, y = (41) 

ul{x) = 4 v'liy) , uf.{x) = \v^{y) (42) 

rj^ r}'^ 

then the variational problem becomes : 

rn 

r]~'^ac{v'^,w) + ao{v'^,w) + as{v^,w) = / F{yi)w2{yi,0)dyi{43) 

Jo 

in the space x Hq of the domain 



= (0,vr) X {-l/r],+l/rj) . 



(44) 
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where 

ac{v, u;) = y a{y2){D2Vi - V2){D2Wi - W2)dy 
ao{v,w) = J [a{y 2 ){DiVi){DiWi) + (4?ir’2)(-D|u;2)] dy 
as{v,w) = J [‘^{DiD 2 V 2 ){DiD 2 W 2 )]dy+ 
[{Dlv2){Dfw2)]dy 



Remark 4.2. We observe that in the present case, the problem in the 
inner variables y is a singular perturbation formed by the terms oq and Ug 
and an additional penalty term in rj~‘^ac, which implies a constraint for y 
tending to zero: the limit “lives” in the kernel of the form Oc-* 

In order to define the limit problem we consider the union for ry < 1 of the 
spaces Hq x Hq of the domains (44) (note that the elements of that space 
may be extended with value zero to 14 = (0,7t) x IR 2 / 2 ) and we construct 
the completion of that space with the norm 

[ac(tc,tc) + oo(rc,u;)]^/^ 

Let V be the Hilbert space so obtained. We shall also define the subspace 
of V with the constraint evoked in Remark 4.2 : 

G = {w eV ] 82101 — rc 2 = 0} (45) 

which is a closed subspace of V. The limit problem is : 



Find V G G such thatVrc G G : 

/*7T 

ao{v,w)= F{yi)w 2 {yi, 0 )dyi 
Jo 



(46) 



Lemma 4.1. The right hand side of (46) is a continuous functional on V. 

Proof. It was proved in [6], Lemma 4.1 that if u G V, taking the 
restriction to (0, tt) x (—1, +1), we have 

gR 2 ((0,7r);RH-l,+l)) 

with the obvious continuity in the norms. On the other hand, from the 
definition of V follows that 

D^V 2 G ((0,7t) ; L‘^{-1,+1)) 

D 2 V 1 - U2 G ((0, 7t) ; L2(-1, +1)) 
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so that 

V2GLmO,7T) ; (47) 

and taking the trace at the origin in 1, +1), the conclusion follows.* 

The limit problem (46) is then a classical variational problem in G and its 
solution V is well defined. Moreover, we have : 

Theorem 4.1. Let and v be the solutions of (43) and (46) respectively. 
Then 

v'^ ^ V strongly in V . (48) 

The proof is analogous to that of theorem 3.1 in [6]. 

Using the constraint V 2 = d 2 V\ in the space G it is easy to write the solution 
of the limit problem (46) in terms of v\ : 

{-a{yo)Dl + dI) v\ = -5'{y2)F{yi) in (0,7 t) x My 2 (49) 

^^l(0, 2 / 2 ) = Vl{7T, 2 / 2 ) = 0, (50) 

which may be easily solved by separation of variables. As v G G, we have 
exponential decreasing for | 2/2 00 . 

Remark 4.3. Many variants of the previous problem are possible. Let us 
mention the following one : we consider 

{f,v)= / M{xi)d2V2{xi,0)dx (51) 

Jo 

instead of (37). All the previous developments hold true (note in particular 
that (47) allows us to take traces of 02 X 2 )- The only difference is concerned 
with the re-scaling (42) : the exponents of rj in the denominators of (42) 
should be 3 and 4 instead of 2 and 3 respectively.* 
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Abstract In this paper, we give a method to compute the generalized elasticity coeffi- 
cients including coupling terms which appear in thin shell theory when the 
material is heterogeneous. A new program to compute this coefficients is 
implemented in the finite element code Modulef. As an example we consider 
an inhibited bilayered thin shell with hyperbolic middle surface involving 
a composite material with unidirectional fibres. We observe that the pres- 
ence of anisotropy modifies the quantitative results obtained for isotropic 
homogeneous material but not the qualitative trends of the solutions. 



1. INTRODUCTION 

Heterogeneous plate and shallow shell theories were considered in [11], 
Chap. 6, Remark 3.9 and [5]. The description of these problems includes 
coupling between membrane stress and bending. A corresponding the- 
ory for thin shells was worked out in [4] starting from a theory of shells 
in the framework of the Koiter’s hypotheses, and in [3] starting directly 
from three-dimensional elasticity. Asymptotic two-scale method was used 
in [3] to derive thin shell theory (see also [12]). Very many papers were 
published concerning thin shells and their numerical computation in the 
isotropic case, but very few in the general anisotropic and heterogeneous 
case. In this paper, we give a method to compute the generalized elasticity 
coefficients which appear in the variational formulation of the shell theory, 
in particular the coupling ones, in the framework of [3]. These coefficients 
are computed in contravariant components. This implies implementation 
of subroutines in the Modulef code. Precisely, construction of matrices 
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including the rigidity coefficients in the covariant basis. As an example, 
numerical simulation is done by using the Ganev-Argyris finite element [1] 
in the case of a multilayered and anisotropic shell. Precisely, in that exam- 
ple, each ply is a composite material with unidirectional fibers. Checking 
out, by post-processing, the generalized coefficients at Gauss points, we 
observe that the coupling coefficients do not vanish, in general, and their 
numerical values are not very small with respect to the membrane and 
bending coefficients. So, they may be taken into account in numerical 
computations. 

The paper is organized as follows, in the Sect. 2 we recall the main re- 
sults of the asymptotic theory developed in [3]. They will be used in the 
following sections. Sect. 3 is devoted to the local behavior, we give the ex- 
pression of the contravariant elasticity coefficients in terms of the rigidity 
coefficients given in a Gartesian frame. In particular, we give explicitly 
the generalized coefficients in the case of a multilayered shell. Numerical 
simulation is given in Sect. 4 concerning a bilayered shell, we observe that 
the coupling coefficients do not vanish and consequently modify the quan- 
titative results obtained for isotropic homogeneous shells. Nevertheless the 
qualitative results hold true, in particular we observe the boundary layer 
phenomena for inhibited shell when the loading does not vanish at a free 
boundary (see [ 6 ], [7], [ 8 ]). 

2. MAIN RESULTS OF THE ASYMPTOTIC 
THEORY 

In this section, we summarize the main results obtained in [3]. We con- 
sider the asymptotic behavior as the relative thickness tends to zero. The 
asymptotic process is based directly on the variational formulation of the 
problem and not on the equations. The asymptotic expansions are per- 
formed by using a formal two-scale method, in the next subsection, we 
give some indications on notations . 

2.1. MAIN NOTATIONS 

The current curvilinear coordinates are y = (y^, y^, y^) where y^, y^ are 
the parameters defining the middle surface S of the shell and y^ denotes the 
distance from S in the normal direction. Vectors with three components 
in the physical space are written in boldface, for instance the displacement 
is u = (rti, rt 2 , U 3 ). The Greek indices run on 1,2 and the Latin ones on 
1,2,3. 

Moreover, as upper and lower indices will be used for contravariant and 
covariant variables respectively, the set of the terms in the asymptotic 




Asymptotics of laminated shells 419 



expansions will be written in parentheses, for instance 

u ~ + • • • . (2.1) 



In the context of laminated shells, the large scale variables are only y = 
(y^,y^,0) or merely y = The small scale variable is z = (0,0,z^). 

In any case, we shall consider y and z as three-dimensional variables 
with 



A -n — -n 

dy3 ’ QgCt 



(2.2) 



Moreover, we shall use the usual notations 



_ 1 / dv4 duj \ 

~ 2 \dy^ + dt J 
_1 fduj duA 

~ 2 \dz^ + dz^ J 

The middle surface S is define by the mapping 



V’ : 'if {y^,y^) e 



(2.3) 

(2.4) 



(2.5) 



where is some domain of the (y^, — plane and £^ denote the Euclidean 

space with coordinates {xi, X 2 , X 3 ), then S is the image of 11. At each point 
of S we consider the two tangent vectors 



3 .^ — 



dif 

9y“ 



and the normal unit vector 



as = 



ai A a.2 
|ai Aa2| 



(2.6) 



(2.7) 



The coefficients of the first fundamental form are 

aa(3 = a« • a^ (2.8) 



Obviously, the surface S is assumed to be smooth up to its boundary 
dS. As it is classical, we then define the normal curvilinear coordinates 
(y^y^,y^) so that 

X = V' (y\y^) +y^as. 

Then the vectors of the local basis are 



gi (y\y^,y^) 



9x 
tly* ’ 
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and, of course, the above defined vectors a* are gj (y^,y^,0). The metric 
tensor aij of the curvilinear coordinates is gij = Ei*gj and the aa /3 defined 
in (2.8) are gafS O) . We also shall use the contravariant basis defined 

by g* • gj = Sj ■ The Christoffel symbols of the surface are defined as 

(2.9) 

We also recall that the surface and volume elements are given by 

f = (detaQ/ 3)2 dy^dy"^, 

\ dV = (detajj )2 dy^dy'^dy^ 

respectively. As in normal coordinates 0^3 = 0 and 033 = 1, for small y^ 
we have 

dV = {l + 0{y^))dSdy^. ( 2 . 11 ) 

The thin shell is defined by considering a small parameter £ such that 2e 
is the thickness of the shell. Then the thin shell occupies the domain Se 
defined in curvilinear coordinates by 

= {x; ( 2 /^ 2 /^y^) G O x ]-£,e[} . ( 2 . 12 ) 



The shell is assumed to be fixed by a part T^ of its lateral surface 

r, = 5o5 X ]-£,£[, (2.13) 

where OqS denotes a part of the lateral boundary of S . 



2.2. MECHANICAL BEHAVIOR OF THE 
SHELL 

Let be the elasticity coefficients, expressed in the covariant basis 
associated with the curvilinear coordinates of S^. We shall consider them 
to be functions of (^y^,y^, defined on 5^, they satisfy the symmetry 
and positivity properties : 

^ijkh ^ ^khij ^ ^jikh ( 2 . 14 ) 

> Ciijiij, y^ij such that Cij = iji (2.15) 



The elasticity coefficients are assumed to be smooth functions of y^,y‘^, 
oppositely they are not necessarily smooth with respect to = y^/e, for 
instance in the case of a laminated shell they are piecewise smooth of z^. 
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The density of the applied forces are assumed to be 

(2.16) 

by unit surface on S. 

The components of the strain tensor are given by 

Ikh (u) = €kh (u) - (2.17) 

Denoting by Ve the space of the kinematically admissible displacements, 
the variational formulation of the elasticity problem is 

Find G such that m i Q^ 

4 (u) jij (v) dV = F^VidS Vv gV,. 

In order to work up the two-scale method, we consider the variables 

y={y\y\t)), z = (o, 0 , (2.19) 

By analogy with the plate theory (see [2] and [11]), we search for expan- 
sions of u*" of the form 

~ {y) + (y, z) + (y, ^) H 

Then, by expanding 7 *^ under the form 

lij (u^) - + • • • (2-20) 

it was proved (see [3], [12]) that : 

1 (y) is a pure bending, defined as solution of 

la(}y (u°) = 0, 

satisfying the kinematic boundary conditions 

2 (y, z) is equal to a Love-Kirchhoff displacement field given by 
plus a term independent of z. 

3 The components 7 ]^ ^ are of the form 

= Cij (u°) + Eij + dj, 



where 



C33 — E33 — 0 . 
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4 At last, it was proved that the coefficients Cq-s and Eq.^ have not 
influence on the stress tensor, so they may be taken equal to zero. 
Then we have 

tS = -Pal3 (u°) + 'Japy (2.21) 

= ei3, 

where pa /3 are the components of the variations of the curvature. 



The local equation, i.e. with respect to z, is then 
1 

ijkh 






-1 



Ckh (u°) 2;^ + Ekh + (^khz 

Vw G [H^ ( — 1, 1)]^ 



0 

(2.22) 



( 2 . 22 ) is an equation for when the quantities Ckh are considered as 
data. The solution is then defined as an element of (—1,1)] /M^, it 
is linear with respect to Ckh (u®) and Ekh (G^^^) (which, are constant in 

z). With defined in a such way, 7 ^^ is known and we may define the 
leading terms of the membrane constraints and moments in the shell : 

1 

=e^ j (2.23) 

-1 
1 

= e ^ J (2-24) 

-1 

with T*^ = = 0. Indeed, according to (2.22), we have 

1 

-1 



and, as w is an arbitrary vector, it follows that 



n (r)b ^ (1)*3 
0 = CJ ~ -crv. 



a 



(l)i3 



0 . 



Consequently, are constants with respect to z^ and, on account of 

the boundary conditions at z^ = ± 1 , we have 



= 0 . 



(2.25) 
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As (2.25) is satisfied at any z G (—1, 1), at the leading order of the stress, 
each point of a ply is in a plane - stress state. Moreover, as Cai and E^i 
may be taken equal to zero, taking account of the linearity, we may write 
and under the form 






(2.26) 



where the coefficients 



AafSXp. 

^uS 



are well defined by relations of the form 



' 1 

_ j ^aj3\n ; membrane coefficients 

-1 

< = f (y^, : bending coefficients 

-1 

_ j ^a0\n z^dz^ : Coupling coefficients 

, -1 

(2.27) 

where the coefficients are the contravariant elasticity coefficients in 

the plane -stress state., they will be defined in the next section (see 3.4). 
They satisfy the symmetry and positivity properties. 

At the present level, the energy form is written in terms of the curvi- 
linear generalized elasticity coefficients In order to implement the 

problem for multilayered shells we have to use the numerical coefficients 
for each ply Ck, k = 1,2, ■ ■ ■ N. This is the object of the next section. 



3. LOCAL MECHANICAL BEHAVIOR OF 
EACH PLY 

3.1. COMPONENTS OF THE REDUCED 

LOCAL ELASTICITY COEFFICIENTS 



The mechanical behavior of each ply is known in a Cartesian basis 
^e^,e 2 ,e|^ which is chosen, for example, such that coincides with the 

unit normal vector as (y^,y^) of the surface. In such a basis, the local 
behavior writes 



—i'j' —i'j'k'h'— 

O' Ak'h' 



(3.1) 



where the elasticity coefficients ^ ^ are the mechanical ones in each ply, 
they are assumed to be known for a given material. We shall call them ef- 
fective elasticity coeff icients. They are expressed in terms of characteristic 
mechanical modulus of the material. In (3.1) the indices may be upper or 
lower ones because contravariant and covariant coincide in the Cartesian 
basis. 
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Condition (2.25) allows us to write the constitutive law in terms of plane 
stresses i.e. under the form 









(3.2) 



where the coefficients will be called reduced elasticity coeff icients. 

3.2. EXPRESSION OF THE GENERALIZED 
CONTRAVARIANT ELASTICITY 
COEFFICIENTS IN TERMS OF THE 
REDUCED ONES 

The vectors constituting the local basis {a^} may be expressed in the 
Cartesian basis and, by inversion, we have relations of the form 









= \Pk] [M 



a = a (K) a^j = u e^i ^ e^. 



We note that the coefficients Pj^, of the matrix [P] , where /? is a row index 
and a line index, may also be written with indices Pfj^f with the same 
convention, for convenience in the formulae we shall use this possibility. 
Then, from 

^ o ^ — 7r“'/3'o^. ^ W 

we have 

_ L ^ 

A ^ 

In the same way, we have 

7 = ® a'' = ®a.r,= P’’ (g) e'^ = 7„//3/e' 

or equivalently 















a 



X{i 



ol' ^ 3' — ot' ^ 3> 

/VA j-\t r\ /\A 



[7Am] = [^] [7a'/3'] [la'fS'] = [Pk] ^ [7Am] 



namely 



^ a' f}' — ® ^ P/^a' Prjf5'^\fjL 

then, from (3.2) we get the generalized contravariant elasticity coefficients: 

= U-j: [ca'p'k'h'] [V-^] ^ 






k 



(3.3) 
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Consequently, when the effective elasticity coefficients in a ply Ck are 
known, then the contravariant coefficients for each ply are well determined 
and the elasticity coefficients in the right hand side of (2.27) are given by 









for — 1 < 2 ;^ < zf 
cf^'^{y\y^) for zf+<z^<zt 

ioT zlti < z^ < zl~ 



cf ^ for zpi^ < z^ 



< 1 



(3.4) 



3.3. PARTICULAR CASE OF A COMPOSITE 
MATERIAL WITH UNIDIRECTIONAL 
FIBRES 

In this section, we consider the case when the material constituting ejrch 
ply Cj^ is a composite with unidirectional fibres. Taking the vector of 
the Cartesian basis in the tangential direction to the fibre at Q G Cj., we 
may locally define the orientation of the fibre by the angle 






(3.5) 



Then, the coefficients of the previous matrix are defined by using the 
relations 

e« = P^a.p. (3.6) 



namely 



/ cos 

l|ai|| 
sin Oj, 




jj21 

+ sin 6^ 
a2i 

— TT^ COS Oz 
a2 



— ||a^|| sin0^ 0 
||a^||cos0^ 0 

0 1) 



As the Cartesian basis 



{ef} i 



is the orthotropy basis for the considered 



material, condition (2.25) leads to 



-k _-k _ ^«/933'^33Am 

^3333 



(3.7) 
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In (3.7), computation of the coefficients c^pxfi iieeds the data of four elastic 
modulus of the material (see [9] ) : 



El and E2 = £^3 : longitudinal and transverse Young’s moduli, respectively, 

< 17^2 Poisson coefficient in the (01,62) and {ei,es) — planes, 

^ 

, Gi 2 shear modulus in the (01,62) and (01, 63) — p/anes. 



(3.8) 



then we have 



-Tik _ 

Ollll — 






2 



e\-eI 



_ ^2-k 

O2222 ~ 



-^k 



lllH 



Ej 

yk — T-,k yk 

O1122 — '^1202222) 



U2 



2 ’ 



01212 = ^ 



12 



(3.9) 



Then, (3.4) gives the contravariant elasticity coefficients and (2.27) 

the generalized contravariant elasticity coefficients . 



4 . NUMERICAL SIMULATIONS 

4.1. IMPLEMENTATION IN THE MODULEF 
CODE 

For the numerical experiments, the Module! code is used. Module! 
gives finite element analysis to compute thin shells in the isotropic ho- 
mogeneous case. The modular structure of this code and its interactive 
character will allow us to implement programs to compute the generalized 
contravariant elasticity coefficients in the case of multilayered shells. The 
so reprogrammed modulus is precisely that of the computation of the gener- 
alized coefficients introduced in Sect. (2) and (3). The choice of the Ganev 
- Argyris element for all the numerical tests will allow us to solve, not on 
the middle surface, but on the plane domain Q of the parameters. Let us 
note that as the implementation involves {u\,U 2 ,u^) G x x a 
reliable conformal discretization is obtained with Ganev triangles for u\, U 2 
and Argyris triangles for U3. 

As it is classical, let us introduce a generalized unknown with 12 com- 
ponents 

[U {y^,y^)] = [ui upi tti ,2 U 2 ■■■ ^3,22] 
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then, the variational formulation becomes 

eAm {U, F) + (U, V) + s^Af (U, V) = (F, V) VV G V 

where 

(U, V)= [ [U] 12 X 12 [^] dy^dy^ 

Jn 

and the analogous relations for Ac and Aj. The matrices [Am] , [Ac] and 
[Af] are computed with the elasticity coefficients (2.27). 

The essential modification in Modulef consists in the construction of the 
above matrices. This previously needs the construction of the local and 
reduced coefficients of rigidity (see Sect. 3) and the knowledge of four 
characteristics of the material in each ply (see 3.12). The main programs 
may be found as annex in [ 10 ]. 

4.2. NUMERICAL SIMULATION 

As an example, we consider a thin shell constituted by two parallel plies 
made with a composite material with unidirectional fibers. 

Ci: G ]-l,0[, C 2 : G jo, 1[. 



The map of the middle surface is 

^ Gn^ {y^, 

(hyperbolic shell) where 



O = ] 0 ,l[x] 0 ,l[. 

The directions of the fibers are defined, according to (3.9), by 

01=0, 02 = j 

respectively. 

For each ply, with a local orthonormal orthotropy basis ( 01 , 02 , 63 ), the 
elasticity moduli are 

e’I = 84 GPa., e\ = 5.6 GPa, = 2-1 GPa, = 0-32 

The relative thickness of the shell is e = 10“^. The generalized co- 
efficients A^d^^ a,re computed at each Gauss point. For instance, in the 
triangle with the nodes 

Ai = (1, 0.990680635) , A 2 = (1, 1) , A 3 = (0.990680635, 1) 
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at the Gauss point (0.997676806, 0.995327023), we obtain for the elasticity 
coefficients the values given in table 1 . 



Membrane 


Coupling 


Bending 


4IIII 


41111 

^12 


41111 

^22 


3.93469693E-05 


-1.55805042E-05 


1.31156564E-05 


41112 

^11 


41112 

^12 


41112 

^22 


-3.58176537E-06 


2.81319676E-07 


-1.19392179E-06 


4 1122 
"^11 


4 1122 
^12 


4I122 

^22 


5.31921149E-06 


6.7729936E-07 


1.7730705E-06 


4 1212 
"^11 


a1212 

^12 


41212 

^22 


5.4798033E-06 


6.07729936E-07 


1. 826601 lE-06 


4 1222 
"^11 


4 1222 
^12 


4 1222 
^22 


8.06505495E-07 


2.36123294E-06 


2.68835165E-07 


^2222 


42222 

^12 


42222 

^22 


2.43021952E-05 


8.22597544E-06 


8.10073173E-06 



Table 1 



In particular, it appears that the coupling coefficients do not vanish, 
moreover they are not very small with respect to the membrane and bend- 
ing ones. Other examples may be found in [10] leading to the same con- 
clusion. 

The influence of the anisotropy on the mechanical behavior may be seen 
making comparisons with results obtained for this shell in the isotropic 
case (see [ 8 ]). For instance if the shell is fixed by = 0 and = 0 and 
free elsewhere (we note that it is an inhibited shell i.e. the middle surface is 
geometrically rigid) , comparison between the numerical results for isotropic 
and anisotropic cases show that the general trends of the solutions are 
the same. In particular, there is accumulation of energy along the free 
boundaries = 1 and = 1. Obviously, the quantitative results are 
different in both cases see [ 10 ]. 

Examples with parabolic middle surface for inhibited shell may be found 
in [ 10 ] leading to the same conclusions as in the previous hyperbolic case. 
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5. CONCLUDING REMARKS 

Computation of the generalized elasticity coefficients for anisotropic shells 
were given. We showed on an example that the coupling coefficients are of 
the same order as the membrane and bending ones so that they should be 
taken into account in numerical computations. They are also relevant in 
the study of the structure of the inner and boundary layers (see [7] and 
[ 8 ]). 
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EXACT SINGULAR SOLUTIONS FOR AN 
INHOMOGENEOUS THICK ELASTIC PLATE 
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School of Mathematical Sciences, University of Nottingham, Nottingham NG7 2RD, UK 



Keywords: Inhomogeneous elastic plates, concentrated forces, higher order elastic sin- 
gularities, Volterra dislocations, semi-infinite crack. 

Abstract The author and co-workers have developed and applied [1-7] a procedure 
for deriving a large class of exact solutions of the three-dimensional field 
equations of linear elasticity for plates that are isotropic but inhomogeneous 
in the through-thickness direction. Here the technique is applied to several 
problems in which the corresponding two- dimensional problem involves 
a singular stress field. A feature is that in every case the presence of 
inhomogeneity results in an increase in the order of the singularity. 



1. INTRODUCTION 

In a series of earlier papers, Rogers and Spencer [1] , Rogers [2] , Spencer 
[3,4,5], Mian and Spencer [6] and Spencer and Selvadurai [7] have developed 
and applied a procedure for deriving exact solutions of the equations of 
linear elasticity for materials that are isotropic but inhomogeneous in a 
specified direction. 

The origins of the method reside in classical solutions by Michell [7] 
for plane stress of moderately thick elastic plates, and a reformulation of 
Michell’s equations by Kaprielian, Rogers and Spencer [8]. The principal 
result obtained in [1-5] is that any solution of the classical thin plate or 
classical laminate theory equations (which describe a two-dimensional the- 
ory) can be applied, by straightforward substitutions, to generate an exact 
solution of the three-dimensional linear elasticity equations for a material 
with arbitrary inhomogeneity in a specified direction, which is here taken 
to be the direction normal to the surface of a thick flat plate. Thus, if this 
direction is taken to be the z direction of a system of rectangular Carte- 
sian coordinates Oxyz, the Lame elastic moduli (or Young’s modulus and 
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Poisson’s ratio) can be arbitrary specified functions of z, subject only to 
the usual strain-energy positive-definiteness requirements. 

A disadvantage of the method is that, although it constructs exact 
solutions of the held equations, the solutions are usually not sufficiently 
general to allow satisfaction of the standard point-by point boundary con- 
ditions at the edge of a plate. However they normally admit specihcation of 
the usual combinations of stress resultants and moments, or of average or 
mid-plane displacements, at a boundary edge. Hence the solutions should 
strictly be regarded as interior solutions in a plate, and for completeness 
need to be supplemented by edge boundary layer solutions. There are 
some interesting solutions in two-dimensional elasticity theory which do 
not involve any boundaries, and which describe the effects of concentrated 
forces, force pairs, and higher order singularities, in plates. The main pur- 
pose of this paper is to derive the corresponding exact solutions for several 
problems involving singularities in an inhomogeneous plate. 



2. GENERAL THEORY 

The governing equations were formulated in terms of rectangular Carte- 
sian coordinates {x,y,z) in [6]. Here we employ cylindrical polar coordi- 
nates (r, 6, z). In this system, displacement components are denoted by u, v 
and w, components of the stress tensor a by cr^e, ■■■, and components 
of the inhnitesimal strain tensor e by 



du 




u 


1 dv 


‘2CrO — 


1 du 


dv 


dr ’ 


eee = 


h 

r 


r do' 


r do 


dr 


du 


dw 




dv 


1 dw 




dw 




dr ’ 


dz 


r do' 


^zz — 





(2.1) 



For an isotropic elastic solid, the stress- strain relations can be expressed in 
the form 



[iTj-j., Cqq, O'zz ] — ^ ^Zz\ ; (^‘^) 

^rzj ^r9\ — ^rz^ (^‘^) 

where A and /x are the Lame elastic moduli and e = Crr + The 

equations of equilibrium are 
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darr 

dr 



1 d(7j~g 9(7 j-z (7rr ^09 

r 96 9z r 

dcFrO 1 daee dag^ ‘l(Jr9 

dr r 96 9z r 

d^rz 1 d(7gz d(Jzz O'rz 

dr r 96 9z r 



(2.4) 



We consider a plate or slab of linearly elastic material, which is not 
necessarily thin, bounded by the planes z = ±/i. The material is isotropic, 
but may be inhomogeneous in the z direction, so that, in general, A and 
fj, are specified functions of z. The dependence of A and fj, on z need not 
be continuous, so that the important special case of a laminated or lay- 
ered material, in which A and ^ are piecewise constant functions of z, is 
included. The case in which the dependence is continuous corresponds to 
a functionally graded material. 

The underlying idea is that exact solutions of the three-dimensional 
elasticity equations for the inhomogeneous plate are generated by solutions 
of the classical two-dimensional thin elastic plate or classical laminate the- 
ory equations. The following is a summary of required results that are 
described in detail in [5]. 

Let u{r,6),v{r,6) and w{r,6) be displacements which may be inter- 
preted as average or mid-surface displacements of a thin plate, and denote 



. du u 1 9v 

' ' — 

dr r r 96 



^ 9v V 1 du 

O = 1 . 

dr r r 96 



(2.5) 



It is supposed that u{r,6),v{r,6) and w{r,6) satisfy the equations 



9A 1 9^ dV'^w 



dr 

1 9 A 9^ 1 dV'^w 

r 96 9r r 96 

where ki and K 2 are the constants 



0 , = 0 , 



(2.6) 



Kl = 



K2 = 



4 + h)/{^ + 2^)}dz 

2hji ’ 

4 + jj )/ (A 2ix)}zdz 

2hjl ’ 



(2.7) 



and fj, is the through-thickness average value of /j,, thus 
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2h^ = f fidz. ( 2 - 8 ) 

J-h 

Equations (2.6) can be interpreted as the classical equations for bending 
and stretching of a thin elastic plate. It follows from (2.6) that A and 14 
are harmonic functions, so that 



V^A = 0, = 0, ^ 



dj.2 



Id id 

rdr~^r“^ 86“^ 



(2-9) 



If the plate is symmetric, so that A(z) = A(— z) and fi{z) = fi{—z), then 
K 2 = 0, and the stretching deformations u and u, uncouple from the bending 
deformations w. 

It is shown in [5] that if u, v and w satisfy (2.6) then an exact solution 
of the three-dimensional elasticity equations (2.1)-(2.4) is 



u{r,e,z) 

v{r,9,z) 
w{r, 9, z) 



u — z 



dw 

dr 



+ F{z) 



dA 

dr 



+ B{z) 



dV'^w 
dr ’ 



_ 1 dw 

r dt) 



+ F{z) 



IdA 
r d9 



+ B{z) 



IdV^w 

r d9 



w + G{z)A + C{z)V^w, 



(2.10) 



where the functions B{z), C{z), G{z) and F{z) are determined by the equa- 
tions 



dG _ A A 

dz X + 2fi’ dz X + 2fi’ 

A. 

dz 
d 
dz 

and the boundary conditions 

(^ + G = 0, = atz = ±h. (2.12) 

dz dz 

The definitions (2.7) of k\ and K 2 ensure that the lateral surfaces z = ±/i 
of the plate are free from tractions, so that 

arz = 0, aoz = 0, azz = 0, at z = ±h. (2-13) 

Other values of ki and K 2 still yield exact solutions of the three-dimensional 
field equations, but do not satisfy (2.13). 



dF ^ 
fdB ^ 



4/x(A + m) 

^ ' A + 2^ ’ 



( 2 . 11 ) 
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From (2.2), (2.3) and (2.11) the stress associated with the displace- 
ment ( 2 . 10 ) is 






c^ee = 



(A — zV'^w) + 2^ i — z 



2Xfi 
X + 2ix 
2Xfi 
X + 2ix 

j fldA 1 d^A 

^ 1 V r (9r dO"^ 
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(2.14) 



Explicit expressions for G{z), C{z),F(z) and B(z) can be obtained by 
integration of (2.11), and are given in [5]. If the plate is symmetric, so that 
A and /r are even functions of z, then F and C are even functions of z, and 
G and B are odd functions of z. 



3. CONCENTRATED FORCE IN AN 
INHOMOGENEOUS THICK PLATE 

The exact three-dimensional solution for a concentrated line force in 
an inhomogeneous plate of arbitrary thickness was derived in [5]. We take 
the required solution of ( 2 . 6 ) to be of the form 



u{r, 9) = (a In r -|- (3) cos 9, v{r, 9) = (—a In r -|- /3) sin 0, 
w{r,9) = yrlnr cos 9 (3-1) 

where a, fd are constants, and it follows that 



. , cos 9 ^ sin ( 

A = {a + 2(3) , fl = {—a + 2f3) 



(3.2) 
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and that (2.6) are satisfied provided that 

a{ni - 1) + 2/3(ki + 1) + 27 K 2 = 0. (3.3) 

Then, from (2.10), the corresponding three-dimensional displacement in 
the thick plate is 

tt(r, 6,z) = |alnr -|- /3 — 'yz{l -|- Inr) — F ^ 

f a -h 2/3 27'! 

v{r,9, z) = < —a In r -|- /3 -|- 72; In r — F ^ ^ f 

w(r,9,z) = / 7r In r -|- G -|- C— 1 cos^. (3.4) 

[ r r ) 

Then, from (2.14), the stress is given as 






o'ee = 

(TrO — 
^rz — 

(yQz = 



2fi {2a{\ + ^) + 2j3\ — 'y{2>\ + 2^)z} 
\ + 2^ r 

2^ {2aA -|- 2/3(A -|- /i) — 7(3A -|- 2^)z} 



{ 



A -|- 2^ r 

4|u{F(a -I- 2/3) -|- 2F7} 






} cos 0, 

r'' 

{-{a + 2(5) +2'^z} A^{F{a + 2!3) + 2B^} 

' o 



sin 9, 



dF 



J I ry 

(<■1-1 



(a + 2/3) fdB 



27 






(a + 2/3) fdB 



-(^^ + C)^!>sin 



27 



(3.5) 



In general, the stress components arz and aoz give rise to non-zero 
stress resultants arz dz and agz dz. However, these stress resultants 
are zero, and so only in-plane resultant forces are present, if 7 is chosen 
such that 



(a + 2/3) [ n (^ + g \ dz + 2j [ ^ ^ + C ] dz = 0. (3.6) 



i-h 



dz 



i-h 



\ dz 



From (2.7), (2.8) and (2.11) it can be shown that 
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-2h{nijl + K2/u), 

-2h{K-2il + K3JI), 



where 



2n^ = / zix[zjdz, K3 = 



'-/i 



2hn 



Therefore (3.6) can be written as 



(3.7) 



(3.8) 



(a + 2/3 )(ki/2 + K 2 fi) + 27 (^ 2 /^ + «^ 3 ^) = 0. (3.9) 

If the plate is symmetric, then K 2 = 0 and ju = 0, and therefore in this case 
7 = 0. 

The resultant force exerted by a cylinder of radius r with its axis 
coincident with the z— axis on the material outside the cylinder acts in the 
X— direction and has magnitude P, where 

/ h pn 

/ {arr COS 9 — a^Q sin 6)rd0dz. (3.10) 

■h J — 7T 

from which it can be shown, from (2.7), (2.8) and (3.5) that 



P = —2'Khn{a{ni + 1) + 2/3(ki — 1) + 27 K 2 }, (3-11) 

and hence, from (3.3), P = —4:7rhjl{a — 2/3), which is the same as the clas- 
sical result for a homogeneous thin plate subject to the deformation (3.1). 
Since P is independent of r, the solution can be interpreted as describing 
the displacement and stress in the plate due to a line force at r = 0 acting 
in the x direction. As in standard plane theories for a homogeneous mate- 
rial, the displacement and stress are singular as r ^ 0 , thus contradicting 
the underlying small strain assumption of linear elasticity theory. There- 
fore, as in the theory for homogeneous materials, the solution should be 
regarded as an asymptotic solution as r ^ 00 . It is of interest that P does 
not depend on 7 , and so even for a non-symmetric plate P is not affected 
by the bending displacement mode that is included in (3.1). Another fea- 
ture is that although in the inhomogeneous plate the stress includes terms 
of order r~^ as well as terms of order r“^, these higher order terms do not 
contribute to P. 

The coefficients a, (5 and 7 need to be expressed in terms of P and the 
elastic moduli. It follows from the above analysis that 
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^ ^ [l I ^3/^ -^2^ \ P K^H-K2jl \ 

Sirhjl \ ]J{kiK3 — K2) j ’ l 6 nhjL \ J ’ 

87rhfi^{{KiKs — K2) 

If the plate is symmetric, then ^2 = 0 and ^ = 0, and (3.12) reduce to 

If the plate is homogeneous, then it is easily shown that (3.12) reduce 
further to the classical solution. 

The stress and displacement due to distributed in-plane forces can be 
constructed by superposition of solutions for concentrated forces. 

The solution for a line-load acting on the surface of a half -space can 
be derived in a similar way and was described in [5] . 

4. HIGHER ORDER POINT SINGULARITIES 

Stress and displacement singularities of higher order can be derived by 
differentiation, just as for homogeneous materials, and as described by, for 
example, Timoshenko and Goodier [10, Chap. 4]. Consider for example 
a pair of equal opposite concentrated forces of magnitude P situated at 
X = ±5, y = 0 and directed in the positive and negative x directions 
respectively. Denote the displacement (3.4) by u(x, y, z) and the stress 
(3.5) by a{x^ y, z). In the terminology of Love [9, Chap. 9] this comprises a 
‘force pair without moment’. Then the displacement ui and stress due 
to the pair of forces are given by superposition as 



ui = u(x -h (5, y, z) - u(x - 6, y, z)], a± = a{x + 6, y, z) - a{x - 6, y, z). 

(4.1) 

Hence in the limit d ^ 0, ui = 25du/dx, a\ = 25dajdx^ and it is assumed 
that P 00 , (5 ^ 0 in such a way that Q = 2P5 is finite. Details were 
given in [5] 

By superposing two such force pairs, with lines of action along the 
X and y axes respectively, there results the displacement corresponding 
to a centre of dilatation. This result can also be obtained by considering 
solutions of (2.6) in which u,v, and w depend only on r. 

In a similar way, a ‘force pair with moment’ is formed by two concen- 
trated forces, of equal magnitude P, with the first acting in the positive 
x-direction at (0,5), and the second in the negative x-direction at (0, -5). 
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Hence the pair of forces exert a moment of magnitude 25P = Q about 
the z -axis. In this case the displacement U2 and the stress <72 are given 
by ui = 25d\i/dy, a\ = 28dojdy. By superposing two such force pairs 
oriented along the x and y axes there follows the solution for a centre 
of rotation about the z -axis. This also may be derived by considering 
solutions in which Ti, v, and w depend only on r. 

Higher order singularities may be described by higher order derivatives 
of u and a with respect to x and y. An example was given in [5] 

5. VOLTERRA DISLOCATIONS 

The displacement 



u = a cos 9 Inr + eO sin 6, v = —a sin 6 Inr + e9 cos 6 + P sin 6, 
w = 6r 9 sin 9 + 'jr In r cos 9, (5-1) 

where a. /3, 7, 5 and s are constants, satisfies (2.6) provided that 

(ki — 1 ) (q; -|- e) -|- {k\ -|- 1)/3 -|- 2 k 2 {S -|- 7) = 0. (5-2) 

By substituting (5.1) into (2.10), it follows that the displacement 



u = {a — 72:) cos 9 Inr + {s — 5 2)6* sin 9 — jz cos 9 

- {(a + P + e)F{z) -h 2{5 + 'y)B{z)} cos 9, 

V = —{a — 72) sin 9 \nr + {e — 5 z)9 cos 9 -\- {P — 6z) sin 9 

- {(a + P + e)F{z) -h 2{5 + ^)B{z)} sin 9, 

w = 7rlnrcos0 -|- 6r9 sin 9 + {{a + P + £)G{z) -|- 2{S -|- j)C{z)} r~^ cos9, 

(5.3) 

satisfies the equations of three-dimensional elasticity, for any specified de- 
pendence of A and y on z. 9 is restriced to the range 0 < 0 < 27 t, then in 
plane elasticity the in-plane components of (5.1) represent a deformation 
in which the tangential component of displacement v is discontinuous by 
an amount 2e7r across 9 = 0. If 0 is replaced by 9 + Trj 2, the displacement 
is one in which the radial component u is discontinuous on this plane. In 
general, for a non-symmetrical plate, the discontinuity in v induces a slope 
discontinuity in w. The associated stress is, from (2.14) 
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o-rr = [ I + /3 + e - 2(7 + 5)z] + 2 ^{a - 7z}| ^ 

+4;U {(a + /9 + e)F{z) + 2{S + 7)^(2;)} cos 0, 

o'ee = [ I ^ _|_ 2^{« + P + e — 2{j + e)z} + 2^{P + e — 2;(2(5 + 7)} | - 

-4^ {(a + /3 + e)F{z) + 2{S + 7)^(2;)} cos 9, 

o're = [ - + P - e - 2'yz) - 

r 

+4^ {(a + /3 + e)-F(2;) + 2{5 + 7)^(2;)} sin 0, 

o-rz = -^[(a + P + e){F{z) + G{z)} + 2{5 + 7){i?'(2:) + C{z)}] ^ cos 9, 

o'ez = -^[(a + /? + e){-P(2;) + G(2;)} + 2{6 + 7){i?'(2:) + C{z)}] ^ sin 9, 

(5.4) 

The solution contains the five constants a. P, 7, 5 and e which must 
satisfy (5.2) so that four of them are independent. The constant e is a 
measure of the magnitude of the dislocation. If the out-of-plane stress 
resultants are zero, then by analogy with (3.9) 

{a + P + e){Kijl + K2p) + 2(7 -I- 6){K2p + ksF) = 0 ( 5 . 5 ) 

Another possible condition is that the resultant force on a cylinder enclos- 

ing the dislocation should be zero. The condition for this is (3.10) with 
P = 0, which gives, by analogy with (3.11) 

{a{K\ -I- 1) -I- /3(ki - 1) + e{ni - 3)}p -|- dy/x = 0 (5.6) 

Furthermore, if the transverse displacement w is continuous, then (5 = 0. 
Stress resultants on surfaces r = const, can be prescribed by superposing 
continuous solutions of the equations. 

A solution for a screw dislocation was given by Spencer and Selvadurai 



[ 7 ]. 
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6. A SEMI-INFINITE CRACK 

The displacement 

13 13 

u = r^/^(acos -6 + 6cos -0), v = r^/^(csin -0 — 6sin -0), 

w = cos -0, 

where a,b,c and e are constants, satisfies (2.6) provided that 
{3ki + l)o + {k\ + 3)c + 4/t2e = 0 



(6.1) 



(6.2) 



In plane theory, the above expressions for u and v lead to the solution 
for a semi- infinite opening (mode I) crack lying in the half-plane y = 0, 
X < 0. The corresponding three-dimensional solution of the field equations 
is, from (2.10) 

u = — ^ez) cos ^0 -|- 6cos ^0)} 

_j,-3/2{( 1 ( 3 ^ _ 1 _ c)F{z) + eB{z)} cos ^0} 

11 3 

V = r^'^^{(c -|- -ez) sin -6 — 6sin -9)} 

-r“^/^{(|(3a -h c)F{z) + eB{z)} sin ^0}, 

u) = r^^^ecos -0 -|- r“^/^{-(3a -|- c)G(z) -|- 2eC(z)} cos -0. (6.3) 



The corresponding stress is 



(Trr = + c) - 2ez}r ^/^cos^6< 

3 1 3 

-|-;u{(a — -ez) cos -6 + bcos -9}r~^^‘^ 

+y |^(3o + c)F{z) + 3eil(2;)| cos ^0, 

^ee = -^^^^{^(3o-hc) -2ez}r-^/2pQg 

5 1 3 

-|-;u{( 2 a + c — 2®^) 2^ ~ bcos 



1/2 
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— |U + c)F{z) + 3ei?(2;)| r ^0, 

^rO ~ 



^{3a + c)F{z) + 3eB{z)'^ r ^/^sin^6*, 

CTrz = -/^[^(3a + c){F{z) + G{z)} + e{B{z) + C{z)]r~^/‘^ cos ^0, 

0-02 = -/^[T(3a + c){F{z) + G( 2 :)} + e{E{z) + C{z)]r~^/‘^ sin ^-6, 

(6.4) 

In general the available constants cannot be chosen so as to prescribe zero 
tractions on the crack surfaces, but they can be chosen to be such that no 
resultant tractions act on these surfaces. 

The problem of an anti-plane strain (mode III) crack was discussed in 
[7]. The mode II (sliding) crack may be analysed in a similar manner to 
the mode I crack described above. 

7. DISCUSSION 

A feature of all the solutions presented above is that the order of 
the singularity in the three-dimensional solution for inhomogeneous ma- 
terial exceeds by two the order of the singularity in the corresponding 
two-dimensional problem. From (2.14) it is clear that this situation will 
obtain in any case in which the two-dimensional solution is singular. It 
is not clear how this result should be interpreted. There is an inherent 
contradiction in applying linear elasticity to singular problems, because 
linear elasticity assumes that displacement gradients are small, whereas at 
a singularity they become infinite. Nevertheless it is usually considered 
that linear elasticity solutions are valid asymptotically at large distances 
from a singularity where, for example, ’large’ means large compared to a 
crack-tip radius. However the analysis seems to suggest that even smooth 
inhomogeneities may give rise to unexpectedly large local concentrations of 
strain energy density, which may have implications for failure and fracture 
analysis. 
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Abstract The classical stretching, torsion and flexure solutions of linear elasticity 
are important ingredients of asymptotic treatments of slender structures. 
They each describe solutions in a cylindrical elastic region, with zero trac- 
tion applied over the lateral boundary. For rods, bars and tubes of arbitrary 
cross-section, anisotropy and transverse non-uniformity, they provide the 
relevant flexural, torsional and extensional rigidities, which relate resul- 
tant forces and moments to appropriate curvatures, twist and stretch in 
the deformed configuration. To leading order, these then characterize the 
constitutive behaviour. 

In finite elasticity, it is less clear how to choose the canonical states of 
deformation which should yield equivalent nonlinear constitutive laws in 
a one-dimensional theory. The helical solutions of Ericksen[l] provide a 
two-parameter set of such solutions, but this family must be enlarged by 
considering other solutions with no body forces or lateral tractions. Static 
solutions having strain a periodic function of the axial material coordinate 
provide such a four-parameter set of canonical deformations of a typical 
cross-section. These solutions are shown to play a central role in the asymp- 
totic description of slender elastic bodies, within which both the rotation 
and strain may become large. 



1. INTRODUCTION 

The equilibrium, and indeed the dynamics, of slender rods, wires and 
tubes has long been treated in technical theories by considering the shape 
X = r(s) of a representative curve (frequently called the curve of centres). 
Associated with each point of the curve is a stress resultant Ffs) and a 
stress couple M{s). Each value of s is associated with a cross-section oi the 
material. Then the vectors F{sq) and M(sq) measure the resultant force 
and moment (about r{so)) imparted by the material in s > sq upon the 
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material in s < sq- A standard exercise in statics, involving the resultant 
externally applied load L(s) Ss and moment P{s) 5s arising from the body 
forces and surface tractions acting upon material in the interval (s, s + (5s), 
yields the equilibrium equations 



F'(s) + L(s) = 0 , M'{s)+r'{s)xF{s) + P{s)=0. (1.1) 

However, the theory is incomplete without constitutive laws relating F and 
M to the material configuration. A secondary issue is the evaluation of 
both L and P as integrals, which presumes knowledge of the deformed 
configuration of each cross-section. An asymptotic derivation, based upon 
the full three-dimensional analysis, naturally incorporates this knowledge 
and allows for very general material cross-sections. 

In the linear theory of (initially straight) beams, the four canonical so- 
lutions describing stretching, torsion and bending in each principal plane 
provide both the constitutive laws for slender beam theory and describe the 
deformations of typical cross-sections relative to a local orthogonal triad 
of basis vectors. The resulting elastica theory and its analogies with rigid 
body dynamics were developed a century ago (see e.g. Love[2]). In devel- 
oping related theories for nonlinear elasticity, it is pertinent to seek similar 
canonical deformation states in which stress resultants and stress couples 
are linked mathematically to the stretch, the curvatures and the twist. 
Just as, in elastica theory, the constitutive laws for the one-dimensional 
theory are unaffected by externally applied tractions and body forces even 
though these are responsible for L and P, in the finite-elastic theory the 
canonical configurations correspond to static deformations without surface 
traction or body force. The helical deformations of Ericksen [1, 3] and 
Muncaster [4, 5] provide elegant examples of such deformations, in which 
the Cauchy-Green strain is independent of the axial coordinate. The treat- 
ment allows for initially straight bars of any cross-section, with anisotropy 
and material composition depending on the two lateral coordinates. It has 
an elegant variational formulation. The theory also is readily extended to 
initially twisted or curved bars. However, the associated set of canonical 
deformations possesses only two independent parameters, not the four of 
elastica theory. The explanation is that elastica theory allows only a two 
parameter set of solutions having constant stretch, twist and curvatures, 
without distributed loading. Typically, a more general solution without 
applied loads or moments involves curvatures and twist which are periodic 
in the coordinate s. This is the motivation for seeking canonical finite- 
elastic configurations which are periodic in an axial material coordinate. 
Within an approximate treatment of large deformations of slender rods. 
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bars or tubes, such deformations then become the leading-order state of 
deformation at a typical material cross-section. 

Section 2 describes the kinematics and statics of pre-twisted, pre-curved 
rods using curvilinear material coordinates. Deformations with periodi- 
cally varying strain are identified in Section 3 as solutions to a variational 
problem, which predicts formulae for the stress resultant and stress couple. 
These canonical deformations are used, in Section 4, to deduce constitu- 
tive laws for finite flexure, twist and stretch. In Section 5, linearization 
for slender rods recovers the standard St.-Venant solutions, so showing the 
current theory to naturally generalize elastica theory. 

2. FINITE DEFORMATIONS OF SLENDER 
BARS 

The finite elastic theory is developed for slender bars or tubes which, in 
a reference (unstressed) configuration, have cross-section which varies only 
gradually with respect to an axial coordinate. Specifically, I k {K = 

1,2,3) denotes a fixed orthonormal triad, with Xk {K = 1,2,3) the asso- 
ciated Lagrangian coordinates, there exists a reference curve X = R(Y) 
and a second orthonormal triad {Ei, E 2 , = R'(Y)} (n.b. |i?'(y)| = 1) 

such that the reference configuration may be written as 

X = XkIk = R{Y) + Y^E^{Y) {K = 1, 2, 3; a = 1, 2) (2.1) 

with the material occupying the region parameterized by T G (0, L), 
(Yi, Y 2 ) G T>(ey) for some £ <C 1. A typical magnitude of (Y^ -|- on 

dV is 0(1), while L = 0(e“^), or larger. 

Since E^fY) is the unit tangent to the reference curve and since there 
exists a vector R, = RjEj such that 

E'j{Y) = kxEj, 

the quantities RaiY) {a = 1,2) may be regarded as reference curvatures 
with RsfY) the reference twist of the bar. Special cases having each Rj 
constant correspond to helical bars, including (for R 2 = R 3 = 0) a simply 
curved bar and (for ki = K 2 = 0) a uniformly twisted (corkscrew) bar.^ 

Deformed configurations are written in terms of the (non-orthogonal) 
curvilinear coordinate system (Yi,Y 2 ,Y 3 =Y). Since Ej = HjkIk, where 
Hjk = E j ■ I k are components of the orthogonal matrix H, then 

^jl(Y) = SjkHkl with Sjk = -gjklRl- 



^The theory developed here applies not just to these generalizations of straight bars, but also to 
bars for which the kj, like dT), depend only gradually on Y and so may be written as functions 
of eY. 
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Also, the Jacobian matrix dX^ldYi has elements given by 



dXK 

BYl 



HrkVrl 



/ 1 0 K 3 I 2 \ 
and V = I 0 1 — K3I1 1 
\0 0 A / 



in which A = 1 + ^2 Yi —R1Y2 = A(Yi , I2) is the Jacobian of the coordinate 
transformation (differing from 1 due to the varying orientations of the plane 
material cross-sections Y = constant). 

A deformed configuration is represented as 



® = xjlj = r{Y) + Ui{Y^, Y)ei{Y) , y, G V{eY) (2.2) 



in which x = r(Y) is the deformed curve of centres with unit tangent 
63 = r'(Y)/\r'(Y)\ and with ei, 62 and 63 forming a (rotating) orthogonal 
triad of unit vectors. The stretch is A = |r'(y)|, while the curvatures Kq, 
(a = 1, 2) and twist K3, in the deformed state, are defined by e'(y) = KXSi 
with K = KjSj, so that e' = SijSj with Sij = —CijkKk- 

Within the bar, the deformation gradient has components 



dxj 


Bxj BYl 


BXr 


~ BYl BXk ~ 


in which U = V ^ is the matrix 


/I 


0 -K 3 A ^Y2 


0 

II 


1 itsA-iyi 


Vo 


0 A-i 



dxj 

W~L 



UrsHsk 



j =V{Ya,eY). 



(2.3) 



The Cauchy-Green strain has components Gjk = HRjPjRPjsHsK, in 
which pjs = {dxj /BY r)Uls are components of p the deformation gra- 
dient relative to axes parallel to the local reference triad {Tis'(y)}. For 
any bar, the strain-energy density W satisfies W = py(pH, Ya,y) = 
JT(HpH, Ya, Y) for all proper orthogonal H. For bars with material com- 
position depending only gradually on Y this specializes to 

W = Wip,Y^,eY) = W(Hp,Ya,eY). (2.4) 



The associated Piola-Kirchhoff stress components tjj = dW/dxjj then 
allow introduction of stress components 

dW 

crsj = HsjTjj = = crsj(p, Ya, Y) , (2.5) 

in terms of which the Euler equations become 
0 = = UmqHqj^^ = UmqHqj + Sm3Hsj{Y)(tsj^ 

d(j d(j 

= UmSq^ + ^~^Ss 30 'sj = Ums QY^ - Ri(J 2 j). (2.6) 
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Equations (2.6) are simplified using a variational formulation. The 
stored elastic energy in a material region TZ = 'D{eY) x [Yq) Eq + L] is 



E = 



lT(p,y«,eF)A(y„,ey)dr, 






Treating first variations arising from displacements xj i— > xj + r]j(Ya,Y), 

-UlSi leads to 



so that Pjs ^ Pjs + and 6W asj ^ 



OYl 



BYl 



SE = - 



d 



rjj(Ya,Y)-—{AULScrsj)dY+ // r]jAULScrsjnL<iS , 



m BYl j jQTi 

in which Uls^l^S are components of a vector element of reference area. 
From this, it is seen that the Euler-Lagrange equations are 

B 



BYl 



{AUisf^Sj) = 0 , 



(2.7) 



which, after differentiation, using (2.3), is found to be equivalent to (2.6). 
Also, on the lateral surface BT> x [Yo; Yq + L], the natural boundary condi- 
tions riLULS<^Sj = 0 correspond to a traction-free surface. 

Over any cross-section Y = constant, the stress resultant F = Fjlj and 
stress couple M = Mjlj have components defined through 







a3j{Ya,Y)dYidY2 = Ej{Y) 

ejpg[xp{Y^, Y) - rp(y)]cT3,dyidy2 

ejpqXpiY^, Y)a3g{Y^, Y) dyidya - ejpgrp{Y) Eg{Y) . 



(2.8) 



Then, when the lateral boundary BT> x [yo,Yo -|- L] is traction-free and 
body forces are absent, use of CjpqXpB / BYi^AULS^^Sq) = 0 in integration 
of equations (2.7) shows that equilibrium configurations are governed by 



^ = 0 and ^[M + r{Y)xF]=0. (2.9) 

Thus (consistent with the Euler equations and boundary conditions) the 
stress resultant F and moment M + r{Y) x F are independent of Y.‘^ 



^In general, with body forces b{Ya,Y) = bjlj these are replaced by 

dF _ 
dV “ 
d 

dY 



jj b{Y,,,Y)dYidY2 = -L{Y), 
[M + r{Y) X F] = - JJ (x-r)x b{Ya,Y) dYidY 2 = -P(Y) . 
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3. CANONICAL DEFORMATIONS 

In the special case (e ^ 0) in which Rj, A, W and T> are strictly inde- 
pendent of y, canonical deformations Xj = Xj(Ya,Y) exist with Aperiodic 
strain [6, 7] such that for some proper orthogonal matrix B 

FjL{Ya, y + A) = BjkFkUY^, Y) , FjLiYa, = 

Associated with B is a unit vector B, such that Bb = b, |b| = 1 and a 
skew-symmetric (rotation) matrix Q such that 

B = e®*^ = I -|- Q sin 0 -|- Q^(l — cos 0) 

so that B describes a rotation about b = bjlj through angle 0. The 
elements of Q are Qjk = —Cijkh, so that Qb = 0 and = — Q. The 
corresponding configuration may be represented as 

Xj{Ya, Y) = Cj + objY + Xj{Ya, Y) with Xj{Ya, Y + A) = BjkXkfYa, Y) . 

These are canonical deformations in which any two cross-sections labelled 
by y and y -|- A differ only by a translation through distance aA parallel 
to h and a rotation through angle 0 about an axis parallel to b and passing 
through X = Cjlj. Special cases (G independent of Y) include flexure of a 
strip (a = 0), combined torsion and extension of a bar and helical solutions 
[!]• 

In all periodic deformations, the stress components satisfy asj{Ya,Y -|- 
A) = BjkCTsk{Ya,Y) so that the stress resultant and stress couple satisfy 

Fj{Y + A) = BjkFkiY) , M,{Y + A) = BjkMk{Y) , 

so yielding the results Fj = bjF and Mj + CjkiXki^i F)Fi = bjM. Thus, the 
traction over the cross-section at each value Y is equipollent to the same 
wrench, consisting of a force F = Fb and a moment Mb about any point 
X = {cj + Fbj)Ij = c -|- A6 on the canonical axis. 

The constitutive relations for the scalars F and M are readily obtained 
from a variational description. Define the cross-sectional energy as 

S{Y) = Jj^ iT(p, y,) A(y,) dyidya , ( 3 . 1 ) 

so that the strain energy within T> x [Yq, Yq -|- A] is 

I‘Yq-\-A 

E= £{Y)dY = E{a,A,e) . (3.2) 

Jyo 
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Stationary values of E are then sought for variations of a, A and 0, with 
the unit vector b, skew-symmetric matrix Q {Qij = Cikjbk) and translation 
vector c held fixed and with configurations given by 



Xj{Ya, Y) = Cj + abjY + Xj{Ya, Y ) , Xj{Ya, Y + A) = BjkXk{Ya, Y) . 
From (3.2) and (2.5), it follows that 



dE 

da 



7 ^ da 

C/T ' 

-^^ULQ<TQ,nLdS- 

dn oo, 



dx. 



ciT ■ c) 

^ {AULQaQ,)flY 




V 



Yb, + ^-^]a:,jdYidY2 



Tl da dYi 
Yo+A 



Yo 



= AbjFj = Ab-F 



so that 



(3.3) 



f) 77 

F = b-F = A~^— = F(a, A, 0) . 
da 

Analogously, using identities involving dpjQ / 90 and dxj / 90 yields 
dE f f 

^0 ~ 1 1 d^) 'f'k{^o)]'ASm{Ya} Fo)dFldl^ -|- GlkmblTk{Yo') Fjyi 

= b-[M + r{Yo) xF] = b-M = M = M{a, A, 0) . (3.4) 

Additionally, it is found (since B^b = b) that 

dE 

— = £{Yo + A) + ab.BjkFk = £{Yo + A) + aF . 



(3.5) 



Since this shows that £(Yq + A) is independent of Yq, then E = A£ and 
„ . d£ dE 0. d , 

This implies that £ = E{d, 0), with d = aA, so that the wrench involves 
F = Fb and M = Mb, where 






with d and 0 being the axial and angular displacements of cross-sections 
for which Y differs by one period A of the canonical deformation. 
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4. CONSTITUTIVE LAWS FOR THE ROD 

For arbitrary constant T> and Rj, extremals of E determine canonical 
deformations in which the curve of centres 

X = r(Y) = oYb + x{0,Y) with Xj(Ya,Y + A) = BjkXk(Xa,Y) 

describes a curve periodically coiled around a helix (here c = 0, without 
loss of generality). Each portion [Yq, Yq + A\ has the same shape, parame- 
terized by a, 0 and Y . The stress resultant and stress couple are 

F = Fb, M = Mb + Fbx r{Y) = Mb + Fbx x{0,Y) . (4.1) 

The unit tangent t and stretch A are given by 

t = t{Y) = r'{Y)/\r'{Y)\ , A = \r\Y)\ (4.2) 

(N.B. At X F = —Fb X r'{Y) = —M\Y), as in classical beam theory). 

The constitutive relations for t ■ F and for the intrinsic components 
of M need to be related to the deformed material configuration. The 
orthonormal triad {ei, 62, 63} is chosen with 63 = t and with 



es-jj {x-r)x A dUdU = ° ’ // ~ r) ■ e^Y^A dUdU > 0, 

so identifying ei(Y), 62(E) and 63(E) at each cross section. Alternatively, 
since x = r + UiSi, this gives 

j j {U 1 Y 2 - U2 Ei)A dEidE2 = 0 , jj (uiEi + W2E2) A dEidE2 > 0. 

At each cross section, the curvatures Ka and material twist K3 = t are 
computed from Hj = ^A~^ejkie'f^ • 6/ (or Aki = 63 • 63, etc.). Resolving 5 , 
®(0,E), F and M into intrinsic components as fa = bjej, x(0,Y) = u/6;, 
F = FjSj and M = MjBj then gives 

Fj = bjF , Mj = bjM -h ejkihuiF , (4.3) 

with each of bj, ui, kj and A being periodic in E, with F and M given by 
(3.3) and (3.4) (or by (3.6)). For each value a, with |a| not greatly exceeding 
1, we expect one (or more) helical solutions to exist for each (moderate) 
ratio 0/A. As A is increased, we anticipate bifurcation from stable helical 
solutions to solutions with A-periodic strain. The helical solutions typically 
cover only a 2-parameter region of A, Kj space, while, for each period A, 
a stable periodic solution may be expected to cover a 3-parameter region. 
Accordingly, a 4-parameter region will be covered by the parameters a, 
A, 0 and E G [Yq,Yq + A). These canonical behaviours, computed from 
minimization of E in (3.2) when Rj, W and T> are taken to be independent 
of E, are the natural candidates for finite-elastic constitutive laws, even 
for nonuniformly pre-twisted, pre-curved rods. 
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5. THE SMALL STRAIN LIMIT 

For initially straight rods (Ej = Ij), configurations x = r{Y) + YaSa + 
ewj(Y)ej, with k = ek(Y), A = 1 + ea(Y) (so that e.'-{Y) = ek x ej) 
involve small strain. For isotropic materials (with Lame constants A, /u), 
the linearized Euler equations become 

(A + /U)(rCi,ii + W2,12) + + Wi,22) 

= Xk2{Y) - (A + /i)rc3,i3 - fiwi^33 , 

(A + /U)(rci,l2 + W2,22) + Kw2,11 + U>2,22) 

= -Xkl(Y) - (A + tl)w 3^23 - t^W 2,33 , 
^(w'S.ll + 'li' 3 , 22 ) = -(A + /i)(wi,13 + ^^^2,23) - (A + 2 iJ,)w 3^33 , 

where j denotes djdYj. Imposing the appropriate boundary conditions 
over dT> leads, when kj and a are constants, to the 4 -parameter set of 
solutions 

wi = -aaYi - akiYiY2 + ^ak2(Yi - Y2) , 

W2 = -(TaY2 -h |cJKi(Yf - Y2) -h ak2YiY2 , IV3 = ks^iYa) , ( 5 . 1 ) 

in which a = ^X/{X + fj.) is Poisson’s ratio. The displacements multiplying 
a describe Poisson contraction, those multiplying ki and K2 describe flex- 
ure, while 'h(yQ) is the warping function for the cross-section T> (the two 
standard bending functions for T> arise when k'l and k'2 are constants, so 
introducing into W3 contributions proportional to k'^ and ^2). 

Configurations ( 5 . 1 ), although involving standard solutions of linear elas- 
ticity, do not require that displacements or rotations be small. 

With the standard choice of Yq, = 0 as the centroid of T> with ei and 62 
along principal inertia axes, the stress couple components become 

Mj = Ajkj (no summation) , ^3 = ^40, ( 5 - 2 ) 

for some constants A\, . . . , A/^. Inserting these into the equilibrium equa- 
tions (see ( 2 . 9 )) F = Fb, M'{Y) = AFb x 63 gives, when A is replaced 
by 1 (as is consistent with the small strain approximation), the elastica 
equations which are known to be analogous to those for the spinning of an 
asymmetric top. 

It is a standard result that, for A± = A2, every solution has 63 = 5 • 63 
either constant or periodic (and expressible in terms of elliptic functions). 
While 61 and 62 are not always periodic, each of bi and kj is expressible in 
terms of circular and elliptic functions. Generally, if Ai 7^ A2, the angle 
cos“^ 63 between the tangent t and b oscillates non-periodically. However, 
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special solutions will have bi and kj periodic in Y.^ These periodic-strain 
solutions are the small strain limit of minimizers for (3.2). Since the con- 
stitutive laws (5.2) apply to both periodic and non-periodic configurations, 
it seems plausible to base nonlinear constitutive laws upon (4.3) in all de- 
formations, even when k, T> and W depend explicitly on Y and when body 
forces and surface tractions are present. 
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Abstract The aim of this work is to investigate the temperature distribution in a 
system of n thin channels, of thickness e, with each channel separated 
by a thin conducting wall, of thickness e^. The problem considered is 
a 2D problem, with nonhomogeneous heat equations in the channels and 
homogeneous heat equations in the walls. Neumann boundary conditions 
are set on the upper and lower horizontal parts of the external boundary of 
the system, and ideal thermal contact is assumed between each layer. We 
use an asymptotic method to obtain a set of solvability conditions, which 
lead to a coupling between the temperatures in the channels. A particular 
example, incorporating chemical reactions inside the channels, highlights 
industrial applications of this work. 



Introduction 

The motivation for this work came from problems that arise in chem- 
ical engineering. In particular, the book by Hayes and Kolaczkowski [3] 
presents the theory of catalytic combustion where thermal interaction oc- 
curs between adjacent channels of a multi-channel system. In this paper 
we develop an asymptotic model that enables us to reduce the dimension 
of the problem and to describe accurately the thermal interaction through 
a thin wall of low thermal conductivity. The paper is organised as follows: 
in the first section we consider a model asymptotic problem involving the 
heat source density independent of the temperature; in the second part we 
relate the asymptotic algorithm to a steady-state chemical reaction which 
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generates the heat source density; the concluding section indicates direc- 
tions for further development. 



1. A SIMPLE MODEL PROBLEM 



Consider a system (shown in Fig. 1) which consists of two infinite chan- 
nels ill and ^2 of width e, separated by a thin conducting wall Oq of width 
where £ is a small positive parameter, 0 < e <C 1. Assume that each 
channel j = 1 , 2 , is filled with a fluid whose temperature satisfies 
a nonhomogeneous heat equation 

Ory-i (j\ 

- — + /O) = 0 in j = 1 , 2 , ( 1 . 1 ) 

where fij denotes the thermal diffusivity, and is the heat source density 
(independent of and e). The distribution of the temperature 
within the wall Qq is described by a homogeneous heat equation 






dT^o) 



0 in Qq, 



(1.2) 



where hq is the thermal diffusivity of the wall. 

We assume that the temperatures and satisfy the ideal 

thermal eontaet conditions on the surfaces and 7 “ of the wall flo; that 
is. 



rp{i) ^ = ;Uo Qy on 7 ’' 

^(2) ^(0) 

T'- > = 7 



(1.3) 



(1.4) 



dy dy 

On the upper and lower horizontal external boundaries F+ and F“ of the 
system we set the following flux conditions 



on F’*', (1.5) 

on F“, (1.6) 

where are given functions of x and t, and are independent of e. 

Our objective is to find the temperature distribution in such a system 
and to analyse how changing the temperature in one channel affects the 
temperature in the other. 

We assume that the diffusivity po of the wall is small compared to the 
diffusivities pi and p 2 of the channels, namely, po is taken in the form 



dy 

8t(^) 

= ep 



(1.7) 



po = s^p*, 




Asymptotic analysis of heat transfer 457 




Figure 1 Two infinite channels separated by a thin conducting wall. 



where has the same order of magnitude as ;Ui and ^ 2 - 

Using an asymptotic technique similar to those described in [1] and [2], 
we shall construct asymptotic expansions for the temperatures in the 
following form 

tH) = + . . . , j = 0, 1, 2, (1.8) 

and derive a set of conditions which “couple” the temperatures and 
Tg^^ in the two channels. 

We begin by introducing new scaled variables 

Tj = ^ in Qj, j = l,2, To = ^ in Oq, (1-9) 



where r* G [-1/2, 1/2], i = 0,1,2; yj = y + (-1)^(1 + e)/2, j = 1,2. 

In these new variables the conditions (1.3) - (1.6) can be rewritten as 
follows: 



rp(2) 



_ rp{0) 



Ml 






^2 = 5 



_ 2^(0) 



To=|’ e dri 

F2dT^ 

ro = -|’ £ 8t2 



^2 = 5 



_ fiQ ar(°) 
£2 Oto 

yo 

£2 dro 



lro = U 



7”0 9 



£ Oti 



_1 = ep , 



M2 



5T(2) 



£ 3t2 



1 = ep 



Substituting (1.8) into (1.1) and (1.2) we obtain 






( 1 . 10 ) 

( 1 . 11 ) 

( 1 . 12 ) 



0, Tj G (-1/2, 1/2), j = 0,l,2. 
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The latter implies that the functions in (1.8) are linear in tj, that 

is, 

T-^\x,Tj,t) = i = 0, 1, j = 0,1,2. (1.13) 

From the flux conditions in (1.10)-(1.12), after substitution of condition 
(1.7), it follows that 



( 1 ) 



dT^ 

8ti 



= 0 , - 

ri=±l/2 ’ 8t2 



T2=±1/2 



= 0, i = 0, 1, 



and therefore, the functions and are independent of tj. 

The remaining two conditions in (1.10), (1.11), together with (1.13), give 

T^^\x,l/2,t) = 4°’°^(x,t) + cf’^\x,t)/2 = T^^\x,t), 

Tlf\x, -1/2, t) = cf’°^(x,t) - cf'^\x,t)/2 = T^{x,t). 

Thus, eliminating c^^’^\x,t) and c^’^\x,t), we obtain 



rlf\x,To,t) = ^{T^^\x,t) +T^‘^\x,t)) 



+{Tl,^\x,t)-TP{x,t))To, TO G [-1/2, 1/2]. 

In order to find the unknown functions Tq^\x, t) and Tq‘^\x, t), we derive 
a set of boundary value problems for the next terms and in the 

asymptotic representations (1.8) for the temperatures and in the 

two channels: 



2rp(j) 



8^Tr 



\2rp{j) 



d^Tr 



8rf 



8x‘^ 



H 



1 8Tr 



U) 



0 



8t 



- , Tje (-1/2, 1/2); (1.14) 



Ml 



8T^^^ 



8t\ 



ti=-1/2 



ii *( T ^ 8 ) ^'^2 

— M (4q -^0 ) — M2 



(2) 



8t2 



8T. 



( 1 ) 



8ti 



p+ 8 t: 



( 2 ) 



t2=1/2 



P 



T2=-1/2 P2 



(1.15) 



(1.16) 



lri = l/2 fil ’ 8t2 

whose solvability conditions form a system of equations for Tq^'' and 

8^t2^ 8t2'^ ._(!) .2), 



Ml- 



8x"^ 



8t 



-p*(T^^)-Ti'^^) = -p+- fWd 



'Ti, 



(1.17) 
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M2 








(1.18) 



Equations (1.17) and (1.18) are coupled via the term (Tg^^ — T^'^) which 
characterises the jump in temperature across the wall. The system (1.17), 
(1.18), together with the initial conditions at t = 0 and conditions as 
X ±oo (or X = 0, X = L for channels of finite length L), can then be 
solved (analytically or numerically) for the given source densities 
and the fluxes p~^, p~ . 



As a particular example, we consider the case when there is no depen- 
dence on time, each channel is of length L = l[m], the fluxes p"*", p~ , 
measured in and the source densities measured in [^1, are 

given by 




the temperatures Tg^^ and Tg^^ satisfy the boundary conditions 



Arp ^ , 

To^i^(0)=760[A:], T^'^\o)=730[K], — ^(1) = 0 



( 1 ) 



dx 



K 



mi 



dT, 



(2) 



0 



dx 



-( 1)=0 



K 



-mi 

2 2 

and the thermal diffusivities /Ui, p .2 and m are equal to 0.2[^], 0.1[^] and 
2 

18[— ], respectively. The resulting temperature distribution in each chan- 
nel is shown in Figure 2(A). For comparison, we also present the solution 
for the uncoupled {pf = 0) case (Figure 2(B)). 





Figure 2 (A): Coupled temperature distribution (i.e. with the terms), 

(B): Uncoupled temperature distribution (i.e. y* =0). 
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2. STEADY FLOW 

Assume now that a steady-state chemical reaction takes place in each 
channel, and the fluid moves steadily with a nonzero velocity = 1 , 2 . 

In this case the temperatures and satisfy the following equations 
in III and ^2 respectively : 

= 0, j = 1,2, (2.1) 

PjCp 

where pj is the fluid density, Cp^ is the specific heat capacity, 
is the reaction rate, and is the heat of the reaction. A positive 

value of represents an endothermic reaction and a negative value 

represents an exothermic reaction. 

We shall take the reaction rates in a simplified Arrhenius form 

(see, for example, [3], [4]), 

_ g(j) 

(-i? 0 ')) = ^(i)e KTO)(o)y(i)^ j = 12 , 

where are constants known as the pre-exponential factors, is the 
activation energy, ii is a gas constant, and is the concentration of a 
reactant in the channel Qj which satisfies the equation 

y)^.v2y0) _ p.^U) . - (-i?(^)) = 0, j = 1, 2, (2.2) 

where Dj is the diffusion coefficient. 

Equations (2.1) and (2.2) are complemented by the homogeneous heat 
equation ( 1 . 2 ) for the temperature inside the wall, the ideal thermal 
contact conditions (1.3)-(1.6) for the temperatures {j = 0,1,2), the 
non-slip conditions for the velocities 

= 0 on 7 ^ U r^, 

and the conditions for the concentrations 

ay(i) ay(2) 

= 0 on E’*' U 7 "^, = 0 on r U 7 . 

oyi oy 2 

We assume, in addition, that the flow in each channel is uni-directional^, 
that is, 

= {v^^\yj),0), j = 1 , 2 , 



^This is a physically plausible assumption, since the channels are thin (of width £•). 
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where satisfies the equation 

with the pressure gradient, and the viscosity. The latter implies 
that the velocity distribution in each channel has the form 

v(i) = j = 1, 2, (2.3) 

where the constants and are obtained from the boundary condi- 
tions on and 7 ^, and they are given by 



aW = 0, 



8 ry(-?) 



, i = i,2. 



Using the coordinate transformation (1.9) and the representations (2.3) 
for the velocities in each channel, we rewrite the system ( 2 . 1 ), ( 2 . 2 ) in 
the form 



fij 






dx^ 



■ + 



drj 






dT^i) 

dx 



1 



PjCp 



U) 



(Ai?(^))(-/?(J)) = 0, 



D 



/52y(i) 0 / N 

- 1 )^ - (-/;“) = 0 , 



(2.4) 



where = 



2 ^ 0 ) 

8rpy 



is assumed to be of order 0 ( 1 ), j = 1 , 2 . 



We shall take the asymptotic expansions for the temperatures and 
the concentrations in the form 



tO) = ^ + . . . ^ j = 0 , 1 , 2 , (2.5) 

y(i) ^ yO') + ^yO') ^ g2y0') + . , . ^ j = 2. (2.6) 

Substituting these into equations (2.1), (2.2), (1.2) and the boundary con- 
ditions we obtain (in the same way as in Section 1) that the functions 
Tq\t[^\Yq'^ and {j = 1 , 2 ) are independent of tj, and the functions 
T 2 and Y 2 ^ solve the following problems: 



+ T(«(4t| - 1) 



dB 



U) 



PiG' 



dx 



Pj 



dx"^ ' 



dB 



( 1 ) 



Ml- 



dri 



ii*(X^A) y(2)\ ^^2 



(2) 



It2=1/2 




462 



( 1 ) 



dr: 

Zd 

8 ti 



(2) 



n=l/2 

eU) 



= 0 , 



8t: 

Zd 

8t2 



T2 = - 1/2 



= 0 ; 



(2.7) 



+T®ft{4rJ - 1)^^ - 



3 



8Y^ 



( 3 ) 



8Tn 



,■=± 1/2 



= 0, j = l,2. 



(2.8) 



The solvability conditions for (2.7) and (2.8) give the system of coupled 
differential equations for the leading terms Tq^ and {j = 1,2) in the 
expansions (2.5), (2.6): 



3 dx 






PiC] 



P2 




I ^T(2) 

3 



dT, 



( 2 ) 



dx 







(Aid(2)) 






e 



(0) yd2) 



j 2 y 8 ) 9 V'T — ^ -4 

AA ^(i)g flT^^ho)yO) = 0, j = 1, 2. (2.9) 

dx^ 3 dx 

As a particular example, we solve the system (2.9) numerically, using 
Maple, for the following values of the parameters (having an endothermic 
reaction in channel 1 and an exothermic reaction in channel 2): 



y,(i) ^ y,(2) ^ 2 



pi = P2 = 0.3 




_g(l) ^ ^(2) ^ 2 
^(1) = ^(2) ^ 3 



- J - 

.mol\ ’ 
'mol ' 

-kg.sV 



y(l) _ 

= 

P 

R = 3 



T(2) = 3 



- 1 - 
.ms. 



Cp = 0.5 

- J - 
.mol.K \ ’ 



r J 1 



VmolKi 




= 2[A'], Aid(2) = _2 



assuming that both channels are of finite length L(= 1 [m]), and the tem- 
peratures and the concentrations satisfy the following 

boundary conditions: 



yJ')(o) = o.3, 



dYr 



( 1 ) 



dx 



-( 1 ) = 0 



1 1 



mJ 



yj'^(o) = 0.1, 



dYr 



(2) 



dx 



( 1 ) = 0 



- 1 - 
.mJ ’ 
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Figure 3 (A): Temperature distribution - Conducting wall resulting in coupling of tem- 

peratures; (B): Temperature distribution - Non-conducting wall resulting in uncoupled 
temperatures; (C): Concentration distribution - In the case when the wall is conducting; 
(D): Concentration distribution - In the case when the wall is non-conducting. 



T^^\0) = 800 [K], = 700 [K], 





The results of numerical calculations are shown in Figures 3 (A) and (C). 
In order to highlight the effect of coupling, in Figures 3 (B) and (D) we 
present the graphs for the uncoupled (/x* = 0) case. 
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Conclusion 

In this paper we analysed the effect of heat transfer across a thin con- 
ducting wall on the temperature distribution in the adjacent channels. 
Using the asymptotic technique of [1], [2], we derived the system of dif- 
ferential equations which “couples” the temperatures in the two channels. 
To highlight the effect of such a “coupling”, we compared the results of 
numerical calculations with those for the uncoupled case (when there is no 
heat transfer across the wall). We would like to mention that, although in 
this paper we considered the system of only two channels (separated by a 
thin conducting wall) , all the results can be easily generalised to the case of 
multi-channel interactions with multiple heterogeneous chemical reactions 
taking place in each channel. 
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Chapter 8 

Asymptotics of fields near 
non-smooth bonndaries 




EFFECT OF A THIN COATING ON THE 
STRESS SINGULARITY AT THE VERTEX 
OF A THIN CONICAL INCLUSION 



D. Esparza &: N.V. Movchan 
Department of Mathematical Sciences 
University of Liverpool, Liverpool, L69 3BX, UK 

Abstract In this work we analyse the behaviour of the stress field near the vertex of 
a thin conical inclusion connected to the surronnding medium via a thin 
soft layer. We assume that all three materials are homogeneous, elastic 
and isotropic. The soft thin coating is modelled as an interface where the 
normal stresses remain continuous, but there is a jump in the displacement 
across the boundary. We analyse the effect of the coating on the stress sin- 
gularity, and specify the load that would generate the strongest singularity. 
Results are compared with those for a perfectly bonded conical inclusion. 



1. INTRODUCTION 

In this paper we investigate the effect of a thin conical layer, which con- 
nects a conical inclusion and an elastic matrix, on the stress singularity at 
the vertex of the inclusion. Using the method of [1] we derive the consti- 
tutive equations of the interface which models the effect of the “coating” 
layer. We analyse the stress singularity at the vertex of the cone for differ- 
ent aspect ratios of the elastic parameters of the inclusion, the thin layer 
and the matrix. This investigation is based on the results of [4], and is 
explained in detail in [ 2 ]. 

2. FORMULATION OF THE PROBLEM 

Consider a “coated” conical inclusion embedded in an elastic matrix 
(see Fig. 1). Let us define the following domains: = {x G IR^ : X 3 > 

0, ^ ||x'|| < i?i,x' = (xi,X 2 )}, occupied by a thin circular conical 

inclusion with elastic constants Aq, Uo, the “coating” /c* = {x G IR^ : 
X 3 > 0 ,e“^X 3 ^||x'|| G {Ri,Ri -|- ei?o)} with elastic constants A*,/x*, and 
the elastic matrix = IR^ \ (/ceUfcl) with elastic constants A,/x. The 
elastic materials are all homogeneous and isotropic. We assume that the 
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“width” (e'^Rq) of the layer A:* is sufficiently small in comparison with the 
radius {eRi) of the intersection of the inclusion and the unit sphere 
S = {x G IR^ : ||x|| = 1}. 

The displacement fields u°, u*, and u in /ce, fc* and satisfy the Lame 
equations: 



L-(T)u-(£;x) 

L(|:)u(£;x) 



/ioAu° + (Ao + /io)VV • U° = 0, X G ke, 
fi* Au* + (A* + • u* = 0, X G k*, 

^Au + (A + fi)VV • u = 0, X G iLg, (2-1) 




Figure 1 Conical inclusion ke with a conical coating ke, embedded in a elastic matrix 
Ke = -SR^\{keUkt). 



where L", L*, L are the Lame operators for the inclusion, the layer and the 
matrix, respectively. 

Conditions at the Interfaces 

We assume that there is a perfect bonding at the two interfaces between 
the inclusion and the layer, and between the layer and the surrounding ma- 
trix. The latter implies the continuity in displacements and stresses across 
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each interface: 

u°(£;x) =u*(£;x), Xg ^||x'|| = eRi, 

u*(£;x) =u(e;x), Xg ^||x'|| = eiii + (2.2) 

^o(n)(uO;^^x) e,x), Xg^llx'll = eRi, 

cr*^"'\u*-,s,x)=a^^\u]e,x), Xg ^||x'|| = eiii + e^i?o- (2.3) 

In (2.3) cr°^'^\ and denote the normal stresses generated by u°, 

u*, and u at each boundary. 

3. BOUNDARY LAYER SOLUTION 

We want to analyse the behaviour of the solution in the vicinity of the 
vertex. In the vicinity of the origin we take the solutions in the form (see 

[4]): 

u°(e; x) = xG ke, 

u*(e;x) = p^+^"^W*(e;6l,v9), x G A:*, 

u{e; x) = 9,(p), x G K^, (3.1) 

where {p, 6, (p) are the spherical coordinates {p > 0,6 G [0, tt], (/9 G [0, 27t)), 
and A 2 is the stress singularity exponent. We construct an asymptotic 
expansion for each of the three displacement vectors v°,v*,v using the 
technique described in [3] , [4] . 

For the case where there is no inclusion and no layer (e = 0), the leading 
order approximations $ for the fields v'^, v*, v have the form 

6 

v° ~ ^°{9,(p) = '^Cj^^^’^\9,ip) on ge, 
i=i 
6 

V* ~ ^*{9,(f) = '^Cj^^^’^\9,ip) on gl, 
i=i 
6 

V ~ $(6», </^) = ^ Cj^^^’^\9, ip) on§\ (gffUgi), (3.2) 

i=i 

where ge,9l are the intersections of ke,k* with the unit sphere S. The 
functions $ are projections of linear vector fields on S; they satisfy 

the Lame equation and are given in [4]. 

In a neighbourhood of the point N{0, 0, 1) new scaled variables are in- 
troduced: 

Xi 

^i = —, i = l,2. 



(3.3) 
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Since we assume that the conical coating has the width e'^Rq, within the 
layer we introduce the second set of variables, 

C = ip' = (p, C e (0, Ro), p> G [0, 27t). (3.4) 

We also assume that the layer is soft, that is. 



A* 



^ ^ 



(3.5) 



where A*, /x* have the same order as A, /x, Aq, Po- In stretched variables, the 
Lame operator L* and the traction operator B* can be represented as 



B-(|,n)=.-'S;(|.n)+S:(|,A.„)+0(.) 



(3.6) 



(3.7) 



where Cq, CI,Iq,1\ and BQ,B^,bQ,b^ are matrix differential operators, 
which have a block-diagonal structure and are given in [2]. The vectors 
V*, v°,v can then be written as follows: 

v° ~ $((/?, 9) + ew°(^)(^) -h £^w°(^)(^), ll^ll < Ri, 

V* ~ 9 ) + + eV*(2)(C, p), C ^ [0, 7?o], 

V ~ $((/?, 0) -h ew^^)(^) -h e^w^^^(^), ll^ll > i?i -h ei?o, </^G[0,27r), (3.8) 

where w* are unknown functions. Using 

(3.6), (3.7) and the expression for v* in (3.8), we can derive the repre- 
sentations for the functions (as shown in [2]) in the form 



w*«(C, p) =W<^\p)C + U*(1)((^), (3.9) 

w*(2)(C, ^) =F*((^)C' + W*(2)(<^)^ + U*(2)(<^), g [0, 27 t), (3.10) 



where and F*, are unknown functions of p. From 

(3.9), we can see that the stress field generated by the displacement 
is independent of (( within the thin layer. However, it is also clear that 
there is a jump in the displacement across the layer. Thus, the functions 
and can be written in terms of the jump in across 

the thin layer, respectively. Similarly, F*,U*^^\ and can be written 
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in terms of the functions evaluated at ||^|| = Ri 

and at ||^|| = R\ + eRo- Therefore, the boundary value problem for the 
“coated” inclusion is transformed into a boundary value problem for an 
infinite medium with an imperfectly bonded inclusion with a non-zero jump 
in displacement across the interface: 

-I- = 0, ll^ll > Ri, 

= 0, ll^ll <i?i, 

= fffRi,(p) + gi{Ri,(p), 

= f2{Ri,(p) + g2(^i, </?), 'T’ e [0, 2tt), (3.11) 



where 










, ( 1 ) 



-wf^^)(Ri,ifi)) 

0 



and 



/2 



/ 1 \ 

(AS + 2g*){ — (w(^^ - w°(^^)(Ri,<p) + </5) + 1?oTc*(v9)} 

1 ^ a (1) 

mS { ^ - wf'’ ){Ri,^) + (Ri,^), +RoF; i^) } 



Here gi, g 2 are functions of ip, Ri, and they are given in [2]. Both functions 
decay at infinity as 0(||x||“^). 

By applying the Divergence Theorem to the first two equations in (3.11) 
in a circle of radius R enclosing the inclusion, and then taking the limit 
as 72 ^ oo, we obtain the coefficients in the asymptotic representation for 
at infinity, as explained in detail in [2], [4]. These coefficients are then 
used when deriving the solvability conditions for the problem (3.11) which, 
as shown in [2], [4], can be expressed as an eigenvalue problem for a 6 x 6 
matrix: 



Me = Aa c. (3.12) 

Here c = (ci, C 2 , . . . , cg)^ is the vector of the coefficients in the represen- 
tation (3.2), A 2 is the stress singularity exponent (see (2.3)), and M is a 
6x6 matrix whose elements depend on A, /U, Aq, /Uo, A*, and are given in 
[2]. 

The eigenvector c determines the stress field generated by the external 
load in the vicinity of the origin in the elastic medium without an inclu- 
sion. We shall call this stress field a stress mode. The stress field becomes 
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singular at the vertex of the cone if A 2 < 0. By solving the eigenvalue 
problem (3.12) we find 6 eigenvalues = 1,2,..., 6, and the corre- 

sponding eigenvectors (the stress modes) that generate these singularities. 
In the paper we adopt the following notations: we denote the eigenvalues 
associated with an axisymmetric load by A^^^A^^^A®; these correspond 
to compression or tension along the x-, y-, and z- axes. The eigenvalues 
associated with a non-axisymmetric load are denoted by A^^^ , A® , A^^^ ; 
they correspond to shear load in the xy-, xz- and yz- planes, respectively. 
We assume that the matrix, the inclusion and the coating layer have the 
same Poisson’s ratio that is, 

u = Uo = u*. (3.13) 



This relation allows us to write 

2fj,u 



A = 



l- 2 u' 



Xn = 



“2.1^0^ 

1 -2i/’ 



A! = 



1 - 2 v' 



(3.14) 



Although we do not present the elements of the matrix M (which are 
given in [2]), here we write the representation for its eigenvalues: 



A(1) ^l//l ^ ^ 



2 1/2 



+ 1/ + 



f2J 



1 - 12 



/2 



} 






2 1/2 



/2 



2 + -212) h- 



1 - 12 



/2. 



A (3) _a(4) _ (1 -2z/)(l -^o//i) 

1 + (3 - 4u)yo/fi 

5-212-812 



a(5) = - 

2 2 4{1 - 12){3 - 412 ) 



2 + — 7 ?i(l — /To//^) 

fi y 



-i?o + -^i(l + l^o/M) 
y y 



where 

/i = (1 - i 2)^R,{1 - yo/y)[^{l + 12) + {1- 212)] 
y y 

-^^{1-2i2)Ro[^{1 + i2)-1], 
y y 

h= ^{l-2i2)Ro + {l-v)^Ri{^ + l-2i2), 
y 

h= (1 - z^) — (1 - yo/y)‘^Ri + — (l - yo/y)RQ- 

y y 



(3.15) 



(3.16) 
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4. RESULTS 

In Figs. 2 to 5 we plot the eigenvalues A. 2 \j = 1, ... 6) as functions of u 
for different values of the ratios Ho/tJ- and yff/ ti. In each case we compare 
the graphs with the corresponding (dotted) curve for a perfectly bonded 
inclusion. The curve for = 2.5 is always the farthest from the dotted 
curve. 

For the case of the eigenvalue (Fig- 2), all the curves lie above 
the A = 0 axis when /Xo//a < 1 (the inclusion is softer than the matrix), 
while A 2 ^^ takes positive and negative values when /Xo//^ > 1 (the matrix 
is softer than the inclusion). Therefore, the presence of the layer generates 
a stronger singularity for an axisymmetric load with tension along the z- 
axis when /Uq//U >1. If we consider an axisymmetric load with compression 
along the z- axis (Fig. 3), we find that, for all the ratios of /Xq/m considered, 

the presence of the layer generates a singularity in the stress field, since 
f2) 

A 2 ' takes negative values. However, in comparison with the case of perfect 
bonding, the presence of the layer generates a stronger singularity if /Xo/ /x < 
1, and a weaker one if /Uo//x > 1. 

The eigenvalue A^^^ (same as A^^^) does not depend on Rq or tff/ n, and 
therefore the presence of the thin layer has no effect on the singularity in 
the stress field for the shear in the xy- plane. In Fig. 4 we show the plot 

/o\ 

for A 2 where we vary the ratio /Uo//x between 0.5 and 4.5 and obtain 
negative values for Ho/y < 1. 

For the eigenvalue A® = A^^\ the presence of the thin layer generates 
a stronger singularity than the case of perfect bonding when Ho/y < 1, as 
shown in Fig. 5. If /xq//x > 1, the eigenvalue takes positive and negative 
values depending on the ratio iff/y,. Since the eigenvalue for the perfect 
bonding is positive if /Uq//x > 1, then the presence of the layer can generate 
a singularity in the stress field for the shear loads in the xz- and yz- planes. 

5. CONCLUSIONS 

We have studied the behaviour of the stress field near the vertex of a 
coated conical inclusion embedded in an elastic matrix. We have analysed 
the effect of the thin coating on the stress singularity. By taking the same 
Poisson ratio for all materials, we found the expression for the stress singu- 
larity exponent and associated stress mode which generates this singularity. 
We found that compared to the case of perfect bonding the presence of the 
layer can generate a stronger singularity for a non-axisymmetric load. 
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Figure 2 Eigenvalue for g.o/g = 0.2, 0.8, 2, 8, and gl/g = 0.5, 1, 1.5, 2, 2.5. The 
curve for the ideal contact {Rq/Ri = 0) is shown by a dotted line. 
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Figure 3 Eigenvalue for g,o/g ~ 0.2, 0.8, 2, 8, and y*o/g = 0.5, 1, 1.5, 2, 2.5. The 
curve for the ideal contact {Ro/Ri ~ 0) is shown by a dotted line. 
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Figure 4 Eigenvalue A 2 = A 2 % for /io//^ 
^0 = 0 corresponds to a circular cavity. 
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0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5. The case for 



„/=0.8,R„/R,=1 




0.2, 0.8, 2, 8, and p*//i = 0.5, 1, 1.5, 2, 2.5. 
5 shown by a dotted line. 
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Abstract 3D singularities and its application to fatigue crack growth simulation are 
considered in this paper. The calculation of such singularities is briefly de- 
scribed. The focus lies on the usage of the appearing singularities, e. g. de- 
sign of special crack front elements and specimens with a predefined crack 
front shape. Finally, the angle of a crack front and the outer boundary are 
determined in case of surface breaking cracks. 



1. INTRODUCTION 

The numerical determination of three-dimensional crack front shapes - 
as they appear in experiments - is essential for a realistic 3D simulation 
of fatigue crack growth. From the engineering point of view it is also 
important for life time estimations. 

It is well-known, that along any 3D crack front stresses show a singular 
behavior in the crack front near field within the framework of linear elastic 
fracture mechanics. In contrast to 2D, it has to be distinguished between 
two certain singularities. Along a smooth crack front a wedge singularity 
is present. At corners, particularly in the vicinity where the crack front 
intersects the free surface, a corner singularity has to be taken into account. 
Knowing the present singularity at every point along the crack front offers 
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a variety of new aspects - design of specimens (section 5), design of crack 
front elements (section 3) and additionally the determination of the crack 
front angle at the intersection of the crack front and the free surface (section 

4). 

2. 3D SINGULARITY ANALYSIS 

An arbitrary 3D body D C with a singular point O and its coordinates 
xq is considered. The domain D consists of homogeneous, isotropic and 
linear-elastic material. The corresponding elastic solution in the vicinity 
of the singular point O related to the spherical coordinate system, which 
is centered in O, is asymptotically expanded in the form 

OO 

u, {p, e, ^,0) = Y, Kl{O)p<^^gH0, O) . (2.1) 

L=l 

This procedure traces back to [1] and is recently published in [3]. denote 
the asymptotic exponents satisfying ai > —0.5 from the elastic energy 
point of view , cp. [3], and are the corresponding angular functions. 
The vicinity Dq around O is given by 

Dq := D n := G : |a: — xq \ < e} , xq G D C . (2.2) 

All solutions (eigenstates) are searched satisfying the Lame-Navier equa- 
tion regarding to local boundary conditions [3]. This problem is solved by 
a weak FEM approximation (Galerkin-Petrov method) and the governing 
equations reads 



/ (7ij(u) £ij(v) dQ(x) = 0 . 

The displacements tt* (i = 1,2,3) are approximated by 


(2.3) 


u = p'^Ua(0,(p) 


(2.4) 


and the test functions Vi by 




V = d>(p)V(0,(p) 


(2.5) 


with 

4>(p)GC“,supp(<h) = [0,e) . 


(2.6) 



The test function v is chosen in such a way that combined with homo- 
geneous local boundary conditions the r.h.s. of (2.3) vanishes. After a 
sophisticated discretization followed by the evaluation of equation (2.3) 
one obtains a quadratic eigenvalue problem in terms of a. An a-shift of 
a = a + ^ yields 



[P -|- aQ -|- a^R]d = 0 



(2.7) 
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with better structured matrices. Then, the eigenvalue problem is linearized 
within the solution procedure and solved with the help of the mathematical 
package ARPACK [7]. gf" are the associated eigenvectors. Because the 
asymptotic behavior is focused, the interval —0.5 < a/, < 1 is considered 
excluding the rigid body motion modes as they are known. 

For a smooth part of the crack front the well-known value is a\ = 0.5 
with a multiplicity of three. It is the classical square-root displacement 
field which is equivalent to the square-root stress singularity. Along non- 
smooth parts of the crack front, particularly where the crack front intersects 
the free surface the values of are not a-priori known. They depend on 
material parameters as well as on the geometrical situation around the 
singular point. 

3. CRACK FRONT ELEMENTS 

As mentioned in the previous section, stress singularities appear in the 
neighborhood of crack fronts. With standard elements, e. g. quadratic 
quadrilateral elements, such singularities can not be modelled correctly. It 
leads to a relatively fine mesh in such areas with an increasing number of 
degrees of freedom (DOF) to register these asymptotical behavior. Further- 
more, when solving the related system of linear equations the convergence 
is slower if singularities are present and not properly modelled. 

To overcome this drawback crack front elements incorporating the rele- 
vant singularity or singularities are necessary. For the standard case of the 
classical square-root singularity a variety of elements are available. They 
can be grouped into two classes. The first class contains standard elements 
with appropriate shape functions showing the desired singular behavior. 
The second class consists of standard elements with eight or nine nodes. 
The mid-side nodes which are perpendicular to the crack front are moved 
to one quarter close to the crack front. These elements are the popular and 
widely used quarter-point elements. However, such kind of elements are 
missing for the neighborhood of singular points as considered in section 2 
for three-dimensional analyses. 

To have a common concept for embedded as well as for surface breaking 
cracks the following types of crack front elements can be proposed. They 
belong to the first group with appropriate shape functions. The functions 
are formulated to approximate the displacement field Uj{x) 

uj ; V = (3.i) 

m=l 



near the crack front. 
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It is defined via p nodal displacements and shape functions N^(rj) 
which fulfill the usual requirements 



N^{vl=Smn , X^iV™(r/) = l and 

m=l 



^ dN^{7]) _ ^ dN^{r]) 

drji ^ dr]2 
m=l m=l 



(3.2) 

(3.3) 



where rf^ denote the local co-ordinates of node n. 

It has to be distinguished between three different types of elements as 
shown in figure 1 a. Type I elements are located along the smooth part of 
the crack front. Type II elements are located on the crack front and share 
one node with the singular point whereas type III elements are placed 
on the outer boundary sharing one singular point. All these elements 
are macro-elements consisting of two standard elements - QUADS and/or 
TRIA6 elements. 



a) Discretization based on standard 
QUADS and TRIA6 elements 




Generic elements 




Figure 1 Crack front elements 



To include the yT-behavior of the displacement as r tends to zero into 
the shape functions of the element type I (see figure 1 b) a separation of 
variables N^(r]) = /™'(t?i) 5 ™(r(?? 2 )) is performed. It is enough to have 
a quadratical distribution tangential to the crack front. But, having the 
same order of approximation as well as the desired y/r distribution normal 
to the crack front, the following functions are proposed 

/”"(? 7 i) := span{l,r?i,? 7 ^} , (3.4) 

5 T™(r) := span {l, a/t, r, r^'^, r^} . (3.5) 

At non-smooth parts of the crack front, e. g. the intersection of the crack 
front and the outer boundary a similar approach but with other functions 
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is necessary. The general outline of the shape functions for the element 
types II and III (figure 1 c-d) is 

= n {p{m,V2),vi,m) (3.6) 



with 

■= span ■ (3.7) 

There can be up to four different exponents aL taken into account. If 
one exponent has a multiplicity greater then one it will be considered only 
once. The matching function h{r]i,T] 2 ) is used to adjust the remaining 
parameters in the shape functions depending on the total number of nodes 
in the macro-element. 

For the element type II the matching function has to assure the same 
approximation of displacements for pi = —1 along r /2 as in an element type I 
along the same direction. The element type III is at ry 2 = 2 connected 
to a quadratic standard element. Therefore, matching of the quadratic 
distribution for r /2 = 2 along rji is required. 



4. SURFACE BREAKING CRACKS 

In case of surface breaking cracks the crack front intersects the outer 
boundary at an angle 7 , cp. figure 3 a. 7 is defined as the angle between 
the normal vector on the outer boundary and the tangent vector of the 
crack front. If the angle were a-priori known, it would be useful for the 3D 
simulation of fatigue crack growth. 

For the determination of this angle an assumption is made. The crack 
front is shaped in such a way that the square-root singularity holds along 
the whole crack front even in the vicinity of the intersection point. This 
assumption is investigated for mode-I conditions considering the four point 
bending specimen as shown in figure 2 . 




L 



w 




Figure 2 Sketch of the 4-point bending specimen 
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The asymptotic exponent related to the symmetrical crack opening de- 
pends on the material and the geometrical situation. The material is 
PMMA (Poisson ratio v = 0.36 and Young’s modulus E = 3.6GPa). The 
geometrical situation is visualized in figure 3 a. 




b) 

0.5010 




0.5000 4 



0.4995 

0.4990 -I 

13.50° 13.60° 13.70° 13.80° ^ ^ 14.00° 



Figure 3 a) Geometrical situation around the singular point b) Crack front angle satis- 
fying the square-root singularity 



To assure the eigenvalue a\ related to a symmetrical crack opening 
with high precision, different meshes were tested within the framework of 
the singularity analysis. The {6, </ 9 )-plane of the domain is spanned 
by {6, ip) G (0°;180°) x (0°;180°). The crack intersects this domain at 
ip = 90° and 9 G (0*; 180°). An analytical solution for this setup is given 
in [2] for 6* = 90° and u = 0.3 with = 0.5477. The best mesh yields 
a^num _ Q 5479 £qj. = Q 3 ^ with an error less then 0.04%. 

Based on this discretization the angle 6* has to be found satisfying the 
square root singularity at both ends of the crack front. If 9* = 76.155°, 
which is equivalent to 7 = 13.845°, the value of a\ is equal to 0.50000669. 
As there will be no further change of the geometrical situation at both 
ends of the crack front during the stable mode-I crack propagation, the 
specified angle 7 will not change either. 

A practically linear relationship between the crack front angle 7 and the 
asymptotic exponent is shown in figure 3 b. The predicted crack front 
angle could be confirmed in experimental investigations [4], cp. figure 4. 

The shape of the crack fronts is almost independent of the specimen di- 
mensions during the stable fatigue crack growth. Then, the assumption of a 
valid square-root singularity in the vicinity of the intersection between the 
crack front and the outer boundary could be confirmed by the agreement 
of the angle 7 . 
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0 0.25 0.5 0.75 1.0 

normalized crack front length 

Figure 4 Experimentally observed crack front shapes 



One can conclude, at least for pure the mode-I loading, that the crack 
front will be shaped in such a way that the square-root singularity holds 
along the whole crack front. Additionally, a very interesting result has 
been observed in numerical simulations. Namely, if one take the crack front 
shape from the experiment and introduce it into the calculation, then the 
resulting SIF K\ has been a constant along the whole crack front. 

These two results are already included in an iterative forward predictor- 
corrector procedure, cp. [ 6 ] . 

5. DESIGN OF SPECIMENS 

For a given specimen with a surface breaking crack under mode-I con- 
ditions the crack front will be shaped satisfying Kj = const and having a 
certain crack front angle 7 , cp. section 4. In contrast to section 4 one can 
follow the other way. How should a specimen designed getting a straight 
crack front? It would be useful for many experimental investigations. Usu- 
ally, the crack starts growing from a starting notch. But the radius of the 
notch influences the crack growth behavior at the very beginning and has 
to be close to zero [ 8 ]. Within this procedure the real experiment always 
starts with a curved crack front instead of a desired straight crack front. 

Hence, the following question appears. How could the geometrical sit- 
uation in the area where the crack front intersects the outer boundary be 
changed in order to keep the crack front angle 7 = 0°? As a possible 
solution we propose to insert an additional notch into the specimen. 

The specimen {L = 200 mm, W = 50 mm and B = a = 25 mm) with 
its special geometry is subjected to tension ((Tq = 100 MPa) and shown in 
figure 5. The additional notch is characterized by the opening angle (3 and 
the depth h. The geometry is divided into a core and a boundary layer zone. 
The core specimen corresponds to a classical single edge cracked specimen 
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Front view Top view 




Figure 5 Sketch of a square-root singular specimen 



(SEC-specimen) expanded by a boundary layer zone. The specimen is 
made of PMMA (Young’s modulus E = 3.6 GPa and Poission ratio v = 
0.36). 

In the following the notch angle (3 has to be found satisfying the square 
root singularity in the vicinity of the intersection between the crack front 
and the outer boundary. 

The {9, (^)-plane of the domain Oq in the singularity analysis is spanned 
by {6, if) G (0°; 180°) x (0°;C)- The crack intersects this domain at | 
and 0 G (90°; 180°). ( is defined by C = 360° — f3. The eigenvalue a\ 
related to a symmetrical opening of the crack surfaces (mode-I) was equal 
to 0.500106 for the crack front angle 7 = 0° and the notch angle /3 = 166.8° 
for 1 / = 0.36. To have this notch angle on hand for other materials figure 6 
is shown. 



As 1 / tends to zero the notch angle 
tends to 180°. This corresponds well 
to the plane strain conditions and to 
results obtained by [3]. 

With the notch angle on hand, nu- 
merical investigations [5] are perfor- 
med to determine a reliable size of 
the notch depth h having a constant 
Ki distribution along the whole crack 
front. All global dimensions were 
kept constant and only the depth h 
was varied. It can be clearly seen in 
figure 7 a) a certain minimum depth 
has to be reached to come from a 




Figure 6 Notch angle satisfying the 
square-root singularity 



convex distribution of Aif(s) = Ki{s) / (ao^/na) to a constant one. s de- 
notes the coordinate of the normalized crack front length. The Constance is 
given in terms of the maximum deviation = max [( Ai(s) — Ki) / Ki] 

of the mean value Ki, cp. figure 7 b). The changing algebraic sign corre- 
sponds to the transition from the convex to a practically constant distri- 
bution of Kf. Although the distribution of Aif(s) is slightly increasing 
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a) b) 





Figure 7 Notch depth obtaining a constant iff-distribution 



at both ends it can be treated as constant because is always less 

then 0.7% for h > 2 mm. It may indicate that the notch angle j3 should be 
slightly larger and the corresponding singular exponent closer to 0.5. But 
this problem is subjected to a forthcoming sensitivity analysis. 

For the range of 2mm < h < 6mm the ’’constant” distribution has 
almost the same level. If the depth h is more increasing the SIF iHf (s) 
keeps still practically constant but the level is decreasing. The remaining 
crack front length t is also decreasing. That is why, there can not be 
assumed the plane strain conditions any more. It is a transition from the 
plane strain to the plane stress conditions in the crack near field. From the 
associated displacement field it is known that the respective stress intensity 
factors {K^’° , Kj’*) differ at a factor M 

M{u) = ~ (5 + j^)/(5 + z/ - 



between these two conditions. This factor M can be depicted in figure 
7 a). Assuming two dimensional plane strain conditions it leads to K^’° = 
2.82658 and for the plane stress conditions one obtains K^’* = /M = 
2.553212 for v = 0.36. As one can see in figure 7 a), tends exactly 

to the value of as the crack length t tends to zero {h 12.5 mm). 

The qualitative behavior of getting a straight crack front by introducing 
an additional notch has been confirmed by the performance of an appro- 
priate experiment. 

Finally, the name square-root singularity specimen can be proposed for 
the specimen in figure 5, because the square-root singularity holds along 
the whole crack front and the crack front is straight. 
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6. CONCLUSION 

The application of 3D singularities to fatigue crack growth simulation 
has been shown. The determination of such singularities has been ex- 
plained briefly. With known asymptotic exponents three aspects are going 
to arise. Firstly, the design of special crack front elements has been pro- 
posed for the accurate simulation of the displacement field near the crack 
front. Secondly, concerning mode-I fatigue crack growth, the crack front 
angle 7 is specified regarding to the assumption of a valid square-root sin- 
gularity along the whole crack front. Thirdly, a new class of specimens 
- square-root singularity specimens - has been proposed. With the help 
of these specimens a straight crack front can be generated under mode-I 
loading during stable crack growth. This new specimen offers the chance 
of neglecting the ’’negative” influence of the Poisson ratio in experiments. 
Acknowledgments G.M. thanks AvH Foundation for support. The authors thank 
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Abstract This paper concerns the evolution, according to the Navier-Stokes equa- 
tions, of vorticity lo — ujb'^ initially concentrated on a circle as in Figure 
1. The aim is to prove existence, for small times, of an exact solution 
o) = u>A+oJi A- p, where u>a is a formal approximation that is known explic- 
itly. The leading perturbation is the semi-explicit solution of a linear 
problem; the remainder p must be shown to exist and to be suitably small. 

The following results are presented, (i) Saffman’s formulae for the cen- 
troid of vorticity and its velocity are derived with a little more generality 
than is used in [4] and from a different starting point; possibly there is a 
gain of clarity, (ii) Theorem 1 establishes existence and uniqueness of u>\. 
(iii) Theorem 2 presents an a priori bound for p. 

The final stage of the work remains to be done. It seems very probable 
that existence and suitable smallness of p will follow from Theorem 2, but 
the proof of this is not yet complete. 



1. INTRODUCTION 

This paper describes work on an initial- value problem for the Navier- 
Stokes equations. Fluid is assumed to occupy the whole (Fuclidean, three- 
dimensional) space IR^; the initial velocity (at time t = 0) is that induced 
by vorticity concentrated on, and tangential to, a circle that we visualize 
as horizontal (Figure 1). According to plausible reasoning, the circle moves 
upwards, initially with infinite velocity; the vorticity diffuses, being mainly 
contained for small t > 0 in a (vaguely defined) ring of small cross-section 
outside which the vorticity is exponentially small. 



489 

A.B. Movchan (ed.), lUTAM Symposium on Asymptotics, Singularities and Homogenisation in Problems of 
Mechanics, 489—500. 

© 2003 Kluwer Academic Publishers. Printed in the Netherlands. 




490 




Figure 1 

Thin vortex rings of this kind in a viscous fluid are the subject of various 
approximate formulae ; there is a long list of references in [ 1 ]. Not all these 
formulae refer to an initial- value problem and not all agree with others. 
The present work is intended to provide a rigorous basis for such approxi- 
mations. In particular, we wish to confirm Saffman’s admirable formula in 
[ 4 ] for the velocity of the centroid of vorticity defined there. 

Let xi,X2,x^ be Cartesian co-ordinates such that the frame (Oxi, 0x2, OX3) 
moves, relative to the fluid at infinity, with the velocity (0,0,C/(t)) of the 
centroid of vorticity, the axes remaining parallel to their initial positions 
(shown in Figure 1 ). The fluid velocity relative to this moving frame is 
written v(x, t), where x G IR^, and the vorticity is u := curl v = Vav.Iu 
the present situation it follows that, when U{f) and cj{x,t) are known, the 
fluid velocity is given by 

v(x,t) = -(0,0,[/(t)) -h Va [ —r^ 77 u{x',f)dx. (1.1) 

47r|x — x'\ 

With this equation understood, our problem is to find u{x,t) and U{t) 
such that 

u = — - {(v • V)cj — (a; • V)v} in IR^ x ( 0 ,t) ( 1 . 2 ) 

for some small f > 0; also such that 

o;(x,0) = K 6 {z) 6 {r — a)e‘^ , 




( 1 . 3 ) 




A diffusing vortex circle in a viscous fluid 491 



where the kinematic viscosity v, the circulation k and the radius a are 
given positive constants; t := vT, where T denotes physical time; 6 {-) 
denotes the Dirac generalized function; cylindrical co-ordinates z,r,ip are 
defined by x =: {r cos ip, rsmip,z) and := (— sin(^, cose/?, 0). Thus 
a;(x, t) = uj{z, r, t)e'^ . 

The use of t simplifies the heat operator in (1.2) and many subsequent 
formulae. If we were to use non-dimensional variables x := x/a, t := 
t/a?,~v := va/z/ and cD := oja?lu, then the only parameter of the prob- 
lem would be the Reynolds number Kjv. Our results are valid whenever 
0 < zt/z/ < oo, but the time interval (0,t/a^) shrinks as nju increases. 

The basic theory of the Navier-Stokes equations [3] does not apply to 
this problem, because the initial kinetic energy of the fluid is infinite, but 
Giga and Miyakawa, in an impressive paper [2], have proved the existence 
of Navier-Stokes solutions for which the initial vorticity is concentrated on 
curves. However, the generality of their theorem forces Giga and Miyakawa 
to impose a restriction of small initial vorticity. Because the present paper 
concerns a particular axially symmetric flow, no hypothesis of small initial 
vorticity is needed and more explicit results are possible. 

For small values of tje?, the right-hand member of (1.2) is expected 
to be small, because a; should be approximately constant on small circles 
in a meridional plane {ip = const.) centred at z = 0, r = a, so that v 
is approximately tangential to such circles and approximately of constant 
magnitude on each of them. If these non-linear terms are neglected, there 
results the formal approximation 

where s := {z^ -h (r — a )^}2 and H is a known function such that B(y) 1 
as y ^ oo. More precisely, 

B{y) = {27ry)^e~yii{y) (0 < y < oo), (1.5) 

where R is the modified Bessel function of the first kind and of order 1 (as 
in [5], p.77). 

We seek a solution of (l.l)to (1.3) having the form 

uj{z,r,t) = iOA{z,r,t) +t~^{u>n{cr)cos 6 + iAji 2 {cr)sm 6 } + p{z,r,t),] 

where z=:scos6, r — a=:ssm0, a:=s/{ 4 t) 2 . j 



(1.6) 
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The functions cun and W 12 refer to an inner region near 2 ; = 0, r = a and 
satisfy linear, ordinary integro-differential equations for 0 < cr < 00 . The 
remainder function p must satisfy a non-linear, partial integro-differential 
equation on IR x (0, 00 ) x (0, t) and represents the difficult part of the 
problem: p must be shown to exist and to be suitably bounded. 

2. THE CENTROID OF VORTICITY AND ITS 
VELOCITY 

This section begins with a slightly more general version of Saffman’s 
basic equations in [4]; the argument is perhaps more transparent than the 
treatment in [4]. 

Let X\,X2,X‘i be Cartesian co-ordinates such that the frame 
( 0 X 1 , 0 X 2 , 0 X 3 ) is fixed relative to the fluid at infinity (which is at rest). 
Let T denote the time, u(X, T) the ffuid velocity relative to the axes OXj 
and C(X, T) := Vau(X, T) the vorticity, where now 
V := (d/dXi,d/dX2,d/dX3). 

We consider a viscous flow in all of IR^ that is due solely to vorticity, 
and assume a priori that C is smooth, say each (j{.,T) G C'^’^(IR^) (second 
derivatives are Holder continuous with Holder exponent p G (0, 1)); that, 
for some 5 > 0 , 

1^1 = as R:=|X|^oo ( 2 . 1 ) 

(uniformly over the directions X/R and over T); and that 

idX = 0. ( 2 . 2 ) 

If it is known or assumed that |u| = o{R~'^) as R ^ 00 , then (2.2) is a 
result rather than a hypothesis. The formula 

= (2.3) 

now implies that each Uj{.,T) G C^’^(IR^) and that |u| = 0{R~^) as 
R ^ 00 . For fluid of density 1, the impulse is 

I ^ / XaC dX (2.4) 

2 7]R3 ^ ^ 

(we write X for X := (Xi,X 2 ,X 3 ) when its vector nature requires em- 
phasis). Like the Euler equations for an inviscid fluid, the Navier-Stokes 
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equations imply that the impulse is eonstant: dl/dT = 0; we assume that 
I 7 ^ 0. SafFman defines the eentroid of vortieity by 



c(T) : = 




I-(XAC) 

HP 



XdX, 



(2.5) 



partly because this leads to correct results for known vortex configurations 
that move through inviscid fluid without change of form or of velocity. We 
now choose co-ordinates such that the axis OX 3 is in the direetion I/|I|; 
then 



( 0 , 0 , 13 ), 


h 


1 

“ 2 j 


f {XiC2-X2Ci)dX, 
IR® 


(2.6) 


c(T) = 


L 


^lC2 




(2.7) 


dc{T) _ 


1 


/ 1 




(2.8) 


dT 


2 / 3 , 




^ dT dT J 



U(T) := 

The vortieity form of the Navier-Stokes equations is 

d 



dCi 

dT 



^ ^ dj{ujfi UiCj) f 
i=i ^ 



dXi 



f = 1,2,3 



(2.9) 



where V • u = 0 and V • C = 0. Hence, for a smooth f{X) such that 
/ = O(R^) and |V/| = 0{R) as i? ^ 00 , we have 




dCi 

dT 




UiCj)dX. (2.10) 



Applying this identity to (2.8), first with f{X) = X±Xk,i = 2 and then 
with f{X) = X 2 Xk,i = 1 (and with A: = 1,2,3 in both cases), also using 
(2.2) when f{X) = Xf or X|, we obtain 



2hUk{T) = ‘il Xk{uiC 2 - U 2 Ci)dX for /c = l,2, (2.11) 

JfRf’ 

2l2,U^{T) = f {Xi{u3C2—U2C3)+X2{uiC3 — U3Cl) + 2Xs{uiC2—U2Cl)}dX. 

7ir® 

(2.12) 

The identity (integration by parts) 




X • (C A u)dX 




uPdX 



(2.13) 
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allows us to write ( 2 . 12 ) as 

2hUz{T) = 3 / ^ X^{uiC2 - U2Ci)dX + \ [ \u\^dX. (2.14) 

For a known flow, (2.11) and (2.14) give the veloeity of the eentroid of 
vortieity. 



We transform to a co-ordinate frame moving vertically with the centroid 
of vortieity by defining 

e^:= (0,0,1), X ■.= X — cflT)e^ , t := vT, (2-15) 

v(x, t) := u(X, T) - UflT)e\ u{x, t) := C(^, T). (2.16) 

Then djdXj = djdxj and d/dT = vd/dt — ll 3 {T)d/dx 3 , so that d/dT -|- 
u.V = vdjdt F v.V and the new vortieity equation (1.2) is essentially the 
same as the previous (2.9). (The factor v in vdjdt is tiresome here but 
convenient elsewhere in the paper.) The impulse is now 



^3 = - 
2 



L 



{xiL02 — X 20Jl)dx, 



(2.17) 



and the velocity of the centroid of vortieity (relative to the fluid at infinity) 
becomes 



2/3U(T) = 3 / 



li.{viUJ2 - V 2 U)l)dx + ( ^ 



/]R® 



u 



'dx e 



(2.18) 



in the first integral we have been able to replace X 3 -|- cflT) by X 3 because 




u A CdX = 0. 



(2.19) 



For axial symmetry, with co-ordinates x =: {rcos(p,rsmip,z), with unit 
vectors 



e^:= ( 0 , 0 , 1 ), := (cos (/?, sin 0 ), := (— sin (/ 9 , cos (/?, 0 ), 

(2.20) 

with vortieity uj{z, r, t)e‘^ and with fluid velocity v^{z, r, t)e^ -|- v'^{z, r, t)e^ , 
we have 

^3 = n / , ^i‘^2 - V 2 UJ 1 = (2.21) 

2 JM 



and (2.18) reduces to 

Ui = U 2 = 0, 2hUflT) = 3 / zv'^wdx + 

4]R 



\L 



lul^dx. (2.22) 
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As SafFman emphasizes in [4] , an advantage of this formula in the problem 
(1.1) to (1.3) is that a formal first approximation to t /3 can be calculated 
from the uja in (1-4), whereas other formulae for II 3 require a better ap- 
proximation to cu. More explicitly, we expect that, for the problem (1.1) 
to (1.3), 

U{t):=U 3 {T) = Uo{t){l + o(^elog^y, ^ (2-23) 

with 

Here 7 = 0.5772... is Euler’s constant and we have used the inner approx- 
imation 

ujA{z,r,t) ~ ^exp(-cr^), a := ^ G [0,oo), (2.25) 

based on t | 0 with a fixed (so that s | 0). The formula (2.24) is due to 
SafFman [4]. At present the O-term in (2.23) is merely a hope; equation 
(2.23) will become a result when wi -|-/9 is proved to exist and to be suitably 
small. 



3. SUITABLE FORMS OF THE GOVERNING 
EQUATIONS 

We introduce a stream function if due to vorticity, and a total stream 
function 

'ff{z,r,t) = + if{z,r,t), (3.1) 

such that (with the notation defined between (2.19) and (2.21)), = 

r~^d'i>/dr and = —r~^d^/dz and 'h( 2 ;, 0 ,t) = 0. In place of (1.1) we 
have 

ip{zo,ro,t) = jj P{zo - z,ro,r) oj{z,r,t) dzdr, (3.2) 

where H := {{z,r) \ — 00 < z < 00 , r > 0 } denotes a meridional half-plane 
{(p =const.) and 



P{zo - z,ro,r) := ^ 



- 7 T {[z — zo)^ -|- — 2rro cos A -|- Tq} 2 



dX. (3.3) 



The kernel P can be written in terms of complete elliptic integrals. 
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For inner approximations (based on t | 0 with s / \/4t fixed) , it is useful 
that, if we define a := zja = s cos 0/a and P := {r — a) / a = s sin 0/a , then 



{ 8 

7 ^ '^Pn{a- ao,P,Po) 

\{a,P) - {ao,Po)\ ^ 

OO ^ 

+ ^ Qn{a - ao, P, Po) > , (3.4) 
n=0 J 

where the pn and qn are homogeneous polynomials of degree n. In partic- 
ular, 

Po = 1 , qo = -2, 

Pi = |(/3 + do), 9i = — |(d + do), 

P 2 = — ®o)^ + (d “ do)^}, 92 = “ oo)^ + 3/3^ -I- 2j3Po + 3/3o}- 

Both series in (3.4) converge uniformly and absolutely if |(a,/3)| <1 — 5 
and |(ao,/do)| < 1 — 5 for some 5 > 0. The converse of (3.2) is 



^ = where L := ( ^] +(^] - ^ 



d 



dz 



d 



dr 



1 d 



dr 



(3.5) 



In terms of the stream function 'h, the vorticity equation (1.2) becomes 



d _ 1 f d"^ d /cp\ d'^ d /(jj 

dt n \ dz dr \r / dr dz\r 



where 



I d \ I o \ i o i 

•= oT + 



dz 



d 



dr 



1 d 1 






(3.6) 



(3.7) 



For inner approximations we use variables a := s/ 6 and r = t, where 
d/dr means that a and 0 are held constant; also, ja serves as a ‘small 

parameter’. Then (3.6) and (3.7) become 



d 



1 d 



A. Ky \ j- 

dr 2r"^9a 



1 1 ( d'^ d (oj\ d'^ d 



u At a \da do \r) dO da \ r ) \ ' 



LV 



1 



1 1 



Ti — H — - 

4r VTt r 



d 



1 d 



- sm 0 — -h cos 0 - ttx ^ 



da 



a do 



1 



^2 ’ 



where 



A„:=( «)%1|- + 1(4)/ . = a + V47.sm«. 

da J a da a^ \d0 J 



a da 



a^ 



(3.8) 

(3.9) 

(3.10) 




A diffusing vortex circle in a viscous fluid 497 



4. A SECOND APPROXIMATION FOR THE 
INNER REGION 



If in (3.5) and (3.8) we replace L and L± by (4r) ^A<j, and then replace 
r by a, the resulting equations are satisfied by 



Wo(cr, r) 



K e 

47 t r ’ 



(4.1) 



^o(f^) = I (^log ^ - / -2-^(7-log2 -l)|. (4.2) 

The constant in 'h is such that (3.1) and (3.2)are also satisfied to the lowest 
order when (2.24) and (3.4) are used. 



We now seek a second approximation uJo{a, r)+(Ji(cj, 6, r) by substituting 
this into (3.2) and (3.8), by assuming that uji will be O not 

o (^T~ 2 ^ and by neglecting all terms that appear to be o 5 ^ . The 
resulting equation is 



dcoi 1 



dr 4r 



d 



d 



+ 2^17- + b{a)— ^ - — e -^{Acvi) 



da 



de 



Co _„2 9 



At de 



where 



K 1 — e ^ 2k 

Kc) := 19 > Co := 



27tz^ a^ 



= (4r) 2/i(cr,6'), (4.3) 
(4.4) 



TV 



(AuJi){ao,eo,T) 



:=^ll log 



1 



Icre*^ — 



coi{a, e, T)adade, 



E := {(fj,d)|0 < a < oo, — vr < 0 < tt}. 
The forcing function /i has the form 

^2 

= 2^2. 



va 



(4.5) 



(4.6) 



2 

where h\ is a known function that is 0{a) for ct | 0 and is 0{e~^ crlogfr) 
for a oo. The factor cos 6 in (4.6) permits the separation of variables in 
(jJi that is shown in (1.6), but such a decomposition is not needed for the 
following result. 
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Theorem 1. Equation (4-3) has a unique solution coi{a,0,T) = (4r) 2 
where ^ := acosO and rj := irsin0, sueh that cu* G C'^{1R^) and 

2 

u!^{^,r]) = 0{e~^ aloga) as a ^ 00 . (4-7) 

Remarks. 1. If it should be desirable to seek a third approximation 
u)Q + u)\ + lv 2 in the inner region (before considering a remainder p) , with 
C 02 also satisfying a linear equation, then Theorem 1 extends to existence 
and uniqueness of UJ 2 - 

2. The proof of Theorem 1, while not unduly long (20 pages of hand- 
written notes, including all details), cannot be included here for reasons of 
space. However, we can state the essential step. Let 

ui{a,0,T) =: (4T)~^e~2'^^qi{a,0); (4.8) 



then (4.3) becomes 

- + b{a)-^^ qi-coe~^^^ ~^A(e~^^\i^ = e^^^ fi{a,0). (4.9) 

Assume that a solution q± of (4.9) exists; multiply the equation by aqi and 
integrate over E] there results 

(4.10) 

It is obvious why the term dq\/d0 in (4.9) does not contribute to this 
equation; that dA{-)/d0 does not contribute is not quite obvious, but is 
true. Equation (4.10) provides an a priori bound for q\ in an appropriate 
Sobolev space. 

5. THE PROBLEM FOR THE REMAINDER 

We set Lo = UJA + + p-, where uja and cui are known functions given 

by (1.4) and by Theorem 1, respectively. If pressed, we could reduce the 
forcing function in the problem for p by introducing a second inner pertur- 
bation cu 2 ((T, 0,r). Let N{uj) = 0 denote the vorticity equation (3.6) with 
'L expressed in terms of uj by (3.1), (3. 2) and (2.22); N{uj) stands for the 
left-hand member of (3.6) minus the right-hand member. Then 

N{laj) = N{uja) + dS' { uja){wi + p) + F{u)a, + p)-, (5-1) 

where F is formally of order (wi + p)"^- The essence of the problem for p is 
the linear equation N'{uja)p = f] if this has a suitably bounded solution p 
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for every / in an appropriate class, then in N(ui) = 0 the terms of order 
(jJip and of order can be controlled. 



Although linear, the equation N'{oja)p = / is more difficult than (4.3) 
because it contains many terms, because the co-ordinate a is appropriate 
for an inner region but is unsuitable for s > const. > 0 and because the 
term dpjdt cannot be handled as simply as divildr was. Nevertheless, if 



/3 is a smooth non-decreasing function of a such that, with e 


:= 




for 


a < e 2 (for 


1 . 

s < e 2 a). 


(5.2) 


e ^ 
II 


for 


a > 3 e “2 (for 


1 

s > 3 £ 2 a), 


(5.3) 


then the transformation 










p{z,r, 


t) =: 


re~^^^’'^^u{z, r. 


t)^ 


(5.4) 



which is comparable with (4.8), leads to an inequality resembling the iden- 
tity (4.10). 

In order to state a result, we must define 



i i 9 

7Kr) 





for cr < e ^ , 
a 1 

2 — = for a > 2 . 



(5.5) 



The Banach space Vo is the completion of the set C'“(IIx(0,t]), of infinitely 
differentiable functions having compact support in II x (0,^, in the norm 
defined by 



W T \\vo-= / T(z,r,tf dm 

Ju 

+ -h dm dt, (5.6) 

where dm := r^dzdr and Qj:=Ilx (0,t). Note that dzdr/At = adadO. 

Let Mu = e^f be the equation to which N'{uja)p = / is transformed 
by (5.4). The definition of a weak solution rt G Vq of Mu = e^/ is of 
a conventional kind but is too long to be stated here (because a special 
Hilbert space, designed to go well with Vq; is used to house test functions). 

Theorem 2. Ift is sufficiently small, if 



4t 



Q_ 1 -h 7 ( 0 -, r) 



e^^ pdm dt < 00 , 



(5.7) 
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if u G Vq and if u is a weak solution of Mu = e^f, then 

II « Ill4< 4V3III/II. (5.8) 

Remarks. 1. The proof is long and somewhat technical; there can be no 
question of including it here. We merely remark that the transformation 
(5.4) and the quadratic form to which it leads are all-important, like their 
simpler analogues in (4.8) and in (4.10). 

2. It is almost certain that the a priori bound in Theorem 2 leads to a 
smooth, suitably bounded solution p of the full non-linear problem for p, 
but we have not yet completed the details of this. 

References 

[1] Y. Fukumoto and H. K. Moffatt, Motion and expansion of a viscous 
vortex ring. Part 1. A higher-order asymptotic formula for the velocity. 
J. Fluid Meeh. 417 (2000), 1-45. 

[2] Y. Giga and T. Miyakawa, Navier-Stokes flow in with measures as 
initial vorticity and Morrey spaces. Commun. PDFs 14 (1989), 577- 
618. 

[3] O. A. Ladyzhenskaya, The mathematieal theory of viseous ineompress- 
ible flow. New York: Gordon and Breach (1963). 

[4] P. G. Saffman, The velocity of viscous vortex rings. Stud. Appl. Math. 
49 (1970), 371-380. 

[5] G. N. Watson, Theory of Bessel funetions. Gambridge: University Press 
(1952). 




LOW AXIAL REYNOLDS NUMBER, HIGH 
SWIRL RATIO, VORTEX BREAKDOWN IN 
A SLOWLY VARYING TUBE 



D.A. MacDonald 

Department of Mathematical Science 

P.O. Box 147 

The University 

Liverpool L69 3BX, U.K. 

sxlO@liv.ac.uk 

Keywords: Vortex breakdown, low Reynolds number, unsteady flow. 

Abstract For time i < 0 viscous fluid is in slow flow through a long straight axially 
symmetric tube whose radius varies slowly with axial distance, x. When 
i — 0 the tube is impulsively rotated about its axis with angular velocity, 
n at which angular speed it is thereafter maintained (Figure la). During 
the transition from zero angular velocity to solid body rotation, the flow in 
the tube can briefly exhibit striking physical behaviour[l]. In this paper, 
the solution of the parabolic governing equations given in [1] is subjected 
to close scrutiny. In particular, the neglected axial diffusion terms are eval- 
uated using the parabolic solution and are shown to be almost everywhere 
negligible. 



1. INTRODUCTION 



When viscous fluid with swirl is introduced into a stationary circular 
tube, of constant or slowly increasing cross-section, the radial pressure gra- 
dient, at sufficiently high rates of incoming swirl, satisfies the approximate 
equation 

dp tP' 

= P~ ’ 

or r 

where v{f, x) denotes the azimuthal velocity component and dimensional 
quantities are denoted by a bar. This equation leads to 



dp 

dx 



r=a 



dp\ 




V dv 
f dx 



dr , 
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where p denotes the fluid pressure and f = a{x) gives the equation 
of the tube wall. But, for flow which is nowhere reversed in direction, 
vdvjdx <0. Indeed, at sufficiently high rates of incoming swirl and at 
suitable values of the axial Reynolds number, the rate of decrease of || 
with increase of x is sufficiently large to produce an adverse pressure 
gradient on the tube axis, this being a necessary precursor of the phe- 
nomenon of vortex breakdown, in which a stagnation point develops on 
the axis of the tube, with a finite region of recirculating fluid, frequently 
referred to as a bubble^ downstream (Harvey [2]). 

The terminology vortex breakdown^ is adopted from the field of aerodynam- 
ics, where the bursting of vortices shed from the edges of delta wings has 
attracted much attention since being first described in 1957. These wing 
vortices have been observed to burst in two distinct ways: in one the vortex 
filament bells out symmetrically from the front stagnation point to form a 
bubble; in another, the filament is deformed into a spiral. Both forms of 
breakdown are captured on the striking photograph taken by Lambourne 
and Bryer [3] where the bursting of the vortex filaments is evident. 

In Harvey’s experiments the working fluid was air and the axial Reynolds 
numbers based on tube radius appears to have been about 4500. In the 
experiments of Sarpkaya [4] the working fluid was water and the bubble 
type breakdown was observed at axial Reynolds numbers as low as 800 for 
a swirl parameter A = T /{Wa^) = 3.0, where T is a measure of the 
swirl imparted to the fluid entering the test section of tubing. 

2. VORTEX BREAKDOWN AT LOW AXIAL 
REYNOLDS NUMBERS 

M.G.Hall [5], S. Leibovich [6] and T. Sarpkaya [4] have all presented 
definitions of vortex breakdown at high Reynolds numbers. However, these 
definitions are satisfied by two very different low Reynolds number tube 
flows, each of which can be solutions of linearised Navier-Stokes equations. 

2.1. AN INFINITELY LONG 

TUBE,-oo < X < oo, ROTATING WITH 
CONSTANT ANGULAR VELOCITY 
WHEN X < 0, CONSTANT ANGULAR 
VELOCITY O 2 WHEN X > 0 

Consider steady flow in a long tube, —00 < x/oq < 00, with an up- 
stream section, (x < 0), rotating with constant angular velocity, Hi, and 
a downstream section rotating with constant angular velocity, H 2 . When 
H 2 /H 1 < 1 the swirl is decreasing with increase of x > 0 and in the case 
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when O 2 = 0 and G < —256.41 , where 



G = 



r = 



W’ 



where denotes the axial Reynolds number, W aju , a bubble with axis 
the X axis is predicted, (MacDonald [7], Figure 2, Lavan Nielsen & Fejer 
[8], L.N.F.). 

L.N.F. have also presented numerical solutions to the full non-linear equa- 
tions for axial Reynolds numbers up to 10.0 (at which value a swirl ratio of 
7.92 was just sufficient to produce incipient ffow reversal on the tube axis). 
They concluded that their analytic solution, derived on the assumption 
that Re^ 0 and F ^ 00 in such a way that Re^T^ remains constant, 
and their numerical solution were in good agreement for Re^ < 1.0 . The 
finite Re^ problem has been discussed in the numerical work of Crane 
and Burley [9] and Silvester Thatcher and Duthie [10], each of whom have 
confirmed the accuracy of the numerical results of L.N.F. 



2.2. UNSTEADY FLOW IN A LONG TUBE OF 
SLOWLY VARYING CROSS SECTION 

Consider slow viscous flow in a slowly varying tube, say a = 1/2 (3 ± 
tanh(x)) where x G (— 00 , 00 ) is a slowly varying dimensionless axial 
coordinate. For time t < 0 the tube is stationary and, for tD > 0, 
it rotates with constant angular velocity, D , about its axis , Figure lb 
(MacDonald [1]). Here, Re"^ = 0(1), and e = WaQ/uL 0, where 
L is a length typical of changes in the axial direction, oq is a reference 
axial radius - say the tube radius far upstream- and the swirl parameter, 
A = D ao/W — > 00 , in such a way that F = e is finite. The ffow in the 
diverging tube a = 1/2 (3 -|- tanh(x)) includes, for certain t (> 0) , where 
t = tv/aQ, when F is sufficiently large, a transitory bubble, streamlines of 
which have been drawn for F = 40 and t = 0.6, MacDonald [Ij. 

When the tube is converging the rotation of the wall increases the shear 
stress at the wall and at suitably large F a recirculation region occurs 
adjacent to the wall; MacDonald [1] presents streamlines showing this 
region for the case when a = 1/2 (3 — tanh(x)), t = 0.6 and F = 40 . 

3. THE NON-DIMENSIONAL EQUATIONS 

To consider the motion of viscous incompressible fluid, of viscosity 
in a long axially symmetric tube of slowly-varying cross-section, we shall 
refer the motion to cylindrical polar coordinates, x,f,6, with correspond- 
ing velocity components w,u,v , where the x axis is assumed to coin- 
cide with the axis of the tube, which is assumed to have radius a(x) 
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Figure 1 (a) Left: A typical flow configuration. When t < 0, the tube is stationary 

with viscous fluid in steady slow flow from left to right. At t = 0, the tube is impulsively 
rotated with constant angular velocity about its axis (Not to scale). 

(b) Right: The assemblage of points, in an axial plane, where Wr/n + Wri/ri = 0, when 
a = 1/2(3 + tanh(a:)). 

at axial position x . Let L and do denote representative lengths in the 
axial and radial directions and introduce the non-dimensional variables 
X = x/L, r = f/do, w = wjW, v = d/Odo, where Q (= yrd^l^) 
denotes the rate of volume flow through the tube, which is assumed con- 
stant. 

We assume that, (i), 

do/L << 1. 

This is the slowly-varying assumption which permits the axial diffusion 
terms in the Navier-Stokes equations to be neglected when compared to 
the radial diffusion terms. 

When t = 0 the tube is impulsively rotated about its axis with angular 
velocity Cl, at which angular speed it is thereafter maintained. 




Vortex breakdown in a slowly varying tube 505 



Then when, (ii), 



ta tr t 



i.e. when the time for axial diffusion of momentum >> the time for radial 
diffusion of momentum , 



^=Re^»l. (3.1) 

This constitutes our second assumption . Re^ is termed the swirl Reynolds 
number. We note that 

W _ Wal V 
nl ~ vL ^ ° 

where e = (3.2) 

U 1j 

is the Blasius parameter, which ^ 0 when ao/L 0 and Wat^jv = 
0(1) . Finally, we note from 3.2 that 



W a^jv = 0(1) oo/T = 0(e). 



As i?e^ >> 1 and Re^ = 0(1), we introduce the dimensionless pressure 
V = p/(p(^ho) ). Hence, with v = u/(Hao), and - from the mass conser- 
vation equation - u = uL/(Wao), we obtain from the non-dimensional 
Navier-Stokes equations, on taking the limits oq/T ^ 0, e — > 

0, Re^ oo, with 



T = 



e 




2 



held fixed, the linearised equations 



dp 

dr r 

dv d^v 1 dv V 

dt dr"^ r dr r^ 

dw dp di^w 1 dw 

dt dx dr'^ r dr 



(3.3) 

(3.4) 

(3.5) 



4. BOUNDARY AND INITIAL CONDITIONS 

The initial condition is that for all x G (— 00 , 00 ) 
u = 0, r^a{x), w = 2/ {1 — rf), r] = r/a{x), 



t = 0. (4.1) 
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The boundary conditions are 



v = a, rc = 0, r = a, Vt>0. (4-2) 



Finally, our solution must satisfy the integral equation 



rjw{x,T],t) dr] = ^ . 



(4.3) 



When i = t/a{x)‘^ > tasy, where tasy ~ 0.3 the solution for the axial 
velocity component, w{x,r]) , is (MacDonald, [1]) approximately 



w{(, r], i) 



{1 — 7] ) — aa'^a 






e ^ 



^ apoiak) 



k 



X 



16(Jo(o!fc) - Joiakf])) + 2alJo{akri) + 2{akr]f J 2 {akr]) 
+Ual [2(Jo(«fc) - Jo{akv)) + (afc??)«/i(afc??)]] • (4.4) 



and Ji(afc) = 0, for k = 0,1,2,.... This approximate solution, which is 
derived on the assumption that the azimuthal velocity component is fully 
developed, see MacDonald, [1], satisfies the initial condition, w{^,rj,0) = 
2/a^(l — ry^), the boundary condition, w{^, l,t) = 0, the symmetry condi- 
tion, f^('^,0,t) = 0, the mass conservation equation. 



r]w{^,T],i)drj 



1 



and is asymptotically correct for ’large’ finite i . 

The solution enables the stream function, ip{x,r],t), to be calculated, and 
the curves of constant V' give the streamlines at time t = a{x)‘^t . These 
show, when t = 0.6 and a = 1/2(3 -|- tanh(x)) a bubble with axis the tube 
axis, when T = 40.0 . 

It is surprising that with parabolic equations, which use no upstream con- 
ditions, we are able to reproduce the same phenomena as L.N.F. produced 
with elliptic equations and we propose in this paper to investigate this 
matter in greater depth. 
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5. THE EQUATIONS CORRECT TO 0(e) 

As ao/L = 0{s) , when Waojv = 0(1), the Navier Stokes equations, 
correct to order e , are 



dp 

dr r 



dv 

m 



, dv dv uv . 

+ £ w — I" w — — I J 

or ox r 



d^v 1 dv 

j. Qj, 



V 



r 



2 



dw 



, dw dw , 



^ dp d"^w 1 dw 

— r — H 1 . 

dx dr"^ r dr 



The initial condition is that when t = 0, 



w{x, r, t) = 2/a^(l 












The boundary conditions are unchanged from eqns 4.2, and condition 4.3 
must also hold. 

As T » e, the solution of this non-linear parabolic problem will be close 
to the solution to our linear problem. 

The next approximation, to order results in the full equations for 
the axial and azimuthal velocity components, with some simplification for 
the equation governing the radial velocity component. Hence there is no 
tractable elliptic problem and, as our theory requires e ^ 0, we conclude 
that the only possible deficiency with our parabolic formulation is when 



d‘^w 

dr"^ 



1 dw 9“^^ 

r L dx"^ 



6. THE SOLUTION 3.9 EXAMINED 

It can be shown from equation 3.9 that 



// 



r," r,' ^ 

^ = (12 - 20t?2) + 4(^) (5 - Up^) + 6(^) (1 - p^) 

dx^ a'^ aa 



2 a' 



w 2 



- (l-rj^) + w — -3(-) -2- + 

n'n^ n' n' n 



a' a 



dw 

dx 



a" a' 
3— -h2- 



o-aft 



+ ra(a Jo{ak) U(??)t + F2{p)f + ^3(1?)?] , 
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Figure 2 (a) Left: Streamlines in an axial plane through the recirculation region, F = 

40, a = |(3+tanh(®)) [inset not to scale] . Also shown broken is the curve of intersection 



of an axial plane with the surface on which D — 0 . 

(b) Right: ^ when F = 40, a = | (3 — tanh(a;)) and a; = —0.5, 0.0, 0.8, 1.2. 



where, with C{i) = cq + cit + C 2 P, 



dw , 0 ! . 9, q!^ r 2 . 9, T -r-./ /\2 \ ^ ^ 

_ = _4j^{l - 2 „ ) + - ^(1 - )l - r(aa ) ^ 



and 



Fq = t?Ji(afct?)[-^(8 - a\) + 2—] + ryJo(afci?)[-16^ + 2r/(l - if)], 
al ak ai 

Ti X 6 

Fi = {56— - SakV + 12akr]^)Ji{akr]) + -^{JoiakV) ~ Jo{(^k)) 
ctk al 

- 4(1 +4r?^)Jo(afc??), 
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F 2 = + 24(aA;r?)^ Jo(afe??) + 

8 [(2 - afc)Jo(afe??) - 2Jo(afc)], 

F3 = -2a^[16(Jo(afc) - , 

Co = 48Jo(afc) - 6(8 - a|(l - rf‘))Jo{akri) 

- 2akT]{2 - al(l - r/^)) Ji(afcr?), 

Cl = 0^(40 Jo(afc) - 4(10 - a| + 2alrf)jQ{ak'n) + 4afcr?Ji(afcr/)) , 
C 2 = al (16 Jo(«fc) - 16 Jo(afc? 7 ) + 8 afc ?7 Ji(afc??)) • 



Further, 



92 



tc 1 dw 8 q / \ - 
+ -— = -FaV^ 



dif 7] dr] 



a" 



16 






Jo{o!k) 






akV 



+ (^(1 + akt) - 2(1 - ?7 ))Jo{akv) 



(Xi 



Examination of and shows that 

d‘^w 1 dw aQ.'^d'^w 

dr"^ r dr L dx"^ 



almost everywhere within the flow field, save close to an instantaneous 
closed surface on which 



D = 




^ 1 dw _ ^ 
r] dr] ’ 



7 ]=-. (6.1) 

a 



The assemblage of points satisfying 6.1 in an axial plane when a{x) = 
0.5(3 + tanh(x)) and t = 0.6, F = 40 is shown on Figure lb; Figure 
2a superimposes Figure lb onto the streamlines through the recirculation 
region for this case. 

From 3.5 we see that on the curve shown broken on Figure 2a 

dw dp 

dt dx ’ 



i.e. the pressure gradient at any point of the broken curve is favourable, 
whenever ^ > 0 . Figure 2b shows ^ against r] for selected values of x. 
From Figure 2a we notice that the pressure gradient is favourable 
in the upper reaches of the bubble. Above the bubble, the pressure 
gradient must be large and favourable, to drive the appreciable forward flow 
in the relatively thin annulus through which the mass flow through the tube 
must pass. The pressure gradient in the lower half of the bubble, on the 
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[ 1 = 0 . 6 ] 




Figure 3 The axial velocity component, w(x,r],t) , at axial positions x = 0.0, 0.8, 1.2 
when r = 40, a = |(3 — tanh(*)) [Inset not to scale]. Also, shown broken, are the 
curves 2/a^(l — rp). 

other hand, is adverse (the flow on the axis, for example, is upstream). It 
follows, therefore, that the transition region in which the pressure changes 
from being adverse to being favourable must lie within the bubble. For 
fixed X, as r increases the increasingly favourable pressure gradient in the 
upper reaches of the bubble accelerates the flow to its value at the edge 
of the annulus of fast moving fluid. From Figure 3, which shows the axial 
velocity component as a function of rj when x = 0.0, 0.8, 1.2, we 

see that at x = 0.8 the axial velocity component is instantaneously zero 
when rj ~ 0.39 . At this value of x, dpjdx < 0, whenever r] > rjo, where 
r/o ~ 0.39. 
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Abstract We consider the production of sound when a convected gust in a supersonic 
mean flow strikes the leading edge of a fan blade. The blade is modelled as 
an infinite span flat rigid plate, and a gust of arbitrary form is considered. 
By the application of Fourier transforms the boundary value problem for 
the velocity potential is solved, and an integral expression for the sound 
field is found, which is applicable everywhere inside the Mach wedge. For 
gusts localised in the span direction, a far field approximation is derived. 
This approximation is valid inside a Mach cone, and may be evaluated 
analytically for specified gust shapes. For certain gusts the exact solutions 
may be calculated, giving results which are valid everywhere. Thus our 
integral expression enables a study to be made of the way in which the 
radiated acoustic field depends on properties of the incoming gusts. The 
new feature of this analysis is the fact that we deal with an arbitrary gust 
form: previous authors have considered the properties of individual gusts 
in some detail, focusing principally on harmonic gusts and jets. 



1. INTRODUCTION 

An important mechanism of noise generation in modern high perfor- 
mance aeroengines is the interaction between fan blades and turbulent 
gusts in the air flow. A comprehensive investigation of a complex en- 
gine would without doubt require a considerable computational effort, but 
analytical results for simple model problems are important in providing 
understanding. Here we consider a single fan blade in isolation, which we 
take to be moving at supersonic velocity relative to the mean air flow, and 
which we model as a flat half plane. 



513 

A.B. Movchan (ed.), lUTAM Symposium on Asymptotics, Singularities and Homogenisation in Problems of 
Mechanics, 513—521. 

© 2003 Kluwer Academic Publishers. Printed in the Netherlands. 




514 



The interaction between a gust and a flat half plane has been considered 
in the past by many authors. Prior to the 1970s there was considerable 
interest in the problem of calculating the unsteady forces acting on the 
plane due to the gust. More recently however, attention has turned to the 
acoustical problem. The general approach in previous papers has been to 
consider a definite gust form. The case of a subsonic blade velocity and an 
arbitrary gust form has recently been considered by Chapman [2]. 

The supersonic problem has been investigated by Ffowcs Williams and 
Guo [3] and Guo [4, 5, 6], who considered the special case of a cylindrical 
jet gust in some detail. Some work has also been done in extending this 
theory to more realistic models, taking into account, for example, corner 
effects (see Peake [7]). Here we shall take the simplest configuration, the 
leading edge half plane, but we shall consider the effect of an arbitrary 
gust. 

We begin by deriving a boundary value problem which describes the 
system in question, and we go on to solve this using Fourier transforms. 
Inverting these we derive a double integral formula for the pressure field 
generated by an arbitrary gust. For the case of a gust which is localised in 
the span direction, we go on to derive a single integral approximation of 
the pressure field, which is valid in the acoustic far field. An example of 
the field generated by a simple gust is given, which illustrates some general 
properties of the fields. 

2. THE BOUNDARY VALUE PROBLEM 

The system in question is shown in figure 1, which shows part of a semi- 
infinite flat plate located in the plane y = 0, x > 0. We choose a system 
of wind tunnel coordinates with the z-axis lying along the leading edge. 
The mean flow of fluid is in the positive x direction, with speed U = Mcq, 
where cq is the speed of sound and M is the Mach number, in this case 
taken to be greater than 1. 

The gust is convected with the mean fluid flow, and we assume the 
disturbances are small enough that linear theory may be applied. We 
also assume that inviscid theory is applicable. Then the only interaction 
between the gust and the wing must take place through the y-component 
of the gust velocity in the plane y = 0, which we describe as a function 
f{t — x/U,z). The acoustic disturbance is described by a particle velocity 
u and a pressure p, and we may define a velocity potential (p: 



u = V(/?, 
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where /jq = density of fluid. We know this potential must obey the con- 
vected wave equation 



1 



c 



2 

0 





2 

(f — = 0 . 



( 2 . 2 ) 



Now since we assume the plate is rigid, the total velocity, acoustic plus 
gust, must be zero on the surface of the blade. Also, since the flow is super- 
sonic and thus all sound is swept downstream, we know that the upstream 
acoustic velocity must equal zero. This gives our boundary condition in 
terms of a Heaviside unit-step function: 



dip 

dy 



-f{t - x/U,z)R{x) 



y = 0±. (2.3) 



We also dictate that our solution must obey a radiation condition, and an 
associated causality condition. The first of these means we require solutions 
which are outgoing and finite at infinity, and the second that there should 
be no acoustic disturbance in the fluid before the gust strikes the leading 
edge. 

We shall find it convenient to introduce a set of Doppler adjusted coor- 
dinates: X = x/(M^ — 1), y = y/{M"^ — 1)^/^, z = z/{M'^ — 1)^/^. These 
allow the final formulae and also the equations for Mach cones and wedges 
to be expressed in a compact form. 



3. EXACT SOLUTION 

The problem is solved by the application of Fourier transforms. We 
transform from x,z, and t to the wavenumbers k,m, and the frequency co, 
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defining our transform as 



OO OO OO 






cp{x, y, z, 



— OO — OO — OO 



(3.1) 



Then transforming the wave equation we obtain a simple ordinary dif- 
ferential equation for ^>, 

n 

= 0. (3.2) 

where we have defined the function j(k,m,uj) as 

7(fc, m, cu) = I + m2 - I . (3.3) 

We choose the branch of the square root such that Re( 7 (fe, m, cu)) > 0. 
From the symmetry of the problem we know that (p must be an odd function 
of y, and so the solution of 3.2 which obeys the radiation condition is 

^{k, y, m, uo) = A{k, m, (j)sgn(y)e“'’'*-^’™'’‘^^l^l , (3.4) 



where A{k, m,ui) is a function to be determined from the boundary condi- 
tion. To transform the boundary condition, we define the gust transform 
term 

OO OO 

F{uj,m)= j J /(t',z)e*(‘^*'-™")dt'dz, (3.5) 

— OO — OO 

{t' = t — x/U). Then the boundary condition is transformed to 



94> —iUF{uj,m) 
dy tjj — Uk 



y = 0=^. (3.6) 



Applying this to our solution 3.4, we may determine the function A(k, m, to). 
Thus we have a complete solution for 4>, which when inserted to the inverse 
transform of 3.1 gives the solution ip as a triple integral: 



ip{x,y,z,t) 



OO OO OO 

1 f f f iUsgn{y)F{uj,m) 

(27t) 3 y J J {iv - Uk)j{k,m,uj) 

— OO — OO — OO 



(3.7) 



This integral includes a pole term {co — Uk)~^ , as well as the branch 
points due to the function 'y{k,m,uj). Our principle interest however lies 
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Figure 2 Elliptical integration contour enclosing the branch cut in the k plane. Valid 
for X > \y\. 



not with the potential, but rather with the acoustic pressure perturbation 
p{x,y,z,t). This is given by 2.1, and when we transform the differential 
operators to take them inside the integral, they give an (cu — Uk) term, 
cancelling the pole. Then the integral of interest is slightly simpler in form 
than that for the potential. 

The resulting integral may be partially integrated for an arbitrary gust, 
since the gust transform term F(uj,m) is independent of the streamwise 
wavenumber k. Isolating the k integral, we find there are two branch 
points on the real line. Using Landau and Lighthill’s method to find the 
causal solution (see, for instance, Howe [8, pp36-37]), we find that the 
integration contour must run below these points. It is found that there are 
two regions of validity for the integral. For x < \y\ the integration contour 
may be closed in the lower k plane, giving an answer of zero. This tells us 
of the existence of a Mach wedge, outside of which no pressure disturbance 
may reach, due to the supersonic mean flow convecting all disturbances 
downstream. Alternatively, for x > \y\ the contour must be closed in the 
upper k plane. In this case, using an appropriate substitution, we deform 
the integration contour onto an ellipse enclosing the branch points (see 
figure 2), and thus reduce the k integral to a standard expression (see [1, 
equation 9.1.21]) for a Bessel function of the first kind, of order zero. Then 
the general pressure integral for an arbitrary gust is 



p{x,y,z,t) 



PoMcQSgn{y) f f \ -iuj(t-Mx/co) Jmz /o Q\ 

— OO — OO 

XJo ({cuVcg + - 1)}'/' (x2 _ y2)l/2^ 



dmdu;. 
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When evaluating this integral for specific gusts, the causality condition 
dictates that the integration contour in the complex uj plane should run 
above any singularities. 



4. APPROXIMATION FOR LOCALISED 
GUSTS 



The exact integral formula 3.8 is rather complicated, and in practice 
may only be evaluated analytically for gusts of a very simple form. Thus 
it is convenient to consider possible simplifications or approximations to 
the formula. An approximation is available if we consider the field due to 
a gust which is localised in the span direction. 

A point source in a supersonic flow generates a perfect Mach cone. A 
source which is distributed over some finite area produces a cone-like region 
of disturbance, which in the far-held may be modelled as a cone. Then for 
gusts which only strike a localised region of the leading edge, we may 
derive a simple approximation valid in the far held, inside the cone x > 
{y^ + 

We begin by making the substitution m = sinh(y) which 

simplihes the argument of the Bessel function. Then we take a standard 
Hankel approximation [1, equation 9.2.1], for argument greater than order, 
to the Bessel function. For the Bessel function of order zero, this is accurate 
except when the argument is very small, so from 3.8 we expect that our 
approximation may be inaccurate near the Mach wedge. 

The integration contour in the x plane is taken to be the real x axis, for 
positive (u. We express the cosine in our approximation as the sum of two 
complex exponentials, and thus the pressure is approximated by the sum 
of two double integrals. The x integrals are in an ideal form for stationary 
phase analysis, being of the form 



I{x,y,z,uj) = 



OO 

J G{^,x) 



sinh(x)±(a;2-j;2)l/2 cosh(x)) 



where 



G{x) = F(iv, — (M‘^ — 1) sinhx) cosh^/^ X- 
Co 

Then carrying out the analysis, we find 

p{x, y, z, t) ~ pi(x, y, z, t) -h P 2 {x, y, z, t), 

where 

OO 






-poMcQSgn(y) 1 f 

— 2CJ (t — Af X / c=p /c) 

(27t)2(M2 -l)Rh J 



(4.1) 



(4.2) 

(4.3) 



(4.4) 



— OO 
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xF((j, ± — (M^ — 1) tan(0/i))du;. 

Co 

Here we have defined the variables 



Rh = {x^ -y^ - 


(4.5) 


tan{h) - ^-2 _ -2 _^ 2 y 12 - 


(4.6) 



The quantity Rg is fundamental in the analysis of localised gusts. The 
contours of Rh are hyperbolic surfaces asymptotic to the Mach cone. The 
stationary phase argument relies on Rp being large, so we expect our simple 
approximation may fail near the Mach cone. 

This approximation is simple enough that it may be analytically inte- 
grated for many gusts, giving information about the far- field when an exact 
integration of 3.8 may not be possible. 



5. EXAMPLE 

Consider a simple two dimensional sinusoidal gust 
For this gust the exact sound field is calculated from 3.8 as 



(5.1) 



(5.2) 



This pressure field is illustrated in figure 3. It is illustrative of the general 
fact that the pressure magnitude is greatest on the Mach wedge. 

This example and the three dimensional result 4.4 can be used to illus- 
trate the general nature of the far field decay. In the case of localised gusts 
which give rise to a three dimensional sound field the general decay term is 
1/Rh, while in the case of a two dimensional field, as in 5.2, the decay is as 
1/f^'^^, where fg is defined as fg = (x^ — This may be compared to 

the subsonic case, where it is a general result that three-dimensional fields 
decay as 1/i? and two dimensional fields decay as 1/r^/^, where R and r are 
spherical and cylindrical radii respectively. In our supersonic flow problem 
we have a similar decay factor, but ours are hyperbolic in nature, with the 
decay being away from the Mach cone or wedge. 



6. FURTHER WORK 

At the moment work is ongoing in the calculation of a number of ex- 
amples of the fields due to specific gusts. The formulae 3.8 and 4.4 allow 
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Figure 3 Pressure contours in the x,y plane due to a sinusoidal gust. 



a study to be made of the way in which different gust features, such as 
sharp edges, affect the generated field. The formulae are of a form which 
allows easy numerical evaluation in those instances where analytical results 
can not be obtained. Thus we are developing a fuller understanding of the 
behaviour of the generated sound fields. 

The linear inviscid theory presented here could be extended beyond our 
very simple model geometry to take account of the effects of a side edge or 
a trailing edge, and we could also consider the effects of mean loading on 
the blade. 

We have given a very brief description of the work and the methods. Cur- 
rently a more detailed description of the work, including the full deriva- 
tions of the formulae and consideration of a wide range of examples, is 
being prepared for submission for publication in the Journal of Sound and 
Vibration. 
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Abstract Modulated waves, i.e. waves that are locally plane and periodic, but at 
large distances and/or over long intervals of time change their characteris- 
tics, appear in many applications. An efficient way to study such waves is 
the method of envelope equations, when the original wave equations are re- 
placed by equations describing the slowly varying parameters of the waves. 
The practical approaches to this problem are numerous; however, many of 
them have limitations, either in achievable accuracy, or in the wave equa- 
tions to which they could apply (e.g. only conservative systems), or both. 
In this paper we discuss an approach of this kind, which appear to be 
free from these disadvantages. This approach is illustrated for autowaves, 
which, in the author’s opinion, should play the same role in the theory of 
waves, as auto-oscillations=limit cycles play in the theory of oscillations: 
as the basic, least degenerate type of solutions. 



1. INTRODUCTION. 

When differential equations, describing a natural or technological pro- 
cess, are too complicated to be solved exactly, one needs to do it approxi- 
mately. This can be done either numerically, or analytically, e.g. by using 
some asymptotic methods. Approximate methods may not only serve for 
pure purposes of calculation, but also be an “instrument of understanding” 
of complex systems. 

The simplest case is if the right-hand sides of the differential equations 
contain small parameters, and the system becomes much simpler, e.g. can 
be treated exactly, if these parameters are equal to zero. Then for nonzero 
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but small values of the parameters, solutions can be obtained by pertur- 
bation techniques. 

The perturbation technique may also be applied to systems without any 
small parameters. This may be the case if we are interested in solutions 
from a special class, depending on such parameters. A well known exam- 
ple is small-amplitude oscillations in a nonlinear system. By scaling the 
dynamic variables to normalise the amplitude of oscillations, one can bring 
this problem to a problem explicitly depending on the small parameter, 
which becomes linear if this small parameter is equated to zero. 

There is a less trivial example of the same kind. This is the famous 
geometric optics approximation. The classical interpretation of geomet- 
ric optics is that consideration is restricted to solutions with wavelengths 
small in comparison with other characteristic scales of the problem [1]. 
This works well with classical, linear wave equations, which admit wave 
solutions with arbitrarily short wavelengths. In general, this restriction 
may be impractical, e.g. if wave solution may not exist with wavelengths 
less than a certain minimum. Then the idea of the geometric optics is re- 
formulated as the idea of modulated waves [2], or slowly varying waves [3]: 
the characteristic sizes of the problem, in particular of the initial conditions 
for the equations, should be much larger than a typical wavelength. This 
means that in relatively small regions, the waves are close to plane and 
periodic, but the parameters of these waves, including direction of prop- 
agation and the period, slowly change in time and/or in space, becoming 
significantly different at large distances and/or after long time intervals. 

The classical geometric optics approximation for linear wave equations 
heavily relies on the specific properties of these equation, e.g. the super- 
position principle. This is no good for nonlinear waves. A well known 
method for nonlinear waves is the Whitham procedure (modulation the- 
ory) [2, 4]. One form of the method uses knowledge of conservation laws, 
available for many wave systems originating from physics, and derives the 
evolution equations for slowly varying parameters from these conservation 
laws. Another form of the method also uses the properties of physical ori- 
gin, namely, the fact that the field equations can be written in the form 
of a Lagrange variational principle. The evolution equations are then de- 
rived also from a Lagrangian principle, where the averaged Lagrangian is 
rewritten as a function of the new independent variables describing the 
slowly-varying solutions. This method has been applied to many classical 
nonlinear equations, such as nonlinear Klein-Gordon equation, Korteweg- 
deVries equation and others. Recent development in this direction can be 
found e.g. in [5] . 
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2. THE PROBLEM. 

There is an important class of nonlinear waves, for which Whitham’s 
approach can not be applied — so called autowaves. Speaking physically, 
these are waves that propagate unchanged not because there is no dissipa- 
tion, but because the dissipation is compensated by the constant supply 
of energy. Examples are electric pulses in nerve and heart tissues, and 
waves in some chemical reactions where the consumed reagents are either 
supplied, or are stored in substantial amounts so that their decrease during 
the wave period is negligible. Mathematically, such systems are most often 
described by systems of partial differential equation of reaction-diffusion 
type, 

du/dt = D Au-\- f{u). (2.1) 

Here u = u{x, t) G is a column-vector of concentrations of the reagents, 
f{u) G is a column-vector of nonlinear reaction terms (interesting be- 
haviour starts from .^> 2 ), Hisan.^x£ matrix of diffusion coefficients of 
the reagents, which we assume symmetric; the space coordinates x G M"" 
where the dimension of physical space, n, can be equal to 1, 2 or 3, and A 
is the Laplacian in M”. 

Systems of the form ( 2 . 1 ), describing real autowave systems, do not have 
any conserved quantities at all, and, in particular, are not Hamiltonian. 
The simplest autowave solutions of (2.1) are the plane periodic waves, 

u{x, t) = U {{k, x) - uj{k^)t + (/?o, k^) = U (^, rf), (2.2) 

where = {k,x) — rj = k'^^ /c G M” (2-3) 

and r]DU^^{^,v)+^{v)UdC,v) + f{U) = 0. (2.4) 

Here k is the wavevector, 0 < < 772 < oo, w is the frequency, and 

(fo is an arbitrary initial phase. Brackets (, ) denote the scalar product in 
the physical space M”". 

Modulated autowaves (see fig. 1) are solutions of the form 

ii(x,t) = [/((/?, (Vv?)^) -I- u(x,t), (2.5) 

where is a local wavevector slowly varying in space and time, and v is 
a small correction, so that 

if = e“^4>(ex, et, e), e <C 1, u <C 1. (2.6) 

The question is, what conditions should the phase (“eikonal”) variable 
f{x, t) satisfy. It happens, that the condition can be written in the form 
of a partial differential equation, the evolution equation, which will be the 
analogue of the eikonal equation in the geometric optics. Our purpose is 
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to develop a method of derivation of this equation for every given reaction- 
diffusion system (2.1). One thing we should always bear in mind: as a rule, 
this cannot be done entirely analytically, there usually will be some bits to 
do numerically. One reason for that is quite obvious: the basic solutions 
(2.2) can not be found analytically. 

3. HEURISTIC DERIVATION OF THE 
EVOLUTION EQUATION 

By substituting (2.5) into (2.1), we get a ^-component vector equation 
for two unknown functions: vector function u G and scalar function ip. 
So, the equation is under-determined. In linear approximation in v it takes 
the form 



vt{x, t) = DV‘^v{x, t) -|- !F[p{x, t)]v{x, t) -|- h[p{x, f)], (3-1) 

where the Jacobian matrix T and the free term h depend on the unknown 
p{x, t) so that 



m 



dfju) 

du 



u=U 



and 



(3.2) 



h[p] = - {ix{{Vpf) + pt) - t/r,^(V<^)2 

+D + 2U^r^ {Vp,V{{Vpf)) 

+I/^VV + Ur,r, {V{{Vpf)f) . (3.3) 



Here the function U is assumed with arguments U = U{p, i^p) 



Figure 1: Modulated waves in a re- 
actionj-diffusion system. Notice the 
cores of the spiral waves, and the 
shock structure between the spiral 
wave domains. Everything else is 
modulated waves. 
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The requirement that v is small leads to certain restrictions on the func- 
tion ip. These restrictions are just the desired evolution equation. 

Since the local wavevector k = Vp varies slowly, the coefficients J- and 
the free term h are approximately periodic functions of only one variable 
^ = p{x,t) ^ {k,x) — (locally). Then the boundedness of solutions 

V of (3.1) at large times requires, via the Fredholm alternative, that 

f {WoiC,v),h[p])d^ = 0, (3.4) 

where VFo(^, r/) G is the 0-eigenfunction of the adjoint of the lin- 
earised operator £, 

Cv = rjDv^^ -|- D Ay v -|- lov^ iF{^)v, 

C^w = r]Dw^^ + D Ay w — tow^ + TT {^)w. (3-5) 

Now we substitute (3.3) into condition (3.4). The resulting equality does 
not depend x and t explicitly, but only on time and space derivatives of p, 
and so can be viewed as the required evolution equation. It makes sense 
if the derivatives of p are no longer considered constant, but allowed to 
slowly vary in time and space, i.e. “unfrozen”. Generically, this equation 
will contain a term with ^{\7p)‘^. However, the coefficient at that term 
can be made to disappear, by the following transformation. Notice that 
if H(^,ry) is a base wave solution of (2.4), then + x{'n)^v) is also a 
solution, for arbitrary x- This function xi'n) can be chosen in such a way 
that j> (Wo(^,r/), DU^y(^, ?])} = 0, see [6, 7] for details. Ultimately, we 

have 

Pt + co((Vpf) = P {{Vpf) VV + Q ((V(/p)2) {VpV){Vpf (3.6) 
where 



P(r/) = ^ {Wo{^,v),DU^iC,r]))d^, 

Q{r]) = 2j^{Woitri),DU^y{^,v))d^. (3.7) 

The key points of this heuristic derivation are elimination of the sec- 
ular growth (Fredholm alternative), and “freezing” and “unfreezing” the 
derivatives of p. The latter procedure is potentially flawed. E.g., the ig- 
nored non-periodicity of T and h leads to an error of the order of e even at 
a distance of one period, though the final equation (3.6) keeps the terms 
0{e) preserved. Thus, more sophisticated tools are required. 
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4. PERTURBATION OF A MANIFOLD OF 
STABLE EQUILIBRIA 

The ideas of the more accurate asymptotic approaches can be introduced 
using a finite dimensional example. Consider a perturbed system of ODEs 

ut = f{u) + eh{u), u G M"" (4-1) 

and assume that at e = 0 it has an m-dimensional attracting manifold of 
equilibria U{a) with coordinates a G A C M™', m < n, so that f{U{a)) = 0, 
Va G A. 

For e 7 ^ 0, there is an invariant manifold in the vicinity of U, with a slow 
dynamics on it: 

u = U{a{t)) + ev{t) (4.2) 

Here v = 0(1), and a, v are e-slowly varying functions, i.e. they depend 
upon t only via the combination et, and v{t) can be found as a functional 
of a in all orders of e. To make (4.2) unambiguous, we require that v{t) is 
always orthogonal to U at the point a{t), say 

(lTj(a),u) = 0, j = (4.3) 

where Wj are eigenvectors of the transposed Jacobian matrix, !FT (a)Wj{a) = 
\j{a)Wj{a), biorthogonal {(Wj{a),Vji{a)') = 6jj>) to the eigenvectors of 
the Jacobian F = df{U{a))/du itself, including the tangent vectors to the 
stationary manifold Vj{a) = dU{a)/daj, corresponding to 
Xj{a) = 0, j = 1 . . . m. 

Substitution of the Ansatz (4.2) into (4.1), introducing notation for the 
flow on the slow manifold, aj = eQj, Q = 0(1) and expanding v(t) in the 
eigenvector basis, v(t) = Xlj ^ leads to 

i)j = Xj(a)vj + (hj{a) - Gj(t)) 

{ n n I 

'y ^ hjkVk + y y KjkiGkVi + fjkiVkVi) ? + O(e^). (4.4) 

k k,l ) 

where Gj = 0 for j > m, hjk-, fjki etc. are Taylor coefficients of the 
functions h and /, and Kjki = (dWj{a) /dak,Vi(a)) = — {Wj,dVi(a)/dak)- 
Imposing now conditions of orthogonality (4.3), Vj(t) = 0, j = 1 . . . m, 
we determine iteratively aj(t) and Vj(t) with higher and higher precision, 
by considering alternately (4.4) for j = m + 1 . . . n as equations for Vj, and 
j = 1 . . . m as equations for Gj- E.g., in the second order we get 




+ 0(e^). (4.5) 
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We see, that this iterative procedure yields successively more and more 
precise evolution equations. The significant feature of the procedure is 
that their solutions approximate exact solutions not only with successively 
decreasing (in asymptotic sense) error, but also become valid at succes- 
sively growing time scales. This becomes possible only by keeping terms of 
different order in the same equation. 

5. SUBCENTER MANIFOLD EXPANSION 

The described method is associated with the method of the (sub)centre 
manifold, which is both a fundamentally important theoretical concept and 
an efficient practical tool. 

The procedure of alternating increase of asymptotic precision of the Q{a) 
and v{a) leads to building asymptotic series in e for these functions. If these 
series converge for some e, this means that for each of those e we will have 
an invariant manifold 



U{a,e) = U{a) -\- ev{a,e) (5-1) 

and the flow on that manifold defined by 

a = Q{a,e). (5.2) 

The unique dependence of u on a arises when we select a unique solution 
to the differential equation, say the one that remains finite for t — oo. 

In the extended phase space M” x M = {u,e}, manifold U is an inter- 
section of the manifold U by the hyperplane e = 0. It be easily seen that 
the difference between U and U at small e is along Vq, which means that 
U is tangent to the centre subspace of U. Thus it is a centre manifold or a 
sub-centre manifold; the technical difference is not important for us here, 
as all we use is the formalism. 

This motivates an alternative approach to building the asymptotic evolu- 
tion equation: from the very beginning, to look for representations of (5.1) 
and (5.2) in the form of power series in e straightaway, instead of coming 
to (5.1) via the complicated procedure described above. This certainly is 
a very efficient method from a practical viewpoint. 

And as far as actual calculations rather than their motivation in this 
finite-dimensional example are concerned, the subcenter manifold approach 
and the method described in Section 4 are strikingly similar. Method of 
Section 4, modified for a PDE problem in the form of the “method of the 
detecting operator”, has been applied for the problem of the modulated 
strongly nonlinear waves, including autowaves in reaction-diffusion system 
(2.1) and conservative waves in the nonlinear Klein-Gordon equation, in 
[7]. Here we treat the modulated autowaves using the formalism of the 
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subcenter manifold. This is based on the idea of [8] originally applied to 
another class of problems (nearly linear waves). 



6. FUNCTIONAL SUBCENTER MANIFOLD 
OF MODULATED WAVES 

We consider modulated waves defined by (2.5) as a “functional mani- 
fold”. Thus, the whole phase distribution </?(x), in its entirety, is a coordi- 
nate on this manifold. 

We consider the starting PDE system (2.1) as an ordinary differential 
equation in a Banach space y, 



dii 

dt 



= Ku) 



where il : M ^ T; t u{x, t). The Ansatz is 



u{x,t) = U[if{x,t)], (6.1) 

where square brackets [] denote functional dependence, i.e. [v?] denotes de- 
pendence on If and all its spatial derivatives, U{ip, dipjdxi, d^fjdxidxj , . . . ). 
In Banach-vector form, 

u{t) =U{(p{t)), (6.2) 

where is a vector of a “smaller” functional space X, representing the 
spatial distribution of the phase f{x, t) at a particular time instant t: (p : 
M ^ A; t ^ p{x, t ) , and U : X ^ y. 

Space X is “smaller” than y, e.g. in the sense that it consists of scalar 
functions rather than M^-valued functions as y. Another (non-formalised) 
difference is that (p represents functions p{x, t) with slowly varying spatial 
derivatives. 

Evolution of the phase p{x, t) is sought in the form 

^ = g[p{x,t)] or ^ = g{ip{t)) (6.3) 

where g : X ^ X (assuming X is linear). 

Then, the operators U and g are sought in the form of formal power 
series in the small parameter e, 

OO OO OO OO 

U = g = ^g(^^e^, or U = , C = 

n=0 n=0 n=0 n=0 

(6.4) 

Then we use the finite-dimensional procedure discussed above, expressed 
in terms of Id and as a guidance, but immediately translate obtained 
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expressions to the straightforward form, without hats. The orbit derivative 
of (6.1) by the system (6.3) yields 

du/dt = U^Q + + 0(e2) (6.5) 

since, as we mentioned, lA is function of ip and all its derivatives, and 
derivatives of higher orders are, according to (2.6), of higher asymptotic 
orders in e. 

In turn, differentiation of lA by spatial variables, using the chain rule, 
yields 

dlAjdxi = lA^pi + lA^^Pij + O(e^). (6.6) 

Here and below, we denote spatial derivatives of p by subscripts corre- 
sponding to the spatial coordinates, so pi means dpjdxi etc.; and assume 
summation by repeated indices. 

Now, substitution of spatial and (6.5) into (2.1), with account of expan- 
sions (6.4), yields 

+^/(o)g(o)<^^^. + o(g2) 

+ + C>(e^). (6.7) 

Then we consider sequentially different orders in e of this equation. 

Order 0(1). Equating terms of (6.7) of the order 0(1) we have 

+ DU^^JpiPi. (6.8) 

This coincides with the equation (2.4) for the basic waves if lA^^^ = U, 
gW = —ui, and piPi is identified with rj. Together with the requirement 
of periodicity in p, this order provides a nonlinear eigenvalue problem 
determining the basic solution lA^^^ = U and the main frequency = ui 

as functions of the local value of the slowly varying phase gradient rj = 
PiPi = (V(/?)2. 

Order 0(e). This order gives a linear equation for 

= h, (6.9) 

where the linear operator C is 

C = r]Dd^^ -\- co{r])d^ -\- T (6.10) 

and the free term h depends on 

h = + u!^)g{0) _ 



( 6 . 11 ) 
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This is a differential problem in ip and as such is exactly 27r-periodic. Op- 
erator C is singular, its zero eigenfunction is the Goldstone mode Vq = 
dU j dip. By Fredholm, (6.9) is solvable iff the free term is orthogonal to 
the zero-eigenfunction IFo, of the adjoint operator T'*', 

£+ = T]Ddl - to{r])d^ + J^T. ( 6 . 12 ) 

This leads to the following result: 

gW = [J d(^) ipii + 2 {J (Wo,DU!^1) d^j) ipip^ij. (6.13) 

Noting that depends on ip only via rj = (pf, we arrive ultimately to 
the evolution equation precisely coinciding, up to the notation difference, 
with (3.6), with identical definitions of P and Q. 

7. DISCUSSION 

In this paper, we describe a new method of derivation of the envelope 
equations for strongly nonlinear, non-conservative waves. The method is 
illustrated for the generic reaction-diffusion system (2.1), without any as- 
sumptions on the exact form of the reaction term /(u) or diffusion matrix 
D. It has been demonstrated that the detecting operator technique, closely 
related to the sub-centre manifold technique, is equally applicable classical 
conservative nonlinear wave equations, such as the nonlinear Klein-Gordon 
equation, and produces the same results)?], so we may expect the present 
method to be similarly flexible. The detecting operator technique described 
in [7] is rather involved, and construction of the detecting operator itself 
is a non- algorithmic part of the procedure. The method described here is 
free from that disadvantage and provides a much easier, algorithmic way, 
producing the same results. 
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Abstract A system of coupled Klein-Gordon equations is suggested to model one- 
dimensional nonlinear wave processes in a bi-layer. The type of coupling 
depends on the type of the interface and constitutes an arbitrary element 
of the Lie group classification problem, which is solved for these equations. 
The classification results are used to find conservation laws and particular 
invariant solutions. 



1. INTRODUCTION 

After the intensive study of nonlinear wave processes in recent decades, it 
has become clear that the same equations, such as the Korteweg - de Vries 
equation and the nonlinear Schrodinger equation, appear in many differ- 
ent physical situations (see, for example, [1, 2] and the references therein). 
Since heterogeneity constitutes an essential feature of many physical prob- 
lems, it makes sense to try to find some simple mathematical models which 
allow us to study peculiarities of nonlinear wave processes in heterogeneous 
media. 

A possible way to derive such continuum models is to consider the long- 
wave dynamics of discrete models. One of the most famous models of this 
type is the Frenkel-Kontorova model [3]. Proposed initially to describe 
dislocations in metals, it has found numerous applications, and has been 
generalized in order to describe different phenomena (see the review [4]). 
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The original FK model deals with the situation when an additional semi- 
infinite plane of atoms is inserted into a perfect crystal lattice. The atoms 
of the “interface” layer are treated as a one-dimensional chain subjected 
to an external periodic potential produced by the surrounding atoms. For 
long waves, in dimensionless variables, one can obtain the integrable sine- 
Gordon equation whose kink and anti-kink solutions give the approximate 
description of the lattice behaviour in the vicinity of the dislocation core 
(see [4]). 

In the FK model, one part of the crystal is treated as rigid and motion- 
less. The natural generalization of this model is that of coupled chains of 
particles [5], i.e., of two one-dimensional periodic chains with linear links 
between elements and non-linear interaction between the chains. The long 
wave dynamics of this system is described, in dimensionless variables, by 
the coupled Klein-Gordon equations 

Utt - Uxx = fu{u,w), Wtt - C^Wxx = fw{u,w), (1.1) 

where the subscripts denote partial derivatives, c is the ratio of the acoustic 
velocities of non-interacting components, and /(u, w) describes the inter- 
action between the chains. 

Although originating as a generalization of the FK model, for appropri- 
ate choices of the function f{u,w), the coupled Klein-Gordon equations 
(1.1) can also be considered as a long- wave limit of a simple lattice model 
for one-dimensional nonlinear wave processes in a bi-layer. Similar lattice 
models were proposed by Slepyan and his coworkers in connection with 
crack propagation in composites (see, for example, [6]). In that case the 
model parameters are determined by the type of the interface and mate- 
rials forming the bi-layer. It is also worth noting that the same equations 
describe some processes in the DNA double helix [7] (see also [8] and the 
references therein). 

In all these models the function /(u, w) should be found experimentally, 
and therefore, its analytic form is not unique. It is known that the existence 
of a sufficiently large group of symmetries allows a certain analytic investi- 
gation of properties of the equations (see, for example, [9, 10]). Thus, the 
problem of group classification of coupled Klein-Gordon equations (1.1) 
naturally arises in connection with the model discussed above. 

Equations of the type (1.1) with c = 1 (and arbitrary functions of u and 
w on the right-hand side) were studied in [11], where the cases admitting 
Lie-Backlund symmetries were picked out, and completely or partially in- 
tegrable examples were presented. If fuw{u,w) = 0, the system (1.1) splits 
into two independent Klein-Gordon equations, whose group classification 
was given by S.Lie [12] (or see [13] instead). The results of the Lie group 
classification of equations (1.1) for c / 1, fuw{u,w) / 0 are presented in 
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this paper, and are used to find conservation laws and to construct particu- 
lar invariant solutions. In conclusion, we discuss some possible applications 
of this model. 



2. LIE POINT SYMMETRIES 



The classification is given up to the following equivalence transforma- 
tions (which preserve the differential structure of the equations and change 
only the arbitrary element, see, for example, [9]) 

t = at + P, X = ax + u = Xu + fi, w = \w -\- v, f = -^f + p, 

a^ 

where a, /3, 7 , A, p, w, and p are arbitrary constants and a\ / 0; 



t —t, X ^ X] t ^ t, X ^ —X] 

u —u, w ^ w] u ^ u, w ^ —w; 

X 1 

t ^ t, x^—, u—>w, w ^ u, c^-. 

c c 

(Equations related by equivalence transformations admit similar groups). 
The generator of the admitted Lie point group is sought in the form 



5 2 ^ 1 ^ 2 9 



(2.1) 



Using the methods of the group analysis of differential equations (see [9, 
10 ]), the coordinates of the generator can be found as follows: 

^^ = Cp + C2, e = Cix + Cs, 

= C4U-\- (f{t,x), = C4W -\- x{t,x), 



where the functions p{t, x) and x(L x) satisfy the equations 

^xx — ( 2 dl C*4)/^( -|- (C4U -|- -|- (C4W -|- X)fuwi 

Xtt ~ C^Xxx = (2C*1 — C*4)/ui -|- {C4U -\- (p)fuw + {C4W -|- x)fww ( 2 . 2 ) 

Here Cj, i = 1,4 are arbitrary constants. 

It follows from (2.2) that when f(u, w) is an arbitrary function, equations 
( 1 . 1 ) admit a 2 -dimensional algebra with the basis 

^ Ft’ Fc’ 

and extension of the admitted algebra (2.3) is possible in those cases when 
function f{u, w) satisfies the equation 



(aiu -h a2)fu + (al^^^ + 0,3)/^ -\- 04 / = a^u -\- uqw + 07 , (2.4) 
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where ai,i = 1,7 are constant coefficients. 

For the analysis of the classifying relation (2.4) we first find how its 
coefficients transform under the equivalence transformations. Then, we 
find all solutions of the equation (2.4) up to equivalence transformations. 
Finally, solving the determining equations (2.2) for all cases obtained we 
find the generators additional to (2.3). The results of group classification 
are presented in Table 1. 



Comments on Table: 

■ A, B, C, D, and a are arbitrary constants, 6 is positive real constant, 
5 is nonnegative real constant; e = ±l, e = 0,±l. 

■ The constants A and /x take real or imaginary values. 

" = 2^1 
0(^C i j 

■ In subcases the group of equivalence transformations can be wider 
than in general case. For example, if f{u, w) = F{Su — w) + Au, 
where F"'{z) ^ 0, additional transformations have the form: 

u = u + 6tx + ujt + Tx, w = w + 5{9tx + Lot + Tx) (2.5) 



with arbitrary constants 6, to, and r; 









u = u+ _^^ {A- A), w = w + A), (2.6) 



where A satisfies the equation = 4 >(Jl, c,S), A = A; 

dci a=0 

m (1 + ( 2 . 7 ) 

/ = f + n{Ac, S){6u-w). 



Here and k are arbitrary functions of their arguments. In accor- 
dance with these transformations, one may suppose that in the case 
under consideration A = B = 0. 
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Table 1 Lie group classification of equations (1.1) (c^ 7 ^ 1, fuw 7 ^ 0). 



f{u,w) 



Admitted generators (basis) 



X X = — 

dtl ^ _ dx 



Arbitrary function 



9 d 



. u 






w 



1 



if (T / 2, F{z) 7 ^ e ( 5 — 

B ' 1 

if (T = 2 , F(^z) ^ A ~i — ^ H — 
^ 



^ ~ *di ^ ~ ^ '^077^ 



expu F{Su — w), 
F(z) 7 ^ eexp 2 : 



d d B B~ 

= X— + u— + w— 

Bt Bx Bu Bw 



F ( — ) + e In ti , 
w 

F(z) Eln (s-( 



i = 3 , 6 



ips = cos Xx cos fit, ip 4 = sin Xx sin fit, 

If 5 = cos Xx sin fit, ipQ = sin Xx cos fit] 

IP'S = X cos pt, f 4 = cos pt, 
ip 5 = X sin fit, pe = sin fit] 
ipS = t cos Xx, P 4 = cos Xx, 
ps = ^ sin Xx, pq = sin Xx 



F{5u — w) + Auw+ 



u 



F'"(2)t^ 0. If 
, , 9 5e — A 

a) FTV 7^ 0 , 



11 ^ = 



(5(1 -c2) 
5ec^ — A 
(5(1 - c2) 



/ 0 ; 
A 



b) A = 0, fi^ = -- = -E] 

Pi 

c) X^ = ^ = £, p = 0 

dc^ 



u 



F{5u — tc) + Euw — 

F"\z) + 0, 

A2 = 



(5(c2 — 1) 



B B 

Xi = pi{t,x){-^ + 5-^), i = 3,6 

ps = cos Arc cos Xt, p 4 = sin Ax sin Xt, 
p^ = cos Xx sin Xt, pQ = sin Xx cos Xt 



3. INVARIANT SOLUTIONS AND 
CONSERVATION LAWS 

The results of classification allow us to find conservation laws and to 
construct particular invariant solutions (self-similar, traveling waves, etc.) 
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Table 1 (continued) 

Lie group classification of equations (1.1) (c^ / 1, fuw 7 ^ 0). 



f{u,w) 


Admitted generators (basis) 


F{5u — w) + Au, 

F"\z) + 0. 

(i) F{z) = + Bz, 

tr/ 0 , 1,2 

(ii) F{z) = eexp z + Bz 
(hi) F{z) = ehiz + Bz 
(iv) F{z) = ezlnz 


Xi = (pi{t,x){— + 6—), i = 3,6 
on ow 

if3 = tX, if4 =t, ip5 = X, = 1 

d d 2 d 

2-^^du^ 
d l-cr,/^ M d 

9 d ^ d 

^7 = + X— h 2 — h 

dt dx dw 

^ d d d d 

"^7 = + u— + w - — h 

dt dx du dw 

d d d d . 

^7 = + X— h 2(^72 h W — — ) + 

dt dx du dw 


~A~F 7TF 

— U^ + —W + UW + 

+Cu + Dw 
Here if 

a) AB 1, C = B = 0; 

b) AB = 1, 


X^,^ = ip{t,x)-^ + x{t,x)-^, 

where ipu - (pxx = Acp + x, 

Xtt - c^Xxx = (f + Bx 

d d 

^3 = U— +W-] 

du dw 

, D-BC 0 , d 

= ^<“+2(21 + B)‘ >8..+ 

A(D-BC). .4C + D 8 
^ 2{A + B) ' A + B ’ dw 



The system (1.1) with an arbitrary function f(u,w) is Lagrangian with 
the density ^ 

L = :^{ut+ wj -ul- c^wl) + /(n, w). 
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Indeed, the variation of the functional C 



ft2 rX2 



Ldxdt, 



/ tl J X\ 



5C 

6u 



fu{u, w) - Utt + Uxx = 0, 



5_C 

5w 



U{u, w) - Wtt + C^Wxx = 0 



gives equations (1.1). Therefore, knowing infinitesimal operators (2.1) and 
using the Noether theorem (see [10]), one can find conservation laws 

^t+^x= 0) 

dl 

where + (ry“ — a = 1, 2, i = 1,2; and v} = u,u? = 

w]Ui = uf,U 2 = u". The operators (2.3) are admitted with any function 
f{u,w). The corresponding conservation laws of energy and momentum 
have the form 

^[^(^? + wj + ul + c^wl) - f{u,w)] - ^[utUx + C^WtWx] = 0, 
^^[utUx + WtWx] - ^[f{u,w) + ^(ii? + + ul + c^wl)] = 0. 



In those cases where the dimension of the admitted algebra is larger than 
2, there are additional conservation laws, which can be easily written down 
explicitly. 

Let us also find some particular invariant solutions of equations (1.1) 
in the case f{u,w) = cos(i5tt — w). Introducing u = 5u,w = w as new 
dependent variables, we rewrite equations as 



Utt — Uxx = — sin(tt — w), Wtt — c^Wxx = sin(u — w) (3.1) 



(the tildes are omitted). Although this case is not the most beneficial from 
the point of view of symmetries admitted (6-dimensional Lie algebra) , it is 
interesting as a possible generalization of the FK model. Here, 5^ = m 2 /mi 
has a meaning of the ratio of masses of particles in the “lower” and the 
“upper” chains. For 5^ ^ 0, setting n = 0, we obtain for w the sine-Gordon 
equation, being the long-wave approximation of the FK model. Thus, the 
FK model appear as a natural limit of the coupled equations (3.1). 

Equations (3.1) admit the generator 



^ 9 d dd 

X\ -\- VX2 -\- aX/i = ;^ + V -- — h — h -^) 

ot ox au ow 



(see Table 1), where v and a are arbitrary constants. The solution which 

1 _ 1 _ 

is invariant with respect to this generator for 1; and 



the form 



1 + 52 



has 



u = a — c^)p{x — vt) -\- rj], w = a ^[{1 — v‘^)p{x — vt) -\- r]], (3.2) 
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where a = — c^) + — 1, 

Tj = a(l + 5‘^)vtx — ^[(1 + 5'^c^)t^ + (1 + S‘^)x‘^] + A{x — vt) + B, 

p” = — Asinp — a, (3.3) 

_ 5‘^{v'^ — c^) + — 1 _ a(l — c^) 

— l)(r;2 — c^) ’ ^ — l)(r;2 — c^) 

Here the prime denotes derivative with respect to the argument of the 
function; A and B are arbitrary constants. Let us set A = B = 0. 

If A < 0, then introducing p = p + tt, equation (3.3) can be rewriten in 
the form p" = — |A| sinp — a. Therefore, analyzing (3.3), one can suppose 
A > 0. The energy integral of (3.3) may be written in the form 

(p')^ + 2A(1 — cos p) + 2ap — 2E* =2E, E* = X — — a arcsin ^ • 

A 

If the condition |a| < A is satisfied, then any value of E from the interval 

0<E < 2A-7r|a| -2E* 

defines a bounded periodic solution of (3.3) describing nonlinear oscillations 

near the point of equilibrium p = — arcsin — in the region p G \pi,P 2 \- 

A 

Here pi and p 2 are the roots of the equation 



A(1 — cosp) + ap — E* = E 

on the interval (— vr + arcsin tt + arcsin —). It is assumed here that 

A A 

a TT TT 

arcsin - G (--, -). 



If a = 0, equation (3.3) turns out to be the equation describing oscilla- 
tions of the mathematical pendulum, which is integrable in terms of elliptic 
functions (see, for example, [14]). In this case solutions of the system (3.1) 
describing periodic waves have the form: 

u = 2U arcsin{/c sn [^/\{x — vt) , k]} = Ww (3.4) 



— ’’fast” waves, propagating with velocities 

2. 1 + <^V 



G {S,M) U (L, -|-oo). 



where S = min{l, c^},M = 



1 + <52 



, L = max{l, c2}. 



u = 2U arcsinjdn [y^|A|(x — vt),k]} = Ww, (3.5) 

— ’’slow” waves, propagating with velocities G [0,5) U {M,L). Here 



U = 



52(^2 — c2) 



52(^2 _ y 2 _ 



W = 



(52(^2 -c2) 



1 — i;2 



0 < A: < 1. 
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In the k = 1 limiting case, ’’slow” periodic waves become solitary waves, 

u = AU arctanjexp y^[a|(x — r;t)} = Ww. 

Using the fact that equations (3.1) admit reflections 

t —t, X ^ x; t ^ t, X ^ —X] u —u, w —w, 

one can obtain solutions with other combinations of signs. 

If (5 ^ 0 (mi m 2 ), solitary waves may propagate with the velocities 
G [0,c^). In that case the displacement of particles is independent on 
the velocity of wave propagation. If the masses mi and m 2 are compara- 
ble, solitary waves may propagate with the velocities v'^ G [0, S) \J{M, L). 
Therefore, if the acoustic velocities of non-interacting components are dif- 
ferent (c^ / 1), a gap appears in the velocity spectrum of the solitary 
waves, i.e., the system acts as a kind of a filter of solitary waves. Here 
the relative displacement (of “upper” particles relative to “lower” ones) 
remains the same as in the FK model (per period of the chain), but the 
absolute displacement depends on the velocity of the wave. 

Solutions for nonlinear waves in the presence of additional shear forces 
(acting either on both chains in the opposite directions or on just one 
chain) can be constructed using (3.2) with a ^ 0 and the equivalence 
transformations (2.5) - (2.7), which were found above. Using other linear 
combinations of the generators from Table 1 we can find other invariant 
solutions. 

4. CONCLUSION 

The simple lattice-based model proposed here can be used for studying 
the peculiarities of propagation and interaction of one-dimensional non- 
linear waves in a bi-layer. It can be useful for problems related to energy 
exchange between the layers, long-short wave resonance, delamination, etc. 
The model can be modified to take into account other degrees of freedom by 
considering chains of interacting mechanical dipoles [15] instead of chains 
of point masses. These topics will be discussed elsewhere. 
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Abstract A detailed analysis of the evolution of unstable flame fronts governed by 
the Sivashinsky equation was undertaken in order to understand physical 
mechanism of acceleration of laminar premixed flames. Rates of the lin- 
ear nonmodal growth of the perturbations were estimated. The estimation 
is based on the analysis of the resolvent and the Co-semigroup generated 
by the linear operator associated with the Sivashinsky equation. The re- 
sults are in good quantitative agreement with direct numerical simulations. 
They confirm a possibility of a huge linear transient amplification of certain 
types of small perturbations generated by noise. These amplified pertur- 
bations increase the flame surface area and, as a result, the flame speed. 



1. INTRODUCTION 

Experiments with large-scale expanding flames in open atmosphere re- 
vealed that they can experience substantial acceleration [1]. Further re- 
search showed that the phenomenon can be observed on much smaller 
scales in pressurised enclosures [2]. This acceleration was linked with the 
intrinsic long wave instability of flame fronts which is also known as the 
Darrieus-Landau or the hydrodynamic flame instability, see e.g. [3]. Wide 
variety of time and space scales involved makes it inefficient to study this 
phenomenon on the basis of the general Navier-Stokes system and neces- 
sitates development of simplified mathematical models. In particular, an 
asymptotic model of cellularization of hydrodynamically unstable flames 
was obtained in [4]. The model is known as the Sivashinsky equation and 
in this work we use it to analyse the evolution of the unstable flame fronts. 
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The Sivashinsky equation governs evolution of the perturbation 
^{x\,X 2 ,t) of the plane flame front moving in the direction orthogonal 
to the xi,X 2 -plane with the laminar flame speed uj,: 

- 2 “^ |V<hp = A^> - (7/47 t)(-A)^/2<j, t> 0 . ( 1 . 1 ) 

Here, space coordinates are measured in units of the flame front width 
Sth, time is in units of 5 th/ub, and initial position of the flame d>(xi, X 2 , 0 ) 
is given. The contrast of densities of burnt and unburnt gas mixtures 
'y = 1 — Pb/ Pu and gradient of the perturbation are assumed to be small. 
For one-dimensional perturbations (1.1) takes the form 

dt<^ - |x| < oo, t > o, (1.2) 

where 7i denotes the Hilbert transformation. 

If t) is a Ai-periodic solution to ( 1 . 2 ) for 7 = 71 , then t) = 

4>(i)(72x/7i,7|t/7f) is a ( 7 iAi/ 72 )-periodic solution to ( 1 . 2 ) for 7 = 72 . 
This makes it possible to study (1.2) for any 7 , though proper scaling of 
independent variables may be required in order to give a physically correct 
interpretation of the results obtained in this paper for 7 = 0 . 8 . 

A wide class of explicit solutions to (1.2) was obtained in [5] by using 
the pole decomposition technique. The A-periodic, or “cellular”, steady 
coalescent A-pole solutions to ( 1 . 2 ) have the following form 

N 

^N,A{x,t) = -|- 2 ^^In I cosh27r6„/A — cos27tx/A|, (1-3) 

n=l 

where real A > 0 and integer N lying in the range 0 < A < N\ = 
ceil( 7 A/ 87 r -|- 1/2) — 1 are otherwise arbitrary parameters. Real numbers 
bn, n = 1, . . . , N are the imaginary parts of poles introduced by the pole 
decomposition technique. They should satisfy a system of nonlinear alge- 
braic equations available elsewhere. The increase of the flame speed due 
to the “cellularization” is exactly Vat^a = 2ttNA~^ (7 — 4ttN/A). 

Presence of the V^^At term in (1.3) confirms that cellularization of the 
flame front results in an increase of its propagation speed. However, values 
of V)v,A are too small to match the increase of flame speeds obtained in 
experiments. Obviously, there should be something else in (1.1) if it is 
advanced enough to model the experiment adequately. 

An indication of a sophisticated nature of the Sivashinsky equation 
comes from numerical experiments. In order to study (1.1) numerically, 
the infinite domain of definition of its space variables needs to be replaced 
by a finite one and a method to extend the solution up to the infinity should 
be provided. Thus, (1.1) is considered in a square of size L and its solu- 
tions are assumed to be L-periodic. The latter is physically reasonable if 
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L ^ 87t/7, where Stt/'j is the wavelength of the most amplified harmonics 
in the dispersion relation associated with (1.1). 

Such effectuated numerical solutions to (1.2) converge to ^n^,l for a 
wide variety of initial conditions if L < Lc ~ GSvr/y. In larger computa- 
tional domains L > Lc, they do not stabilize to any steady state at all, see 
e.g. [6], [7]. Instead, being essentially nonsteady, they remain very close to 
developing on the surface of the flame front small cusps randomly 
in time as this is shown in Fig. la. Associated flame speed grows as a 
result of the increased flame surface area. 





U U 

Figure 1 (a) Small cusps on the flame surface corresponding to A profile 

of 'hjv^,L is plotted with a dashed line, (b) A crack on the surface of a 2-D flame at 
t = 27000. (c) Increase of the averaged flame speed (<<l?t>) obtained in 1-D and 2-D 
numerical simulations and normalized by and 2Vn[^,l correspondingly, (d) Critical 

strength of noise versus flame size. 
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The behaviour of the two-dimensional flame fronts is similar [7]. For 
small L < Lc ^ 647t/ 7 solutions to (1.1) converge to X 2 ,t) = 

^NL,L{xi,t) + ^NL,L{x 2 ,t). The perturbations begin to appear randomly 
in time for L > Lc- They resemble cracks and are illustrated in Fig. lb. 
Graphs of the time and space averaged increase of the flame speed (<d>t>) 
obtained in one- and two-dimensional computations and normalized by 
Vn^l and 2Vn,l correspondingly are depicted in Fig. lc. 

In this work rates of the linear nonmodal growth of the perturbations 
were estimated by means of the numerical analysis of the resolvent and 
the Co-semigroup generated by the linear operator associated with the 
Sivashinsky equation. The relevance of the most amplifiable perturbations 
to the small cusps appearing on the surface of large enough flames in nu- 
merical simulations was established and the effect itself was suggested as 
the mechanism of the increase of the flame speed. 

2. NONMODAL AMPLIFICATION 

High sensitivity of ^Nl,l to certain perturbations was suggested in [8] 
as an explanation of the fundamental change in the behaviour of the nu- 
merical solutions to (1.2) for L = Lc- The idea was based on a particular 
asymptotic solution to an approximation of the Sivashinsky equation lin- 
earized in a neighbourhood of ^n,l- In sequel, a model equation with a 
stochastic right hand side, explicitly introducing noise of physical origins, 
was proposed and investigated, see e.g. [9]. 

The direct confirmation of the idea of high sensitivity can be obtained 
by the estimation of possible linear amplification of perturbations of ^n,a- 
Substituting d>(x,t) = ^N,A{x,t) + (p{x,t) into (1.2) and linearizing it with 
respect to the L-periodic perturbations (p{x,t), one obtains 

dt(p = {dx^N,A)dx^p + dxx^ - {j/2)n[dx(p] = An,a^- ( 2 . 1 ) 

The eigenvalue problem for an operator ^ similar to An, A was studied 
in [10] and indicated that ^Nl,l is the only steady coalescent pole solu- 
tion to (1.2) with no eigenvalues located in the right half of the complex 
plane for any L > 0. The eigenvalues of both operators coincide and the 
eigenfunctions of x-derivatives of those of An,a- 

The eigenfunctions of are nonorthogonal. Hence, solutions to (2.1) 
may undergo a substantial amplification over a finite period of time, though 
they are likely to decay for t — > oo, if iV = N^. This amplification would 
result from a peculiar mixing of a few severely nonorthogonal eigenmodes, 
rather than from a single one. Accordingly, it is called the nonmodal 
amplification and the nonmodal instability if the amplification is strong 
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enough to bring the nonlinearity of the problem into the play. In what 
follows we are interested in ^Nl,l only and the index L is dropped. 

The link between the resolvent {zl — An)~^ and the Co-semigroup 
in the form of the Laplace transformation provides a robust lower bound 
on the maximal possible amplification of the initial condition in (2.1). Car- 
rying out the straightforward estimation of the integral in a norm of the 
Laplace transformation of one arrives at 

sup II II > sup [Re(z)||( 2 ;J- ^at)“^||] = /C^^. (2.2) 

t>0 Re(z)>0 

Thus, the lower bound on ||e*'^^|| can be effectively estimated by 

calculating norms of the resolvent of a finite-dimensional approximation 
to An- The 2-norm represents the energy of solutions to (2.1) and is 
an appropriate choice in this investigation. Plotting level lines of \\{zZ — 
^Ar)“^|| not only simplifies the search of the supremum but, also, provides 
boundaries of pseudospectra of An-, see e.g. [11]. Examples of the latter 
can be found in [7] . Values of shown in Fig. Id are large enough to 
amplify round-off errors to the level of the solution itself. 

If / is the order of the amplitude of perturbations associated with the 
round-off errors, then Lc = Lc(/). Two values of Lc{f) obtained in our 
one-dimensional calculations with the 32- and 64-bit arithmetic are shown 
in Fig. Id. It is convenient to invert the relation Lc = Lc{f) and write it in 
the form fc = fc{L), where fc is a critical noise strength for the given size 
L of the flame. The reciprocal of is an estimation of the upper bound 
on this critical strength, i.e. fc < Here, the strength of perturbations 

means their 2-norm. The corresponding graph is plotted in Fig. Id. It is in 
a very good agreement with the results of our direct numerical simulations. 

3. MOST GROWING PERTURBATIONS 

Polar decomposition of ^^n be used to demonstrate that the set of 
its right singular vectors fjnixA), n = 1,2, .. . forms an orthogonal basis in 
the space of valid initial conditions for any t > 0. Corresponding singular 
values an{t) provide the magnitude of amplification of 'ipn{x,t), taken as 
the initial condition ip(x,0), by the time instance t. Approximating An 
by a finite-dimensional matrix, both an{t) and 'ipn{x,t) can be effectively 
calculated by using singular value decomposition (SVD) algorithms of nu- 
merical linear algebra. 

A few largest singular values of g,re shown in Fig. 2a. One may see 
that cri^ 2 {t) match and that the dimension of the subspace of the most 
growing perturbations is very low. Appearance of 'ipi^ 2 {x,t), which will be 
most amplified by f = 10^, is depicted in Fig. 2b. Figure 2c shows a few 
largest coefficients of the expansions of ipi{x, t) and ipi{x, f) = t) 
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Figure 2 (a) Largest singular values of . (b) Right singular vectors of cor- 

responding to cri(t) Ri 9.2 X 10® and (J 2 (t) ~ 7.4 x 10® for t = 10®. (c) Coefficients of 
expansions of ip\{x,t) and ip\{x,t) = t) in the basis of the eigenfunctions of 

^jv for t = 10®. (d)-(f) Solutions to (1.2) for <!>(*, 0) = <E>jv -I- £-!/>„(*, 10®); (d) n = 1, 
e = 10"®, (e) n = 2, e = 10"®, (f) n = 2, e = -10“®. Here L = dOrr. 
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in the basis of the eigenfunctions of for t = 10^. This confirms, that 
the perturbation is formed by more than one eigenmode. 

Evolution of both types of the most growing perturbations governed by 
the nonlinear Sivashinsky equation is illustrated in Figs. 2d - 2f. The initial 
conditions were ^(x, 0 ) = ^at(x, 0 ) + e^pn{x,W^), where e = ± 10 “^, and 
n = 1,2. The asymmetric singular mode V’i( 3 ;, 10 ^), see Fig. 2b, results 
in appearance of a small cusp to the left or to the right from the trough 
depending on the sign of e. After merging of the cusp with the trough, 
the flame profile converges slowly to ^n{x + Ax, t), sign(e)Ax > 0. The 
symmetric singular mode ■ 02 ( 2 ;, 10 ^) produces two symmetric dents moving 
towards the trough on both sides of the profile if £ < 0, see Fig. 2f. By 
t ~ 500 the flame profile returns exactly to ^]\f{x,t). For e > 0 two small 
cusps move towards the boundaries of the computational domain creating a 
quasi-steady structure shown in Fig. 2e for t = 270. This structure survives 
until t ~ 1800, but eventually bifurcates and the solution converges to 
<hjv(x -|- Ax, t), Ax < 0. 

Behaviour of perturbations 01 , 2 (x, 10^) of the amplitude e = 10“® was 
not as picturesque, but they managed to produce a visible effect on d>Ar. 
Same can be said about 03,4(x, 10^) of the amplitude s = 10“^. Perturba- 
tions corresponding to 'ifn{x, 10 ^) of higher orders did not grow significantly 
and did not cause any noticeable changes to ‘hiv for e up to 10“^. The dom- 
inating singular modes 0 i, 2 (x,t) stabilize to the profiles shown in Fig. 2b 
by f ~ 200. Prior to that time the associated amplification (Ti, 2 (t) is al- 
ready about 10 ^, but 'ifi^ 2 {x,t) does not coincide with neither 0 i, 2 (x,lO^) 
nor 03,4(x, 10^). Thus, dependence of on time makes studies of the effect 
of transient amplification on short time scales t < 200 quite complicated. 

Computer round-off errors act permanently and the perturbations gen- 
erated by them can be of any type, including those special types which can 
be hugely amplified. When the size of the flame grows, the perturbations 
of that special type, linearly amplified during the finite period of time, be- 
come so large that the nonlinearity of the Sivashinsky equation cannot be 
neglected. The result can be seen as a sequence of small cusps, appearing 
on the flame surface randomly in time. 

4. CONCLUSIONS 

Nonmodal instability of steady coalescent pole solutions to the Sivashin- 
sky equation has been established by means of the estimation of possible 
transitional amplification of perturbations and was demonstrated in direct 
numerical simulations. As the size of the flame increases, the nonmodal 
amplification of noise grows. Hence, the number of the cusps generated by 
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noise on the flame surface grows as well, contributing to its total surface 
area and, eventually, in its acceleration. 

From the physical point of view, a possibility of nonmodal instability of 
flames was demonstrated in this paper for quite a hypothetic case 7 <C 1. 
It is too optimistic to expect the same level of nonmodal amplification for 
realistic values of 7, but the continuity principle provides a good chance 
that the effect itself will be present. Examples from hydrodynamics show 
that the nonmodal amplification does not need to be as huge as we observed 
it in the Sivashinsky equation in order to be a dominating effect, because 
the level of noise in physical systems is usually much higher than the com- 
puter round-off errors. Further research is required in order to validate the 
mechanism of nonmodal instability for realistic cellular flames. 

Unlike (1.2), the solutions, representing the expanding flames, depend 
on time essentially making coefficients of the associated linearized equation 
time-dependent. Investigation of transitional amplification in a system 
with time-dependent coefficients is currently a challenge. 
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Abstract Catalytic monoliths are used in a wide number of applications, and in 
particular in catalytic combustion. To explain the difference between ho- 
mogeneous and catalytic combustion reactions, a simple experiment is de- 
scribed, which could be performed readily, to illustrate these two types of 
combustion processes. In addition, examples of the form of the equations 
representing catalytic combustion reactions in a monolith are outlined, 
illustrating how the physical/chemical processes are included in a math- 
ematical model of the reactor. This, in turn, leads to a complex system 
of coupled equations with non-linear terms. When numerical methods are 
employed, the solvers can crash, and being aware of the physical signih- 
cance of the terms in the equation can lead to a method of breaking down 
the problem into a manageable form. 



Introduction 

The use of monoliths as support structures for catalysts, and their subse- 
quent use in reactors, has created some interesting challenges for modellers 
of such systems. The catalytic monolith consists of a structure that con- 
tains a large number of parallel channels through which a fluid flows. For 
example, in one popular and important application of this technology, the 
catalytic converter, the fluid is the exhaust gas from the engine of a vehicle. 
The catalytic system oxidises the emissions of CO to CO2, and hydrocar- 
bons to carbon dioxide and water, whereas the oxides of nitrogen (NOx) 
are reduced to nitrogen. The catalytic converter is a catalytic reactor, 
through which the reactants flow in the gas stream. The process consists 
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of interactions in the transfer of energy, between the gas and the solid layer, 
where the catalyst is dispersed and energy is released from the chemical 
reactions. A complete description of this process is available in Hayes and 
Kolaczkowski (1997). 

The modelling of the performance of such reactors, and related applica- 
tions where catalytic monoliths are used to support catalytic combustion 
reactions, creates difficulties as a result of the complexity of the coupled 
system of equations that describe fluid flow, chemical reactions, and heat 
and mass transfer in these systems. 

Before explaining the connection between physical/chemical processes 
in catalytic combustion, it is important to understand how it differs from 
‘conventional’ or homogeneous combustion. This is illustrated with the aid 
of two relatively simple experiments and a description of the stoichiometry 
of combustion reactions to help visualise these complex processes. 

Homogeneous gas phase combustion 

Gas phase combustion chemistry is very complex and there are many 
references in the literature, e.g. Glassman (1987), Spalding (1979), Grif- 
fiths and Barnard (1995). The mechanistic steps are very complex. For 
example, the simplified representation of the overall stoichiometry for the 
combustion of methane, may be represented by: 

CHi + 202 ^ OO 2 + 2 H 2 O. (1) 

However, in reality, this could consist of about 149 reactions, as listed 
in Frenklach et al (1992). 

It is relatively easy to observe homogeneous combustion with the aid 
of a blowlamp, or blowtorch (Kolaczkowski, 2002). This is a device that 
has a cartridge of fuel connected to a small burner and could be used to 
strip paint, to solder joints in plumbing, or, in a cooking application, to 
caramelise the surface of creme brule. The fuel could consist of a mixture 
of propane/butane, and, in a simplified form, the overall stoichiometry for 
complete combustion may be represented by: 

G3H8 + 5O2 ^ 3CO2 + AH2O, ( 2 ) 

for propane, and 

C 4 H 10 + 6 . 5 O 2 ^ ACO 2 + 5 H 2 O, (3) 

for butane. When the gas mixture is ignited, it burns with a visible flame 
that has a well defined shape, and temperatures in the region of 2300°(7 
may be reached in the hot zone of the ffame. 
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Safety Note: The experimental procedures described in this paper are only presented in outline form, to help 
visualise the two types of combustion process, however, if an individual wishes to perform these experiments, then 
they must have the expertise to perform a safety risk assessment, and to develop a detailed design and operating 
procedure for such experiments, taking into account the environment in which these experiments are to be performed. 

Heterogeneous catalytic combustion reactions 

To illustrate catalytic combustion reactions, a hot air gun could be used 
and adapted in the following manner (Kolaczkowski, 2002). A hot air gun 
is an electrically heated device that, with the aid of a fan, draws air and 
passes it over the electrically heated elements. It is similar to an electrically 
heated hair drier, but higher temperatures are achieved. In excess of 400°C 
can be reached readily. This can also be used for stripping paint and 
soldering joints in plumbing. The hot air gun could be connected to a high 
temperature quartz tube that contains a sample of catalytic monolith. This 
is shown as a schematic in Figure 1. A fuel line from a propane/butane 
cartridge could be connected to the air inlet to the hot air gun. The fuel 
will then mix with air in the fan, be preheated by the electrical heating 
elements, and then fed into the catalytic monolith. A monolith that has a 
35mm o.d. and is 20mm long would be suitable, using platinum on alumina 
as a catalyst. It could have about 62 cells/cm^, and each channel could be 
square-shaped (1mm x 1mm). 

A fuel mixture of propane and butane could be selected for the experi- 
ment, as (a) the fuel is readily available in a small cartridge, and (b) at the 
exit air temperature from the hot air gun (about 400°C) this fuel mixture 
is easily oxidised in the presence of a platinum catalyst. 

If the temperature was raised to about 400°C, and then fuel gradually 
added, it could be shown that the temperature of the monolith starts to 
increase rapidly up to about 800°C (at which point, the supply of fuel would 
need to be adjusted to maintain that temperature). Combustion would 
be flameless and the monolith would glow a bright orange/yellow colour. 
When the fuel was turned off, the temperature would gradually decrease, 
as heat transferred from the solid structure to the gas flowing through the 
monolith. The transient nature of the system would be very apparent. As 
fuel is then turned on, reactions would again be initiated on the surface of 
the catalyst, and as a result of the energy liberated in the catalyst layer, the 
temperature of the solid would rise, the rate of reaction would increase, and 
heat would be transferred by axial conduction, radiation, and convection 
to the gas. If the flow of gas was stopped, then the solid phase would cool 
down more slowly. 

A mathematical representation of this catalytic monolith would result in 
the formulation of a boundary value problem. This arises from a number 
of physical sources, for example: 
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(a) at the ends of the monolith, heat transfer occurs by radiation from 
the end faces of the monolith to the surrounding area, 

(b) in the axial direction, along the walls of the monolith structure, heat 
is transferred by radiation and axial conduction. This can occur in both 
directions, as described in the experiment in which the fuel is turned on 
and off. 

Technically, energy exchange by radiation would also occur between the 
gas and the wall and the surrounding areas. However, as the volume of 
gas in the channels is very small, exchange by radiation with the gas is 
insignificant. 

Mathematically, the transient nature of the problem can be represented 
by a series of coupled partial differential equations with highly non-linear 
terms (e.g. see Hayes et al (2003)). The non-linear nature of the problem 
arises from terms that are exponentially dependent on temperature, and 
these terms feature in the equations describing both the material and the 
energy balances at the surface of the catalyst. 

For the purpose of the paper, we neglect heat losses from the sides of 
the monolith in contact with the glass tube. 

Single channel model: form of the mathematical equa- 
tions 

If all the channels in the monolith can be assumed to behave in a similar 
manner, then it is only necessary to model one of the channels. A complete 
discussion of the problem is available in Hayes and Kolaczkowski (1997), 
and only a few of the key equations for a steady state condition will be 
presented in this paper to illustrate some of the physical and chemical 
processes taking place. 

ID steady state plug flow model 

Representing the gas flow in the channel as one dimensional and in plug 
flow, then for the system illustrated in Figure 2, where A represents a 
reactant (e.g. propane), the following equations may be written: 

(a) Steady state gas phase mole balance equation 

The mole balance on the volume element AV gives: 



[Moles of A in] — [Moles of A out] = 

[Moles of A reacted in homogeneous reaction] -|- 
[Moles of A transported to catalyst surface] . 



( 4 ) 
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The final mole balance equation is: 

\ (j A 4 

+ J^k^,ACb{YA,b - Ya,s)- ( 5 ) 

Ac clz L>h 

(b) Steady state solid catalyst phase mole balance equation 

[Moles of A transported to catalyst surface] = 

[Moles of A reacted in the catalytic reaction] . (6) 

km,ACb{YA,b - Ya,s) = v{-I^a)s- ( 7 ) 

(c) Steady state gas phase energy balance equation 

[Enthalpy increase as a result of temperature rise] = 

[Heat generated in gas phase reaction] + 

[Heat added to gas from surface] . (8) 

VmpCp^ = -AHR{-RA)H + ^h{Ts-n). (9) 

(d) Steady state ID solid phase energy balance equation 

[Heat released by reaction] = [Heat transferred from solid] = 

(10) 

[Conduction out] — [Conduction in] + 

[Loss by radiation] + [Loss by convection], (11) 

-vAHr{-Ra)s = ~ 

(e) Momentum balance 

If pressure drop is significant, then this should also be included, however, 
in many practical applications, the pressure drop across the monolith is 
small, and only an overall momentum balance across the whole of the 
reactor is considered to estimate the pressure drop. 

(f) Boundary conditions at either ends of the monolith wall 
These depend on what happens at the ends of the monolith. 

(f) If it was insulated and did not lose heat to the surroundings, then: 

dTq 

— — = 0, at z = 0 and z = L. (13) 

dz 

{a) If the end was radiating to the space surrounding it at some tem- 
perature Ti^ai and T 2 ^ai then: 

=ea{T^-Tl^), at z = 0, (14) 




562 



and 

(g) Boundary conditions in the gas phase 



at z = L. 



YA,b 

dYA,b 

dz 



= YA,bo] Tb = Tbo atz = 0, 
dTb 



= 0 ; 



dz 



= 0 at z = L. 



(15) 



(16) 

(17) 



One big advantage of solving the set of equations for a real physical 
system (rather than an abstract mathematical equation) is that all the 
terms in the equation have a physical significance, and this, to an engineer, 
provides a clear indication of the range of values to be expected in the 
solution to the problem. For example, the rate of reaction for propane 
could be represented by an equation of the following form (Bennett et al, 
1991): 



{-Rc3Ha)s = 2-4 X lO^exp ^ — ^ CcsHg 



mol m ^ s 



(18) 



This rate expression features in the equations describing both the ma- 
terial balance and the energy balance at the surface of the catalyst. 

For a fixed value of: Cc^Hs = 0.113 mol m“^ 

if Ts = 291K,then {—RcaHa) = 2 x 10“^^ mol m“^ s“^, 

if Ts = 673K(400°C'), then {—RcaHs) = 3 x 10“^ mol m“^ s“^, 

if Ts = 1073K(800“C), then {—RcaHa) = 1-2 mol m~^ s“^. 

These large variations in the rate of reaction, illustrate why difficulties 
may be encountered with the numerical routines. 

As the heat of reaction for propane is —2045 kJ mol“^, then the mole 
fraction of propane would need to be 6.26 x 10“^, in order to achieve 
a temperature rise of 400°C*. At a gas inlet temperature of 400'’C and 
atmospheric pressure, this would correspond to a molar concentration of 
0.113 mol/m^. So the concentration of propane, can only vary 

from 0.113 mol m“^ at the inlet to 0 mol m“^ at the outlet. Whilst it 
may, from a mathematical point of view, be interesting to search for a 
solution in which Cc^Ha has a negative value, this would never occur in 
practice so is irrelevant. Likewise, there is a limit as to how small or big 
the value of Ts would be. It would never be negative, and in practice, very 
large values (e.g. above 1200'’C') would also cause problems as the material 
would become damaged and its properties, and even physical form, would 
change. For this particular catalyst system, this would occur at 900°C . 

In equations (5), (7) and (16), the component mole fraction, YA,bi could 
only have a value between these limits: 0 < YA^b < 1- 
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In this way, we can look at each of the terms in the model and gather 
information about the magnitude and limits of the terms. 

Having constructed a mathematical model of such a reactor, numerical 
methods are often used to solve what has become a complex system of 
coupled equations, with non-linear terms. Subsequently, additional tech- 
niques often need to be applied to prevent the solvers from ‘crashing. This 
can arise from the way in which the solvers search for a possible solution, 
and the non-linear nature of the problem results in substitutions into the 
equations that are not physically significant and prevent convergence on 
the physical solution. 

An example of these ‘tricks or techniques is illustrated in Kolaczkowski 
and Worth (1995). The starting point was a differential-algebraic-integral 
system with first order initial value problems and second order boundary 
value problems. In the approach described, the problem is divided into 
three parts. 

“Firstly, solid phase conduction and radiation are neglected, and the 
equations which now form a differential-algebraic system (DAE) are solved. 
Using the solution found, the radiation fluxes are then calculated utilising 
the approximations of the integral equations. In order to keep the radia- 
tion effect on temperature, the DAEs are solved again including radiation. 
A further solution of the radiation equations is carried out before axial 
conduction is included by solving the boundary value problem. The next 
solution of the DAE now shows the effect of radiation and axial conduction 
and if necessary the process is iterated to find a converged solution.” 

Coupled endothermic and exothermic reactions in a 
compact reactor 

In addition to these problems encountered in the modelling of a catalytic 
combustion process, if this technique was used to provide energy in a man- 
ner in which there was direct interaction between the catalytic monolith 
and the heat sink, then additional complexities arise, creating instabilities 
with solution methods. One way of approaching this problem is to make 
use of asymptotic analysis as a method of simplifying the problem. This 
could help to screen quickly alternative design concepts, and could then 
be incorporated at the front end of a more rigorous numerical scheme, in 
order to help identify estimated values of unknown parameters, to initiate 
the numerical process. 

The use of the method of asymptotic analysis has already been shown 
(e.g. Antipov et al (2001); Kolaczkowski et al (1999); Antipov et al (2001)) 
to provide an effective method of analysing problems on catalytic mono- 
liths. In a new project between the Universities of Bath and Liverpool 
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in the UK, the method is being used to screen alternative design configu- 
rations and operating conditions for a new design of compact reactor, in 
which catalytically supported combustion reactions balance catalytically 
supported endothermic reactions. For further information on the concept, 
see Charlesworth et al (1995), or Zanfir (2002). The reacting system, in a 
simplified form, is illustrated in Figure 3. 

The need to balance heat flow from one side of a channel to another 
suggests that unstable operating conditions are possible. The system of 
equations clearly leads to a boundary value problem, which is complicated 
by a matrix of channels in which the neighbouring channels on either side 
of a heat source act as a heat sink, with different exponential terms in 
neighbouring channels that are dependent on temperature. 

On the catalytic combustion side, the rate expression could be of a sim- 
ilar form to equation (18). This is relatively easy to handle, however, to 
model the entire system even in a semi-rigorous manner will be very chal- 
lenging, especially if more realistic forms of the rate expression are to be 
used for the reforming reactions. For example, according to Xu and Fro- 
ment (1989), the reforming reactions may be represented by the following 
three overall reactions. 

For reaction 1: 



CHi + H 20 ^C 0 + 3 H 2 AH^gs = 206 kJ mol“ S 



{-rcH4)i = \PCH4 PH 2 O - 



Ph 2 PCO 



Pd 



Ki i (DEN) 2' 



For reaction 2: 



CO + H 2 O ^ CO 2 + H 2 AH^gs = -41 kJ mol“\ 

/ N k2 f PH2 PCO2 \ 1 

n ) (denP ■ 

For reaction 3: 

CH 4 + 2 H 2 O ^ CO 2 -h 4 :H 2 = 165 kJ mol“\ 

. . _ h ( 2 Ph2PC02\ 1 

( p3^5^\PCH4 PH 2 O J (DEN)2’ 

where 



(19) 

(20) 

(21) 

(22) 

(23) 

(24) 



DEN = 1 - 1 - KcoPco + KH2PH2 + KCH4PCH4 + Kh20PH2o/ph2- ( 25 ) 

What is important to note, is that these reactions are reversible, which 
means they are limited by equilibrium. Also, the heat of reactions are very 
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different, with reactions (1) and (3) consuming heat, and reaction (2) re- 
leasing heat. The rates of these reactions are very different, and as products 
are produced from a feed of CH/^ and H 2 O, they interact with reactions (2) 
and (3). The situation is very complex, as the species start to disappear and 
appear along the reactor. The k\,k 2 , k^ terms are reaction rate constants; 
the Ki, K 2 , are equilibrium constants; and Kco, Kh 2 , Kch^, KH 2 O are 
adsorption constants. All of these terms are exponentially dependent on 
temperature. If we were to oversimplify the equations in our model of the 
system, to obtain a mathematically tractable expression, then it would not 
represent the physical situation, however, we can use such techniques in 
order to help us to screen non-viable or unstable operating conditions, and 
to help identify the starting point in order to utilise numerical techniques. 

Concluding Remarks 

With the aid of a description of a simple experiment, it was shown how 
the physical/chemical processes that take place in a catalytic combustion 
experiment, may be represented by a mathematical model of the reactor. 

In the presentation of examples of more generic expressions to model a 
catalytic monolith, although transient terms were not included, these are 
important in a number of applications (e.g. catalytic converters). However, 
as the speed of the response of the gas in the monolith is generally several 
orders of magnitude higher than that of the solid, transient terms in the 
gas phase may be ignored. If the transient response is to be modelled, 
then transient terms need to be retained in the solid phase, adding to the 
complexity. 

By understanding the physical significance of the terms in the equations, 
it is possible to combine this knowledge with the use of mathematical 
techniques to simplify the problem, screen non-viable or unstable operating 
conditions, and identify a starting point for the numerical routines. 
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N omenclature 

Ac Cross-sectional area of a channel, m^ 

Cc^Hs Mean bulk concentration of propane, mol m ® 
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Ch Mean bulk concentration, mol 
Cp Constant pressure heat capacity, J 
Dh Hydranlic diameter, m 

DEN Is a denominator and the term is defined by equation (25) 

Fa Molar flow of component A, mol s“^ 
h Heat transfer coefficient, W m~^ K~^ 

AHr Heat of reaction, J moP^ 

Ai ?298 Standard enthalpy change due to reaction, kj mol“^ 
ki,ks Rate coefficients, kmol bar^/^ kg“Jf h“^ 
k 2 Rate coefficient, kmol, kg'^jj h~^ bar“^ 
kw Thermal conductivity of the wall, W m”^ 

Mass transfer coefficient of species A, m s“^ 

Ki , Ks Equilibrium constants, bar^ 

K 2 Equilibrium constant, 

Kco, Kh 2 ^ Kch 4 Adsorption constants, bar“^ 

Kh^o Adsorption constant 

Pj Partial pressure of component j, bar 

qrad Radiant heat flux, W m~^ 

Rate of disappearance of CH 4 in reaction 1, kmol kgjJj h“^ 

(—^ 00)2 Rate of disappearance of CO in reaction 2, kmol kg)))^^ h“^ 

{—rcHi)^ Rate of disappearance of CH 4 in reaction 3, kmol kgjJt h“^ 

{Ra)r Rate of disappearance of species A by homogeneous reaction, mol m“^ s“^ 
{Ra)r Rate of disappearance of species A at conditions (of temperature, pressure 
and concentration) at the surface of the catalyst, mol m“^ s“^ 

Tia,T 2 ,a Temperature of body surrounding the monolith, K 
Tb Bulk gas mean temperature, K 
Ts Surface solid temperature, K 
Um Mean mass average gas velocity, m s“^ 

VA,6, Ya,s Mole fraction of component A in the bulk and at the surface 

2; Axial co-ordinate, m 

Greek Symbols 

5w Reactor wall thickness, m 

e Emissivity of a surface 

p Effectiveness factor 

p Mass density, kg m“® 

a Stephan - Boltzman constant, 5.67 x 10“® W m“^ 
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Figure captions: 

Figure 1. Schematic of the catalytic combustion experiment demonstrated 
in the lecture. 

Figure 2. (a) Volume element used for the gas phase, (b) Volume element 
used to develop the energy balance for the wall (adapted from Hayes and 
Kolaczkowski, 1997). 

Figure 3. The compact reactor, in which catalytic combustion reactions 
exchange heat across the wall to support the steam reforming reactions. 
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Abstract This paper describes a new method, using Lie series transformations, for 
the development of asymptotic series expressions for the perturbations of 
the orbits in a planetary or satellite system. The aim is to overcome diffi- 
culties of slow convergence encountered in near-commensurability cases, in 
the use of traditional methods. The paper begins with a brief description 
of the Lie series type of transformation, then briefly describes the param- 
eter sets used to describe the orbits in a planetary or satellite system, and 
how they may be put into a Hamiltonian formulation, then it addresses 
difficulties particular to cases of near small-integer commensurability of 
the orbital periods, with especial reference to the case of Saturn’s satellite 
Hyperion, and ends with an indication of the current work on the use of the 
generating function for the Lie series transformation to derive expressions 
for the short-period perturbations. 



1. INTRODUCTION. 

In a meeting having asymptotic methods as a topic, it seems appropriate 
to describe work in progress on a new method for the derivation of asymp- 
totic expansions expressing those perturbations of orbits in a planetary 
or satellite system, which arise from the mutual gravitational attractions 
within the system. A brief indication of the background of the topic also 
seems appropriate. 

Well-founded theoretical predictions of positions of satellites in the sys- 
tems of the outer planets are essential for the planning of space missions, 
as well as for the proper analysis of observational data, and improvement 
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of the estimates of the physical parameters of the system. The ongoing 
work reported on here particularly involves the development of analytical 
expressions for the motion of Saturn’s satellite Hyperion, the closeness of 
whose orbital period to four-thirds of that of the most massive satellite, 
Titan, leads to particular difficulties in the use of the usual perturbation 
methods. 

In a planetary or satellite system, in which most of the mass is concen- 
trated in one body (the Sun, in the Solar System, or the primary planet, 
in a satellite system), the motion of each body usually deviates only slowly 
from what it would be in the absence of the other members of the system. 
So, in order to make use of this to study the evolution of the system, we use 
the concept of the instantaneous Kepler orbit (usually an ellipse) of each 
planet (or satellite). At each instant, it is that orbit, corresponding to the 
position and velocity of the body at that instant, according to Kepler’s 
laws of motion, that is, to two-body motion, as if the other bodies (other 
than the primary) were absent. At a different instant, this will define a 
different Kepler orbit, because of the perturbing attractions of the other 
bodies of the system, but the changes will usually be slow, and the pa- 
rameters defining the instantaneous orbit will usually change only slowly. 
(Exceptions arise for the outer satellites of Jupiter, because of the very 
considerable perturbing effect of the Sun.) 

Expressions for these changes perturbations in the parameters of the in- 
stantaneous orbit are usually derived by iterative solution of the differential 
equations governing the changes in the orbital parameters, in ways similar 
to those used in perturbation theory in other helds. These expressions are 
almost always only obtainable as asymptotic series in powers of the pertur- 
bation parameters (usually the ratios of the masses of the perturbing other 
members of the system, to the mass of the primary.) This is because of 
terms with denominators which are linear combinations of the orbital mean 
motions, and these denominators become zero in an everywhere dense set 
of points in parameter space, and so the series cannot be uniformly con- 
vergent. Also special difficulties are faced in cases of close small-integer 
near-commensurability of orbital period (where the orbital periods of two 
planets - or satellites - are close in ratio to the ratio of two small integers). 
Indeed, in cases of very close commensurability of orbital period, the actual 
motions are often fundamentally different from those which occur in the 
absence of such commensurabilities. 

To study the longer time scale evolution of the system, we often seek 
to isolate the underlying evolution of the system by defining a dynamical 
system, the long-period problem, which is free of the short-period pertur- 
bations), which are those whose frequencies are linear combinations of the 
angular motions {mean motions) corresponding to the orbital periods of 
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the planets. Of the methods available for this, let us consider the use, 
for this separation, of the Lie series type of contact transformation, as 
introduced by Hori ([2]) for which the generating function readily gives 
explicit expressions for the original co-ordinates and momenta in terms of 
the transformed ones, and vice versa. While such transformations have 
been used to carry out this separation of the long-period problem from the 
short-period effects, we should note that the generating function also carries 
enough information to construct analytical expressions for the short-period 
perturbations themselves. The recent and ongoing researches described in 
this paper concern the use of the Lie series generating function to derive 
multiple Fourier series expressions for the short-period perturbations of the 
parameters of the orbit of Saturn’s satellite Hyperion, whose motion shows 
the effects of its very close near-commensurability of orbital period with 
Titan, the most massive satellite of the system, to the extent that there 
has previously been no successful analytical derivation of expressions for 
the short-period peturbations. 

This paper begins with a brief description of the Lie series type of trans- 
formation, then of the parameters used to describe the orbits in a planetary 
or satellite system (with a Hamiltonian formulation) and, very briefly, spe- 
cial features associated with small-integer commensurability of the orbital 
periods, and an indication of the current work on the orbit of Hyperion. 



2. LIE SERIES TRANSFORMATIONS. 



In a Hamiltonian dynamical system, the state of motion at any instant 
is given by the eo-ordinates q = {qi,q 2 , ■■■■■, Qn)-, and their eonjugate mo- 
menta p = {pi,p 2 , and the equations of motion may be put into 

Hamilton’s form 



dqi &H dpi 

dF = %- dT 



&H 

dqi' 



for i = 1, 2, ...., n. 



(2.1) 



where 7i is the Hamiltonian funetion, and n is the number of degrees of 
freedom of the system. It follows that, for any function f{q,p), 



dt 



{f,n} 



(2.2) 



where the Poisson hraeket of any two functions / and g is given by 



{f,9} = 

i=l 



df dg 

dqi dpi 



dg df \ 

dqi dpi / ■ 



(2.3) 



If y^{q,p) is any function with the necessary derivatives, and e is any 
real number, then consider the transformation from q and p to 




574 



Q = {Qi,Q2,Q3, ■ ■ -,Qn) and P = {Pi,P 2 ,P 3 , . . .,Pn), given by 




(for i = 1, 2, 3, . . n). (2-4:) 

It may be regarded as representing the evolution over a time interval of 
length e of a hypothetical dynamical system whose Hamiltonian function 
is W, and so is a contact transformation. Therefore (Q,P), like {q,p), 
are governed by equations of motion of Hamilton’s type, 
and ^ for an appropriate Hamiltonian function 7i' . The 

transformation (2.4) is a Lie series transformation, and W is its generating 
funetion, which we choose according to what we want the transformation 
to accomplish. 

More compactly, if we define C to be the operator taking any function 
f{q,p) to its Poisson bracket with W, that is C{f) = {/, W}, and we write 
repeated applications of it as C^{f) = £(£^“^(/)) (understanding C^{f) 
as C{f)), then the equations (2.4) which define the transformation may be 
written 

OO - OO - 

k=l k=l 

for i = l,2,....,n, (2-5) 

Note that, considering the equation corresponding to (2.2) in this 
hypothetical motion, and using Taylor’s theorem, for any function /, 

oo 

f{Q, P) = f{q,p) + E (/('?> p)) (2-6) 

k=l 

The inverse of the transformation is given by reversing the sign of e, and 
so 

OO - 

f{q,p) = m,P) + J2j.{-e)’^C^{f{Q,P)) 

k=l 



(2.7) 
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3. THE PARAMETERS OF THE INSTANTANEOUS 
ORBIT. 

In a system of one planet (or satellite) , with only gravitational forces in 
action, the motion about the Sun (or primary planet) is in a fixed ellipse, 
followed according to Kepler’s laws of planetary motion, so that the pri- 
mary is at a focus, and the radius vector covers area at a constant rate. 
The parameters usually used to specify this orbit are: 

■ to specify the size and shape, the major semi-axis (a) and the eccen- 
tricity (e), 

■ to specify the orientation of the plane of the orbit, the orbital inclina- 
tion (i), and the longitude of the ascending node (denoted here by P), 
which is the angle, measured in the reference plane, from the agreed 
initial line, which defines the ascending node: that direction on the 
intersection of the orbit plane with the reference plane, corresponding 
to the passage of the body from South to North, 

■ and to specify the orientation of the orbit in its plane, the argument 
of the near apse (cu), which is the angle between the ascending node 
to the near apse, which is the nearest point on the ellipse to the 
primary. 

In addition, we need to specify where the body is in its orbit at the 
instant in question. To do this, let us make use of the mean anomaly 
(denoted by i), which, in unperturbed Keplerian motion, is an angle in- 
creasing linearly with time, taking the successive values 0, 2tt, Att, . . . , etc., 
at successive returns to the near apse. In perturbed motion, it remains the 
same function of the position and velocity, but of course will no longer be 
usually exactly linear in time. 

To avoid indeterminacy when the inclination {i) is near to zero, we use 
the longitude of the near apse (denoted by w), which is H -|- w, and to 
avoid indeterminacy when the eccentricity (e) is near zero, we use the 
mean longitude (denoted by A), which \s vo -\- i. 

4. FORMULATION OF PERTURBED ORBITAL 
MOTION IN HAMILTONIAN FORM. 

Suppose there are N bodies in the system, apart from the 
primary. The motion relative to the primary gives a dynamical system 
of 2>N degrees of freedom. Take the three co-ordinates corresponding to 
the i’th body to be the mean longitude (Aj), the longitude of the near 
apse {voi), and the longitude of the ascending node (H*) of its orbit rel- 
ative to the primary. The momenta conjugate to these are found to be 
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Aj = (3iy/mai, Hi = Ai{^Jl - ef - 1}, and Ni = Ai^Jl- ej{cosii - 1), 
respectively, where a*, Cj, and ii refer to the orbit of the i’th planet (or 
satellite), (3i is a function of the masses of the bodies, and is the product 
of the constant of gravitation with the sum of the masses of the primary 
and the i’th body. 

In the unperturbed problem, in which the mutual attractions of the 
bodies other than the primary are not taken into account, the Hamiltonian 
is of course such as to give zero rate of change to all of the dynamical 
variables except the mean longitude (A^) of each body, which then has the 

constant rate of change, the mean motion in longitude, rii = given 

by Kepler’s third law of planetary motion. This is provided for by taking 

Wo = AVfAr" 

In the perturbed problem however, the Hamiltonian of course contains 
the terms which express the perturbations of the instantaneous orbits due 
to the mutual gravitational attractions of the bodies in the system. We 
find that 



n = Ho- eU, (4.1) 

where e is a function of the masses of the bodies which is zero when all of 
the masses, other than that of the primary, are zero. Thus e is an 

appropriate choice for perturbation parameter. Also the disturbing 

funetion, TZ, may be expressed as a multiple Fourier series in the angular 
co-ordinates: 

TZ = JCjCosMj, (4-2) 

j 

where Mj is the linear combination of the co-ordinates given by 
Mj = + JN+i'^i + j 27 V+iAli)) and JCj is a function of the mo- 

menta, and the summation is over all sets j = {ji, j 2 , js, ■ ■ ■ , Jsn) of 
integers jV with ji non-negative and with Ylr=i Tr = 0. 

5. IDENTIFICATION OF THE 
SHORT-PERIOD TERMS. 

The fastest changing co-ordinates are the mean longitudes Xi, and so 
those arguments, Mj, of terms of (4.2) which are fastest changing are those 
which contain one or more of the Xi, that is, those in which not all of the 
coefficients ji,j 2 , ■ ■ ■ ,Jn are zero. These are the short-period terms. The 
others, in which = j 2 = • • • = JTV = 0 , are the long-period terms. So the 
short-period part of the disturbing function is TZsv = Yhj sv AjCosMj , the 
"ST’'" here indicating that the summation is over the short-period terms 
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only. Let us denote the long-period part of the disturbing function 

by 'R'CVi so that 



fZ = fZcp + T^sv- (5-1) 

6. CHOOSING A TRANSFORMATION TO 
REMOVE THE SHORT-PERIOD TERMS. 

We will use the Lie series transformation to reach a Hamiltonian function 
in which no short-period terms appear, so that the underlying long-period 
evolution of the system may be studied in isolation. That is, we seek 
to arrange that the Hamiltonian function 7i'(Q,P) has no short-period 
terms. We now use the fact that, since the contact transformation (2.4) 
is not explicitly dependent on the time, then it leaves the value of the 
Hamiltonian function unchanged, that is, 

n\Q,P)=H{q,p). (6.1) 



But now, from (2.7), 

OO - 

H{q,p) = H{Q,P) + (6.2) 

Then substituting from (6.2) into (6.1) gives, implicitly, the partial 
differential equation for the generating function W needed to accomplish 
the separation of terms which we seek. We will proceed by equating terms 
of the same order in e, but before we do that we must be prepared for the 
fact that it will prove necessary to expand W in powers of e, that is, 

OO 

W{Q,P)=Wo{Q,P) + Y,^’"^k{Q,P) (6.3) 

k=l 

SO that each Poisson bracket involving W will give rise to a series in powers 
of e. We will also find that the Hamiltonian function for the transformed 
system will in general also need terms in all powers of e, so that 

OO 

n\Q, P) = KiQ, P) + Y1 e^niiQ, P) (6.4) 

k=l 

Then substituting (6.3) and (6.4) into (6.2), and then substituting this 
and (6.4) into (6.1) gives, more explicitly, the equation from which W 
and 7i' will be derived. We proceed by equating, separately, the terms of 
each power in e to give the equations from which to derive the separate 
parts Ti'f, and Wk of 7i' and W respectively. The terms independent of 
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e give 'H'q{Q,P) = 7io{Q,P) so that, of course, the transformed unper- 
turbed problem is the same as the untransformed one. We will now equate 
terms linear in e, noting (4.1), so that C{H) is {Hq,Wq] — e{7^, Wo}, 
and also noting (5.1), so that there results TiiiQ^P) = —TZcp ~ T^sv + 
P),Wo{Q, 7^)}- Our aim of keeping the transformed problem free 
of short-period terms is served if make the choice P) = —TZcp leav- 

ing the partial differential equation for Wo as, {T~Lq{Q , P) ,Wo{Q , P)"\ = 
TZsVi ill which the left-hand side is the rate of change which Wo would 
experience in the unperturbed problem, with Q and P, and quantities de- 
pendent on them, being given the time dependence they would have in that 
problem, so that this equation becomes 
which is satisfied by 

Wo = ^ — sinA/}', (6.5) 

j,sr 

where pj = 

Equating now the terms in the square of e, we find the equation 

n'2{Q,P) = {-ncv -nsv,m] + 

+ ^{{i^o(Q,^),>Vo},Wo}. (6.6) 

Put - P-5P, Wo) + 2 |{i^o(Q,-P),kV’o}, Woj = -'P 2 ,CP - T^ 2 ,SP, 

say, in which 1Z2,SP contains the short-period terms, which will be iden- 
tifiable when Wo has been solved for, and TZ2,CP contains the remain- 
der, which are the long-period terms. Then, since we want the trans- 
formed Hamiltonian function to contain the long-period terms, we choose 
7i2iQ,P) = —TZ 2 ,cp{Q-,P)i leaving, as the partial differential equation 
for Wi, {T-Lq{Q,P),Wi{Q^P)"\ = so that, if we write K, 2 ,j for 

the coefficient of cosA/}- in 71-2, sp^ this equation becomes = 

/c 2 jcosA/}-, which is satisfied by 

Wi = ^ ^^sinA/}-. (6.7) 

j,SP 

In a similar manner, we may derive in turn P) and W 2 (Q, P), 

then 7i'^{Q,P) and W 3 {Q,P), and higher terms in turn. 

7. MOTION CLOSE TO SMALL-INTEGER 
ORBITAL COMMENSURABILITY. 

Practical usefulness of the series expansions (6.5) and (6.7) of course 
requires them to consist of terms which diminish sufficiently rapidly. Now, 
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indeed, as a consequence of the d’Alembert property of Fourier expansions 
for co-ordinates in Keplerian elliptic motion, the coefficients ICj do become 
generally successively smaller for successively larger values of the multiples 
jr- There is an extensive literature discussing the questions of convergence 
of series of the types (6.5) and (6.7) which arise in the various methods 
of solving the equations for the perturbations of orbital parameters. (See, 
e.g., [1], and [11].) However, in cases in which the ratio of two orbital 
periods, and therefore of the corresponding mean motions n*, are close to 
a commensurability with small integer multiples, the corresponding linear 
multiples pj will take small values, for terms for which the coefficients ICj 
are not small. In such cases of close enough commensurability, expressions 
for the short-period terms of the type (6.5) and (6.7) will not even give 
any approximation to the actual motion, and solutions of a quite different 
type apply (see, e.g., [3] and [4]). Then we call such terms eritieal terms, 
and they must not be included with the short-period terms, and so they 
remain as part of the long-period problem, whose solution may then take 
a quite different form. 

8. THE MOTION OF SATURN’S SATELLITE 
HYPERION. 

Saturn’s satellite Hyperion, whose motion has been the subject of theo- 
retical research here in Liverpool over many years, was discovered by Bond 
at Harvard in 1848, and independently by Lassell at Liverpool at about 
the same time. Soon after it was discovered, it was noticed that its orbital 
motion showed some exceptional features. The eccentricity of its orbit is 
unusually large (about 0.1), and its apse is moving in a retrograde sense, 
in place of the usual forward motion. It was shown by Newcomb ([9]) that 
these are a consequence of the very close commensurability of its orbital pe- 
riod with that of Titan, by far the most massive of Saturn’s satellites, and 
whose orbital period is very close to three quarters of that of Hyperion. So 
we must consider as critical terms in the disturbing function, TZ, those for 
which the angular argument Mj contains the mean longitudes of Hyperion 
and Titan {Xh and Xt respectively) in the combination 4Xh — 3Xt- The 
fact that this near commensurability is so very close leads to the break- 
down of usual methods of perturbation theory, and the relevant solution 
of the long-period problem proves to be of a very special type. (See [8].) 
Very briefly, the critical argument 6 = 4Xh — 3At — vjh (where wh is the 
longitude of the apse of Hyperion), instead of changing monotonically, as 
is usual for arguments of the disturbing function, librates about a mean 
value of 180 degrees, the main term having a free amplitude about 36 de- 
grees, with a period of about 21 months. The next largest term has an 
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amplitude of about 13.7 degrees, aud has as argumeut the time liuear part 
(deuoted by () of the differeuce wt — vjh of the apse lougitudes of the 
two satellites, with a period of about 18 3/4 years. Earlier papers ([5], [6], 
aud [7]) give more details, aud describe how methods have beeu developed 
to derive expressious for the loug-period parts of the perturbatious of the 
orbital parameters, as multiple Fourier series with the argumeuts r (the 
argumeut of the free 21-mouth libratiou) aud C; aud how expressious have 
beeu obtaiued for the uecessary partial derivatives, to euable differeutial 
correctiou to be carried out, usiug observatioual data, to lead to improved 
estimates of the relevaut orbital aud physical parameters. 

9. ASYMPTOTIC EXPRESSIONS FOR THE 
SHORT-PERIOD TERMS FROM THE LIE 
SERIES GENERATING FUNCTION. 

It is fouud that the methods usually employed to derive aualytical ex- 
pressious for the short-period perturbatious of the parameters of the orbit 
eucouuter particular difficulties iu the case of Hyperiou, iu the extremely 
slow couvergeuce of the relevaut series, aud previously such expressious 
have ouly beeu able to be obtaiued usiug uumerical iutegratiou of the ap- 
propriate equatious of motiou. Now W, the geueratiug fuuctiou for the Lie 
series trausformatiou, coutaius implicitly the uecessary iuformatiou, aud 
provides a meaus to overcome the difficulty, aud to derive explicit aualyti- 
cal expressious for the short-period perturbatious of the orbital parameters. 

As au example of the use of this, curreutly beiug developed, cousider the 
maiu short-period terms iu the lougitude of the apse (tu). These are giveu 
by which may be expressed as 

dW 

na?e de 

The method beiug used to derive expressious for W, aud its derivatives 
with respect to the orbital parameters, is described iu the earlier papers 
which are referred to iu the previous sectiou. Prelimiuary values, derived 
from the expressiou (9.1), for the coefficieuts of the largest short-period 
terms iu the apse lougitude of Hyperiou give, iu degrees, 

1.085siu(^ -|- 0.456siu2(^ -|- 0.320siu3(/? -|- 0.296siu4(/? -|- 0.056siu5(/9 (9.2) 

(where ip is Xh — Xt, the differeuce betweeu the meau lougitudes of the two 
satellites). These values are iu fair agreemeut with the result of Fourier 
aualysis of results from uumerical iutegratiou, as giveu by Taylor ([10]), 
who gives 



(9.1) 




1.039siu(/9 -|- 0.421siu2(/9 -|- 0.312siu3(/? -|- 0.280siu4(/9 



(9.3) 




The use of Lie series generating functions 581 



Work is in hand to extend this to further terms, and to provide corre- 
sponding expressions for the short-period perturbations in the other pa- 
rameters of the orbit. 
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Abstract We present an extension of the well-known method of “inverse iteration” 
for the standard eigenvalue problem to the nonlinear problem of finding 
dispersion relations for electromagnetic waves moving through a doubly- 
periodic structure. Numerical results are presented to illustrate the per- 
formance of the technique. A further improvement is described that allows 
an efficient “path following” algorithm where a curve of solutions is com- 
puted in {uj, hbioch) space. We present dispersion relations calculated via 
this new method and compare the efficiency of this algorithm with that of 
more traditional methods. 



1. INTRODUCTION 

We consider the classical problem in electromagnetism of calculating 
a dispersion relation in a structured doubly-periodic material; the aim is 
to find a relationship between the frequency w and the Bloch wavevector 
kbioch of the wave. There are several methods available to solve this problem 
in the literature, and these can be roughly grouped into linear and non- 
linear approaches, according to the form of the eigenvalue problem which 
results from the application of the method. The linear approaches include 
finite difference methods and finite element methods. Among the non- 
linear approaches are plane- wave expansions, transfer matrix methods and 
approaches based on integral equations[l, 2, 3]. In each case listed, the 
problem is reduced to an eigenvalue problem of the form A(a;,kbioch)x = 0 
where A(o), kbioch) is an n x n Hermitian matrix depending either linearly 
or nonlinearly on the parameters, and x is a complex eigenvector which is 
related somehow to the expansion of the propagating fields in the material. 
Clearly the problem is equivalent to finding zeros of the determinant of 
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A{uj, kbioch) , and if no zeros exist for a given value of w then there exists a 
‘photonic band-gap’, a region for which all propagation in the material is 
critically damped. 

The linear methods are characterized by very large matrices and hence 
put heavy demands on computing power, however the matrices involved 
have the advantages of sparsity and of special structure. The non-linear 
methods by contrast typically involve the solution of relatively small, dense 
matrix systems which depend on the parameters (co, febioch) in a non-linear 
manner. In this paper we concentrate on ways of facilitating the solution 
of these non-linear methods. 

By way of illustration we employ an approach based on a multipole 
expansion of an integral equation, and which is known generally as the 
‘Rayleigh method’. The advantage of this procedure is that it converges 
quickly and accurately to the solution, and also that the resulting fields 
can then be represented semi-analytically, which allows the solution to be 
easily checked. The procedure however involves the solution of a dense, 
complex-valued matrix problem of the type stated previously. It is the 
intention of this paper to use the Rayleigh method as an example of a 
non-linear eigenvalue problem which can be quickly and effectively solved 
using an extension of the inverse iteration technique. 

Previous methods for solving non-linear eigenvalue problems have in- 
volved using a multitude of successive determinant evaluations while vary- 
ing one of the parameters with the second parameter held fixed. This 
approach is expensive in terms of computer time and also runs the risk 
of ‘missing’ a mode. More sophisticated search procedures have also been 
employed, notably numerical packages such as BRENT[4], and while proce- 
dures such as these fare better they are not optimized for problems which 
depend on more than one parameter. In comparison the new approach 
based on inverse iteration not only gives a quadratic convergence to the 
solution but is also easily extended into a ‘path-following’ algorithm for 
finding the solution in a space of two or more parameters. 

Dispersion curves 

Any wave moving through a periodic material can be expressed as a 
series of Bloch waves, or waves which possess a fixed spatial frequency. For 
each Bloch wave we can designate a Bloch vector, which we denote fcbioch 
, and a characteristic frequency uj . The relation a;(febioch) is known as a 
dispersion relation, and the traditional depiction of the dispersion relation 
is to plot to only for the values of febioch which lie on the edge of the Brillouin 
zone’s first irreducible segment. We note that in any such two-dimensional 
plot the path of febioch is always fixed, and so the two-variable problem 
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which we introduced originally is in fact a problem for a single variable, 
which we can label k . 

There are many methods available for calculating the dispersion rela- 
tions. For the purpose of demonstrating our search procedure we have 
used a multipole method often known as ‘the Rayleigh method’, after its 
invention by the great scientist in 1892. Due to limited space, we simply 
state the endpoint of the method and direct the interested reader to the 
reference [6] for details of the derivation and of the physical background. 

The problem of finding the dispersion relation can be reduced to the 
algebraic system 

(M(a;)-h5(w,fc))B = 0 , (1.1) 

Here the matrix M results from the boundary conditions of the inclusions in 
the array, and 5 is a matrix of structure coefficients which characterize the 
array’s periodic geometry. Zeros of the determinant of the above system 
correspond to propagating modes, and these modes can be reconstructed 
using the nullspace vector B . 

The system written above is Hermitian, complex valued, dense, and is a 
non-linear eigenvalue problem for the variables w and k - indeed the com- 
plexity of the dependence of the terms M{u) and S{uj, k) on their dependent 
variables means that the system is very non-linear indeed. Fortunately the 
system can be formulated so that it converges rapidly away from the main 
diagonal - this means that accurate results can be obtained with relatively 
small matrices. 

2. INVERSE ITERATION METHOD 

We now describe a method to find the solutions of the nonlinear eigen- 
value problem (1.1). Our method is a natural extension of the Rayleigh 
Quotient Iteration for the symmetric eigenvalue problem (see [8]). The 
method we derive is essentially a combination of the approach in [9] and 
[5]. An interesting alternative approach is discussed in [10] where the 
steps in the Newton method discussed in [5] are reorganized to provide the 
“Residual Correction Method” . We shall discuss this approach later. 

2.1. THEORY 

First consider the one-parameter nonlinear eigenvalue problem 

A(o;)x = 0, (2.1) 

where A{uj) is an n x n Hermitian matrix, with A{oj) at least twice con- 
tinuously differentiable with respect to w , a real parameter. Here x is a 
complex vector normalized by 



H 1 
X X = 1 . 



( 2 . 2 ) 
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We denote derivatives of A{uj) by , etc., and note that A^{lj) is also 

Hermitian. Clearly (2.1) is equivalent to the problem 

detyl(w) = 0, (2.3) 

and since A{uj) is Hermitian its determinant is real. Thus our problem is 
one of finding zeros of a real valued function. It is well known that the 
most desirable situation occurs when the zero is locally unique. We give 
a precise condition to ensure this happens in the following nondegeneracy 
Theorem. 



Theorem: Let (x*,a;*) solve (2.1) and (2.2) so that detH(w*) = 0. 



Assume: 


(i) NullA(t(;*) = span{x*} , 


(2.4) 


and 


(ii) x*^A^(cu*)x* / 0 , 


(2.5) 


Then 


^(det A(a;*))|^=^* / 0 . 
dio 


(2.6) 



Before giving the proof we remark that (2.4) implies that the nullspace 
is one dimensional and hence A{uj*) has a simple zero eigenvalue, and (2.6) 
shows that the determinant crosses through zero with nonzero speed at 
uj = uj* . We shall see that expressions like the quadratic form on the left 
hand side of (2.5) occur several times in this paper, and the fact that (2.5) 
holds is crucial to the success of the algorithm we discuss. 

Proof: First it is easily shown that the matrix M(w) defined by 



M(uj) 



UH" 0 ) 



is nonsingular at w = w* and hence detM(w*) / 0. Also M{uj) is nonsingular 
for uj near uj* . Thus the (n + 1) x (n + 1) linear system 



( A{u) x(w)\ / u(a;)\ _ f 0\ 

0 J 



(2.7) 



has a unique solution for lv near w*. Moreover, Cramer’s Rule shows that 



f{uj) = Aet A{u!) / Aet M (uj) , 



and hence /(o>*) = 0 and u(o;*) = x(o;*) = x*. Differentiating with respect to uj 
and evaluating at w = w* shows 



A. 

dio 



det yl(a;)C=„» = 



A(w*) det M(o)*) . 



( 2 . 8 ) 
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Finally, difFerentiating the first equation of (2.7), left multiplying by x((^)^ 
and evaluating aX uj = oj* gives (noting x* x* = 1) 

. (2.9) 

Since detM(w*) / 0, equations (2.8) and (2.9) provide the result of the 
theorem. 

2.2. DERIVATION OF THE ALGORITHM 

Assume (xho;*) is an approximation to (x*,o)*), a solution of (2.1). The 
appropriate equation to improve x* is easily derived using Taylor’s Theo- 
rem. We have 



0 = yl(a;*)x* = A(o.*)x' + ^(a;')(x* - x') -h {cu* - + ... 

Neglecting higher order terms and replacing (x*,o)*)by (x'+^, w'+^)gives 

= ( 2 . 10 ) 



where 

y.+l ^X^+l/(^i+l_^i) ^ 

so that y*+^is merely a scaled form of the improved estimate x‘+^ . To update 
u^we again use Taylor’s theorem. We have 

0 = A{lo*) = T(w') -t (lo* - N)A^(lo^} + ... 

Neglecting quadratic and higher order terms and replacing w*by w^+^gives 

A{N) + - N)A^{lo*) ^ 0 (2.11) 

and, after left and right multiplication by x‘+^, we obtain 



i+1 i 
UJ = UJ 






( 2 . 12 ) 



where, as convergence occurs, the denominator is nonzero by (2.5). Note 
that even though x*+^ is complex, the correction to w* is real since A and 
Auj are Hermitian. Equations (2.10) and (2.12) provide the basis for the 
algorithm. 



Algorithm (Nonlinear Inverse Iteration): Given (x*,a;*)with x*^x' = 1: 

(i) Solve: A(w*)y*+i = -A^((u*)x* . 

(ii) Rescale: || y*"*"^ II 2 • 

(ill) Update (u: = cu* - • 

(iv) Repeat until convergence. 




We prove that this algorithm has quadratic convergence in the following 
subsection, but first we illustrate the expected quadratic convergence in 
Table 1. 



i 




w* — OJ* 


-0J*f 


0 


2.098478317619202 


0.00991457723203 


169.288654112512 


1 


2.105204619002223 


0.01664087861505 


7.08344766150259 


2 


2.090525280504449 


0.00196154011728 


7.10231325846239 


3 


2.088591067529145 


0.00002732714197 


9.64975033688122 


4 


2.088563747593345 


0.00000000720617 


9821.12343644970 


5 


2.088563740387682 


0.00000000000051 


0 


6 


2.088563740387172 


0.00000000000000 


0 



Table 1: Illustration of the convergence of the inverse iteration method. 



To study the convergence of the algorithm we picked the point within 
the first Brillouin zone kb = ( tt / 2 , 0 ) and took an initial starting guess which 
was known to be close to the true value w* . In the table we plot the values 
of cu* — u* and of . On the first iteration the algorithm is 

in fact driven away from the true solution; this occurs because the initial 
choice for the vector x° is arbitrary and is hence not necessarily close to 
X* . We then observe that as i increases the values of — oj*Y 

become approximately constant, showing quadratic convergence. 

We mention that in our experiments we experienced no loss of accuracy 
due to ill-conditioning of A(uj*) when implementing the solve step (i) above. 
However in some cases it might be appropriate to carry out some steps of 
iterative refinement (see, for example. Section 2.5 in [11]). 

It is interesting to compare our method with the “Residual Correction 
Method” of [10]. 

Algorithm (Residual Correction Method): Given a fixed real a and a 
complex vector x* with x*^x* = 1: 

(i) Find the root of x*^A(a;*'''^)x* = 0. 

(ii) Solve: A((j)d® = — A((j*+^)x* . 

(iii) Set: = x* -|- d* and renormalize x*^^. 

(iv) Repeat until convergence. 

In [10] it is shown that this method has linear convergence and some 
examples are given. Note that one option for (i) above is to take 
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(cf. step (iii) in our Nonlinear Inverse Iteration Algorithm). In cases 
when n is large (and perhaps sparse) and where evaluations of ^(w) are 
not expensive then this method may have advantages over the approach 
discussed here. However in our case n is small and because of costs we seek 
to minimise the number of evaluations of A(w). Thus we prefer to keep the 
quadratically convergent method discussed here. 

2.3. CONVERGENCE 

In this subsection we provide the details of the proof that the nonlinear 
inverse iteration algorithm converges quadratically. Let (x*,cv*) denote the 
exact solution with (xba;*)and denoting successive estimates ob- 

tained from the nonlinear inverse iteration algorithm. The key tool in the 
convergence analysis is to use the orthogonal decomposition utilized in [8]. 
Let 

X* = cx* -\- s'z* , (2.13) 

where d and s* are complex constants, and z* is an unknown vector in the 
plane of x* and x* satisfying || z* || 2 = 1 and the orthogonality condition 

X* AuiipLj*)^ = 0 . (2.14) 

Here d and s* may be identified with cos and sin 0* where 0' is the (complex) 
angle between x* and x* (see pp.63,64 of [8]). To see the roles played by c* 
and s* we note from (2.13) that 



and if |s*| ^ 0 then |c*| ^ 1, and so x* tends to the desired direction x*. 
Similarly we write 

xi+i ^ ^i+1^* + s'+^z*+^ , (2.15) 

where again z*+^ is an unknown vector satisfying || z*+^ |j 2 = land 

X* ^„(w*)z'’'"^ = 0 . (2.16) 

We remark that z’and z‘+^ only appear in the convergence analysis and 
never need to be computed. We shall prove quadratic convergence of the 
nonlinear inverse iteration algorithm by showing that 

|s*+i|=0(|sf)+0(|s*|(a.'-c.*)) (2.17) 

and 

- u* = O {{J - (2.18) 

The fact that quadratic terms are neglected in the use of Taylor’s Theorem 
to derive of the formula to update w* (given by (2.12)) shows directly that 
— uj* = O ((w* — oj*Y) . However the fact that (2.17) also holds is more 
complicated, but essentially involves substituting (2.13) and (2.15) into 
step (i) of the nonlinear inverse iteration algorithm and then using Taylor’s 
Theorem expanded about uj* . It is convenient to introduce d* defined by 
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d* — X* Ai^{uj*)x* . 

From step (i) of the algorithm we have 



(2.19) 



i+1 

y ii 2 



= + (a.' - u*)A^^{oj*) + O ((w* - o.*)")}(Fx* + s'z'). (2.20) 

Multiply on the left by x*^ to obtain (using (2.14) and (2.16)) 



y'+i II 2 {lo^ - LO*) {e+^d* + s*+ix*A„(o;*)z*+i + 0{J - w*)} 
= -c*d* A 0{\s% + 0{J - OJ*). 



( 2 . 21 ) 



Next multiply (2.20) on the left by z‘+^^ to obtain (again using (2.14) and 
(2.16)). 

II II 2 {s*+i(z'+i)A(w*)z'+i + 0{J - w*)) + 0{{J - w*)2)} 

= - s ' {z*+i"a„(o;‘) 2'} - (w* - 00 *) {c'z'+i"a„„(o;*)x*} . 

Now dividing (2.22) by (2.21) we lose the || y*+^ II 2 terms and obtain, after 
rearrangement , 

s'+^{z'‘+\A{lo*) + 0{uj' - w*))z'=+i + OUlo' - UJ*f) 



gi + l _(_ 0(u!^ — U>*) 

^ jco' - L 0 *){O{\s'\) + O{i 0 ' - UJ*)} 
& + 0(uj^ — u>*) 

Hence 

|s'+i| = 0(|s'||o;' - a;*|) + 0(\uj' - a;*|"). 
Finally, if w* - w* = 0(|s’|) then 

k*+'| = 0(|sf) , 



(2.23) 



ensuring the quadratic convergence observed in practice. 



2.4. TWO PARAMETER PROBLEMS 

The application of interest in this paper (1.1) is a two parameter non- 
linear eigenvalue problem of the form 

A{uj,k)x = 0, (2.24) 

where k is a second real parameter. In particular we wish to compute a 
path in the w — fc plane where 



detA{uj,k) = 0. (2.25) 

For the problem (2.24) we assume lo and x are smooth functions of k. Thus 
differentiating (2.24) with respect to k gives 

^Au,{io{k), + Ak{u}{k), k)x{k)J + A{u){k), = 0 > 
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Figure 1 Schematic to illustrate the approximation of ( 102 , k 2 ) by ( 0 ) 2 , fe). 



where the subscript k denotes partial differentiation with respect to k. Left 
multiplication by x(fc)^ and the fact that :>i{k)^ A{co{k),k) = 0 gives 



(kv x{k)^ Ak{u>{k), k)x{k) 

dk -x.{k)^ A^{w{k), k)x{k) 



Assume that deth(wi,fci) = 0. For a given k 2 close to fei we seek W 2 where 
detA{uj 2 ,k 2 ) = 0 . The nonlinear inverse iteration algorithm is used to find 
W 2 but an accurate starting value for the iteration is obtained from the 
formula 



0>2 = + {k2 



ki 



duj 



(ki) 



where ^ is obtained using (2.26) evaluated at {uji,ki). In Figure 1, Q is the 
desired point (ai 2 ,fc 2 )and P the estimate ( 0 ) 2 , fe)- 



3. NUMERICAL RESULTS 

In Table 2 we compare the performance of the inverse iteration method 
with two other methods which are used for the same problem. The physical 
situation which we consider is for the calculation of the lowest dispersion 
curve for the TE mode moving in a doubly periodic array of perfectly con- 
ducting cylinders. Because the matrix A(w,kbioch) is dense but not particu- 
larly large, the majority of the computational expense comes from evaluat- 
ing the matrix itself rather than solving the linear system. For this reason 
we give the number of matrix evaluations as well as the net computation 
time taken. 



Method 


matrix calls 


time/s 


‘naive’ procedure 


2434 


334 


BRENT 


1491 


208 


inverse iteration 


429 


63 



Table 2: Performance of the inverse iteration method for the calculation of a single band 
of a dispersion curve consisting of 50 points. 

The first method which is used for a comparison is a ‘naive’ search 
procedure, which fixes k and samples the search region in w , looking for 
crossings, i.e. places where the determinant changes sign. The search 
region is limited by physical considerations, namely, that the transverse 
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group velocity duj/dk cannot be greater than the speed of light. If a crossing 
is found, then the search region is further divided and the procedure repeats 
itself until the determinant is deemed sufficiently small. The second method 
is similar, in that it begins the search by sampling the search region and 
looking for crossings. When a crossing is found however, the BRENT search 
procedure is used to find the zero of the determinant. In both methods 
a simple interpolation path-following procedure is employed, by which the 
approximate position of the next point is predicted using the current slope 
on the dispersion curve. The inverse iteration procedure was employed for 
the same physical parameters, and used the path-following technique given 
in section 2.4. It can be seen that the inverse iteration algorithm performs 
markedly better than the two other methods. 
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Abstract 

Modelling the interaction of an acoustic held in a fluid and a structure 
submerged in the fluid leads to a system of complex linear equations with a 
complicated sparsity structure and, for adequate modelling, the systems are 
very large. Solution of such systems by direct methods is too slow. Itera- 
tive methods, which in theory are capable of giving a solution of acceptable 
accuracy to large linear systems in a much shorter time than direct meth- 
ods, either do not converge at all or converge too slowly for this problem. 
However, if the matrix of the linear system is suitably preconditioned, iter- 
ative methods will converge much more quickly. We have developed some 
preconditioners particularly applicable to this problem. We present test 
results for the case of a hollow steel sphere in water. 



INTRODUCTION 

The problem of the interaction of an acoustic field in a fluid medium 
(such as the sea) with an arbitrarily-shaped elastic structure (such as a 
submarine or other vessel) submerged in the fluid, where the acoustic wave- 
length is comparable with the size of the structure, cannot be solved ana- 
lytically by the use of asymptotic methods since these are not valid in this 
intermediate frequency range. Hence the only feasible methods of solution 
of this problem are numerical methods. 
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The acoustic field is governed by the Helmholtz equation, but is formu- 
lated in equivalent integral equation form over the surface of the structure 
to avoid the problem of the infinite fluid domain. This has the added ad- 
vantage that the problem is reduced from a 3-dimensional problem to a 
2-dimensional one. The integral equation is then reduced to discrete form 
using the boundary element method. The behaviour of the structure under 
the influence of the acoustic field is modelled using finite element analy- 
sis. These models are coupled by insisting that the fluid particle velocity 
normal to the surface is continuous. 

Direct methods of solution are too slow for the large linear systems 
necessary for adequate modelling of the situation, and iterative methods 
converge too slowly or not at all without any preconditioning. The aim of 
our work is to develop better preconditioners to accelerate the convergence 
of the best modern iterative solution methods. 

Our new results are presented for a hollow steel sphere in water, with 
no incoming wave. 

1. THE MODELS 

We now describe the outlines of the boundary element and finite element 
models, together with the coupling method. Full details of the models are 
given in [1]. 

1.1. THE ACOUSTIC FIELD 

Assuming single frequency harmonic waves of the form ^{p, t) = 
where ^{p,t) is the excess pressure at the point p at time t, and lo is the 
frequency, the acoustic field can be modelled by the Helmholtz equation, 
V‘^ip{p) + k‘^(p{p) = 0, where k = io/c is the acoustic wave number, c being 
the wave speed. 

To ensure that all waves are outgoing at infinity, we use the Sommerfeld 
radiation condition 



lim r I - ikip{r) 1=0. (1.1) 

r^oo ( ar J 

Formulating the Helmholtz equation in equivalent boundary integral 
equation form over the surface of the structure gives 

i dS, = (1.2) 

where Gk{p, q) = is the free-space Green’s function for the Helmholtz 

equation. 
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To avoid problems of non-existence and non-uniqueness of the solutions 
of the integral equation at the natural frequencies of the structure, we use 
the Burton and Miller formulation [2], 

(^—2^ + ^k + o:Afk^tf= -|- a (1-3) 

where Cp and Mk are the single and double layer Helmholtz potential 
operators, and Mk are their normal derivatives, and a is a coupling 

parameter. 

This integral equation is discretized using the boundary element (BE) 
method. We use the collocation method, with triangular elements for the 
surface of the structure and piecewise constant interpolation functions for 
the solution, which gives a linear system of the form 

Aif = iivpBv — c, (1-4) 

where A and B are from the above Burton and Miller equation, p is the 
fluid density, ip is the pressure, u the velocity, and c the incident wave 
pressure. The matrix of the system is dense and complex. 

1.2. THE STRUCTURE 

The behaviour of the structure under the influence of the acoustic field is 
modelled using the finite element (FE) method. Prism-shaped elements are 
formed by projection from the triangular surface boundary elements to the 
centre of the sphere and we use piecewise quadratic interpolation functions 
on the triangular faces and piecewise linear functions on the rectangular 
faces. 

We then use minimization of the energy of the structure to derive a linear 
system, which is of the form {K — co‘^M)q = /, where K is the stiffness 
matrix, M the mass matrix, q the displacement, and f = + f‘^ the total 

load due to the applied forces (/^) and the fluid pressure (f^). The matrix 
of the system is real, symmetric, and sparse. 

1.3. THE COUPLED SYSTEM 

We use the requirement that the fluid particle velocity should be con- 
tinuous at the surface of the structure to couple the BE and FE systems. 

The load due to the fluid pressure, f‘^, can be written in terms of the 
pressure, p, as = —Lp, where L is a matrix derived from the basis 

functions used in the BE and FE analyses. Also, the velocity, v, can be 
written in terms of the displacement, q,asv = —iuiL'q, where L' is a matrix 
derived from the basis functions used in the FE analysis. 
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The coupled problem is to solve, simultaneously, the equations 

Aif = iujpBv — c, (1-5) 

and 

{K -uj‘^M)q = f - Lp (1.6) 

using the equation v = —icoL q. 

This gives the coupled but partitioned system for (p and q 

A —io'^pBL' (f —c 

L K-uj‘^m\ [gj |_/^ 

A typical matrix of this system has the following pattern of nonzeros 

<— Coupling 
strip 

-co'^pBL' 

36 X 444 
Complex, 
sparse 

<— FE block 
K-co^M 
444 X 444 
Real, sparse, 
symmetric 

0 50 100 150 200 250 300 350 400 450 

nz = 39788 

Figure 1 Pattern of coupled matrix 



With the parameter values that we have been using, the maximum size 
of the entries in the right hand parts is of the order of 10^^ times that for 
those in the left hand parts. 

2. SOLVING THE LINEAR SYSTEM 

We use two iterative methods - the generalized minimum residual method 
(GMRES) and the conjugate gradients squared method (CCS). There is 
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no convergence of either method for our coupled system without any pre- 
conditioning. This is mainly because the eigenvalues of the matrix are too 
spread out. Ideally, the eigenvalues should be clustered, say at 1, and there 
should be few near zero. Preconditioning can achieve this. 

2.1. PRECONDITIONING THE SYSTEM 

In preconditioning, another matrix, M, is applied to the system, either 
on the left or the right (or possibly both), so that, in the right case for 
example, the system is changed from Ax = b to 

AMy = b {x = My). (2.1) 

The solution, x, is the same as the original but the governing eigenvalues 
are those of AM instead of A. The ideal preconditioner is a compromise 
between the extremes of M = 74“^(the true inverse of A) and M = I, with 
M ~ A~^, and hence AM ~ /, so that the eigenvalues of AM are clustered 
close to 1, but also such that the calculations are easy at each iteration. 
The preconditioner should also be sparse to make it efficient in use. 

2.2. SIMPLE PRECONDITIONERS 

We first consider the simplest preconditioners. These are the inverses 
of sparse approximations to A, such as those with the diagonal entries, or 
block diagonal entries, of A, or incomplete factorizations of A. 

In this case, a simple diagonal preconditioner produces slow convergence 
for GMRES but not CGS. Scaling of the matrix on the right by a diagonal 
matrix, to equalize the maximum size of the entries of A, also produces 
slow convergence of GMRES but not GGS. 

The table below shows the number of iterations required for GMRES 
to converge to a tolerance of 10“^ using the diagonal inverse matrix alone 
(diag), and the scaling matrix alone (scale). 

2.3. THE SPARSE APPROXIMATE INVERSE 
METHOD (SPAI) 

The performance of the solvers can be greatly improved using more 
sophisticated preconditioners, including ones involving approximations to 
the inverse of A itself. We are using such preconditioners, generated by an 
algorithm called SPAI (SParse Approximate Inverse). 

A major advantage of this method, particularly for this problem, is that 
it is easily parallelizable. 

The method can be used to generate a left or a right preconditioner; 
consider the case of a right preconditioner. 
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Table 1 Simple preconditioning results 



Size 


Method 


GMRES 


480 


scale 


52 




diag 


70 


702 


scale 


94 




diag 


142 


2754 


scale 


206 




diag 


129 



The method determines how good an approximation M is to A~^ by 
minimizing the Frobenius norm, ||ylM — /||f- From the definition of the 
Frobenius norm, this minimization problem separates into n independent 
least squares problems 

mm\\Amk - ek\\ 2 , k = l,2,...,n, (2.2) 

rrik 

where ruk and are the /cth columns of M and I respectively. For sparse 
A (as in this case) and M these problems are small and quick to solve. 

Hence the method is implemented column-by-column (or row-by-row for 
a left preconditioner) and so is easy to parallelize. Run sequentially, the 
method is not competitive with other methods for speed but it can be when 
run in parallel. Separation of the columns/rows also means that effort can 
be concentrated on the difficult ones, which may be a particular advantage 
for this problem. 

One well-known implementation of the method is the adaptive approach 
of Grote and Huckle [3]. In this method we start with a simple pattern 
for M (usually diagonal) and add a few entries at a time (usually 5), 
chosen by a minimization procedure for the error involved in adding the 
elements to the column, until an error tolerance or a maximum number of 
nonzeros in the column has been reached. The choice of entry positions 
can be restricted, for example to those of A. It is important that the total 
number of nonzeros per column is kept fairly small; just one full column 
defeats the object since more work is involved in this case than in a direct 
method of solution. 

2.4. A PRIORI PATTERNS 

Alternatively, if we can find a good sparsity structure for the approx- 
imate inverse beforehand, this can be used as an a priori pattern, with 
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the method being used to solve the least squares problem for all the corre- 
sponding entries in a column at once. This avoids the adaptive procedure 
and so can be much faster, but it is important that the a priori pattern 
is sufficiently sparse. This is an inherent problem since the true inverse is 
almost certain to be full. See Huckle [4] and Chow [5] for more details of 
this method. 

To choose a good a priori pattern, we need to know which of the entries 
in the true inverse of A are the most important. We can use the theory 
of the relationship between the pattern of A, denoted by S{A), and the 
pattern of its inverse, denoted by 

Using the Cayley-Hamilton theorem and rearranging, we have 

A ^ “t" (X 2 A “t" (x^A^ -j- (X4A^ “t“ * * * “t“ (Xj 2A^ j ckq* (^‘^) 

Hence the pattern of A~^ is contained in the pattern Uj=o 

C + (2.4) 

so we can use S{{I -t-H)™) for small m as an approximate pattern for A~^, 
and hence as an a priori pattern. Provided that A has a full diagonal, we 
can thus use A, A^ etc. as a priori patterns. 

Unless the matrix is very sparse, it is clearly necessary to remove some of 
the entries from the matrix before using it or its powers as a priori patterns, 
in order to avoid the pattern being too dense. It is obviously essential for 
full matrices. This can be done using various methods, including a simple 
dropping strategy based on a threshold using the mean of the entries, either 
globally or per column. This process is called sparsification. 

2.5. NEW METHOD - BLOCK DIAGONAL 
PRECONDITIONERS 

Extensive experiments have shown that the adaptive SPAI method is 
slow and does not produce very effective preconditioners in this case with- 
out a large number of nonzeros. The a priori method, using the pattern 
of the original matrix, is faster and the resulting preconditioners are quite 
effective. They are obviously no more dense than the original matrix. 

Rather than using SPAI on the whole matrix, we propose to take advan- 
tage of the block structure of the matrix in this case. In particular, we can 
use the fact that the BE and EE parts form diagonal blocks to produce an 
approximate block diagonal inverse preconditioner, using SPAI for the two 
blocks separately. 

We can use either the adaptive method or the a priori method for one 
or the other, or for both parts. Since the (full) BE part is relatively small 
compared to the (sparse) EE part, we can afford to fill this completely to 
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produce a very accurate inverse, while still keeping the overall number of 
nonzeros small. However, it is more efficient with SPAI to use sparsification 
to reduce the number of nonzeros, if possible. 

The resulting preconditioners are as effective as those using the a priori 
method for the whole matrix, but the method is considerably faster and 
there are less nonzeros in the preconditioner. There is obvious scope for 
parallelization of the SPAI for the BE and FE parts. 

3. RESULTS 

We have carried out tests using GMRES and CGS to solve the linear sys- 
tems using right preconditioners generated using the generic SPAI method 
for the whole matrix, both adaptively and a priori, and the new block 
method with different combinations of adaptive and a priori methods for 
the two parts. We did not sparsify either part. Some of the results are set 
out in the following table. 

All the tests were carried out using programs written in Matlab, with 
data from programs written in Fortran. The solvers were the Matlab 
solvers, suitably adapted. The methods used were: 

1 - SPAI used adaptively for the whole matrix with 10 percent maximum 
nonzeros per column and the choice of new entry position restricted to the 
pattern of A. 

2 - the a priori method using the pattern of A. 

3 - the block diagonal inverse method, using SPAI adaptively for both 
parts with 10 percent maximum nonzeros per column and the choice of 
new entry positions restricted to the patterns of the respective parts. 

4 - the block diagonal method, using the a priori method for both parts 
separately, using the full patterns of the respective parts. 

The figures in the Total time, Nnz/col and Direct time columns are 
the average cpu time per column required to generate the preconditioner 
and carry out GMRES, the average number of nonzeros per column in 
the preconditioner, and the average cpu time per column taken by the 
Matlab direct solver, respectively. The results columns show the number 
of iterations required to converge to a tolerance of 10“^, together with the 
time taken per column. GMRES was not restarted. All the times are in 
seconds. 

Although the number of nonzeros in the a priori cases is higher than in 
the adaptive cases, this is offset by the advantages in terms of much greater 
speed of generation of the preconditioner and very much improved effective- 
ness in use. Also, the percentage of nonzeros in the matrix decreases as the 
size increases so that this disadvantage becomes less important. Bearing in 
mind the simple parallelizability of the SPAI method, the competitiveness 
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Table 2 SPAI results 



Size 


Method 


Direet 

time 


Total 

time 


Nnz/ 

eol 


GM 


GM 

time 


GGS 


GGS 

time 


480 


1 


0.005 


1.98 


48 


62 


0.004 


62 


0.004 




2 




0.4 


83 


13 


0.001 


12 


0.001 




3 




0.91 


42 


62 


0.004 


69 


0.004 




4 




0.14 


65 


12 


0.001 


12 


0.001 


702 


1 


0.007 


3.9 


67 


90 


0.009 


82 


0.005 




2 




0.54 


89 


20 


0.002 


19 


0.002 




3 




2.52 


58 


98 


0.01 


104 


0.006 




4 




0.26 


76 


21 


0.002 


19 


0.002 


1368 


1 


0.012 


9.22 


92 


160 


0.026 


319 


0.026 




2 




0.7 


95 


56 


0.006 


50 


0.115 




3 




6.97 


84 


208 


0.038 


270 


0.021 




4 




0.49 


88 


55 


0.005 


48 


0.112 


2754 


2 


0.063 


3.44 


130 


40 


0.008 


46 


0.006 




4 




0.41 


83 


40 


0.007 


40 


0.004 


4494 


2 


0.148 


2.92 


119 


115 


0.022 


159 


0.018 




4 




0.7 


91 


115 


0.021 


159 


0.017 


5364 


2 


0.22 


2.87 


117 


127 


0.026 


147 


0.017 




4 




0.8 


93 


127 


0.026 


147 


0.015 



of the block a priori method with the direct solver in terms of speed is 
clear from the results. 

4. CONCLUSIONS AND FUTURE WORK 

It is evident from the results so far that the block diagonal method 
using an a priori pattern is best in terms of speed and effectiveness of 
the resulting preconditioners for this problem. However, the number of 
nonzeros in the preconditioners is not as small as we would like and we 
intend to explore the use of sparsification strategies further. 

The accuracy of the results compares well with those obtained using the 
Matlab direct solver, but there is a difference between the accuracy of the 
parts corresponding to the BE and FE parts. This is due to the different 
scales of the BE and FE parts and the greater accuracy of the approximate 
BE inverse and is the subject of further investigation. 




604 



There is a correlation between the ordering of the nodes in the discretiza- 
tion of the physical system and the pattern of the true inverse of the system 
matrix and we intend to investigate the effect of this on a priori patterns, 
We also intend to work on the effective parallelization of the methods. 

Our results so far are for comparatively small cases and we need to 
ensure that the methods are equally applicable to much larger cases. Work 
on reducing the time and memory requirements to enable large cases to be 
tested is currently being done. 

There are other methods that can be used to solve this problem, some 
of which might involve less storage and computation time. For example, 
the fast multipole method [6], in which only the near-held matrix entries 
are calculated, could be used for the acoustic held to produce the BE part 
of a block diagonal preconditioner. We intend to investigate some of these 
other methods. 
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Abstract A new preconditioning strategy is introduced for finger pattern matrices 
arising from the application of the discrete wavelet transform to discretisa- 
tions of BIEs. The new strategy is compared against some existing precon- 
ditioning strategies and its advantage is demonstrated for low bandwidth 
preconditioners, and for problems with off diagonal features. 



1. INTRODUCTION 

There is much interest in solving linear systems 

Ax = b, (1.1) 

where H is a large and dense matrix. Such systems arise from boundary el- 
ement discretisations of boundary integral equations (BIEs). Applications 
include the acoustic scattering problem. 

Fast solution of (1.1) can be difficult. Direct solution methods are gen- 
erally not applicable because A is too large. Iterative solution methods 
are impeded by the high cost of matrix vector multiplication with a large 
dense matrix, and the difficulty of preconditioning a matrix with no easily 
exploited structure. 

A wavelet discretisation of a BIE leads to a nearly sparse linear system [1, 

2 ] . . 

Ax = b. (1.2) 

in the sense that, subject to thresholding, A is sparse with a finger pat- 
tern. To concentrate on preconditioning issues we may view (1.2) as being 
derived from (1.1) by application of a discrete wavelet transform (DWT). 
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We say that a matrix or submatrix is smooth when nearby entries are 
similar, and that A has an off diagonal feature when it has an off diagonal 
region that is not smooth. For example, corner singularities in a BIE can 
produce in boundary element discretisations one or more columns that 
differ greatly from their neighbours. 

For the case when A has no off diagonal features Chen [3] proposed 
applying a DWT and using a preconditioner for (1.2) based on a reordering 
of A. For the case when A has off diagonal features Ford and Chen [4] used 
the method of [3] after reordering A. 

In this paper we present a new wavelet preconditioning strategy for 
matrices A that have off diagonal features. The principal feature of the 
new strategy is a new reordering of A. Preordering of A before application 
of the DWT is not required. The latter property is particularly useful 
when A arises directly from wavelet discretisations of BIEs, in which case 
preordering is not possible. 

The paper is structured as follows. In Section 2 the discrete wavelet 
transform is described. Section 3 describes the new ordering for the wavelet 
basis. Section 4 describes the preconditioning strategies developed from the 
ordering. Numerical results are presented in Section 5. 



2. THE DISCRETE WAVELET TRANSFORM 



We are interested in discrete wavelet transforms (DWTs) because, loosely 
speaking, they convert smoothness into sparsity. There are many types of 
discrete wavelet transform, depending on which kind of continuous wavelet 
is employed. Some of these are described in Strang and Nguyen [5]. We 
focus only on the Daubechies wavelets, but our ideas are easily extended 
to others. 

Let X = (xi,X 2 , . . . , Xn)^ G C"^. We assume that n = 2^ for some L € N. 
The DWT of x is the vector x = . . . , with 



( 0 ) _ 



s'- ' = 



(fc) 

s\ = 



= 



X, 

4 



dfc-1) 



Y^h, 

1=1 
4 

E (fc-l) 

5''5(Z+20-1)> fc_i’ 

1=1 



i = l,2,...,n/2^ 
j = l,2,...,n/2^ 



(2.1) 

( 2 . 2 ) 



where are the Daubechies 4 wavelet filter coefficients, 

and {n)m denotes c + 1 where c is the remainder of n — 1 modulo m. 

It is possible to write x = W"^x where W is an orthogonal matrix. Thus 
X = IFx, and x represents the vector x in the new basis wi,W2, ... ,Wn 
given by the columns of IT. 
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Figure 1 The supports of the wavelet basis vectors in C® (left) and the associated tree 
structure labelled with the natural ordering (right). Wrap around in the supports is 
illustrated by overhanging brackets. 



The basis vectors wi,W 2 , ■ ■ ■ ,Wn split naturally into sets {tci}, { 1 (^ 2 }) 
{tC 3 , tC 4 }, {tcs, . . . , ws }, . • . , {wn/ 2 +i-, • • • > uJn} ■ These are the wavelet basis 
vectors at levels — 1,0, — 1 respectively. 

Define the support of Wi to be the set of indices of the non zero entries 
of Wi- It can be deduced from (2.1) and (2.2) that the size of the support 
of the wavelets increases with their level. 

The supports of the wavelets when L = 3 are illustrated in Figure 1. Nat- 
ural parent child relationships can be seen, and the resulting tree structure 
is also illustrated. 

Since x = W'^x each entry in x is a linear combination of the entries in 
X. In fact the entry Xi is a linear combination of those entries of x that 
are indexed by the support of Wi. That is, the entry Xi depends upon Xj 
whenever j is in the support of Wi. 

The DWT of the matrix X is X = W'^AW. Note that Aij = wf Awj 
and that when ^ is a band matrix, \Aij\ is large when the supports of Wi 
and Wj are close or overlap. Note that the support of Wi wholly contains 
the support of Wj when Wj is a descendant of Wi. 

Consider what happens to an area of non smoothness in a vector x under 
a DWT. Similar behaviour occurs in a matrix. Suppose xj is a non smooth 
entry. Then Xj is large whenever j is in the support of Wi. Containment of 
these supports will be the main idea behind our reordering. 
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3. REORDERING 

When A has no off diagonal features reordering A with the Per ordering 
of Chen [3] produces a band structure. Preconditioning is much easier for 
matrices with this structure. In this section we present a new ordering for 
when A has off diagonal features. 

The tree in Figure 1 approximates the undirected graph of a finger pat- 
tern matrix and reordering the finger pattern matrix is equivalent to re- 
ordering the nodes in the tree. Most nodes in the tree have two children, 
which can be labelled the left child and right child. Node 1 is unique in 
having only one child, and we will label Node 2 the left child of Node 1. 

Denote by X the sequence ordering the nodes by the Per ordering [3]. 
Under the Per ordering a band structure in A becomes a broader band 
structure in A(X,Z) because, loosely speaking, the wavelets are ordered 
by the location of their supports. We use the Matlab notation A{Z,X) to 
denote the reordering of the rows and columns of A using X. 

The Per ordering is not sufficient when off diagonal features are present 
in A, which is the case this paper is concerned with, unless A is pre- 
ordered [4] . Clearly the ordering should take account of the location of the 
off diagonal feature but the Per ordering does not. 

We now introduce our new ordering for the case when off diagonal fea- 
tures are present. The new ordering builds in information about the lo- 
cation of the diagonal feature, and we name it singularity-ordered tree 
traversal (STT). The aim is to order together wavelets whose support con- 
tains the location of the feature. 

Suppose that the off diagonal feature is located in the fcth row or column 
and let denote the centre of the support of the wavelet w. Now dk{w) = 
\cw — k\ defines a metric on the set of wavelets. We say that Wi < Wj 
whenever Wi and Wj have the same parent and dk{wi) < dk{wj). With the 
relation ^ reorganise the tree so that if Wi ^ Wj then Wi is the left child 
and Wj is the right child. 

The nodes in the tree can now be ordered using a Tarry ordering [6]. 
The rules governing the STT ordering are described in Ordering 1. 

Ordering 1 (STT). 

1 if Wi is an ascendant of Wj then Wi < wj, 

■2 if Wi < Wj then the descendants of Wi < the descendants of Wj. 

To illustrate the two orderings consider how the standard DWT and the 
Per and STT orderings scatter a non smooth feature in a vector x G M®. 
The key is to group large entries in x close together, and the large entries 
correspond to those wavelets whose supports contain 1. The Per ordering. 
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with the large entries underlined, is (5, 3, 6, 2, 1, 7, 4, 8). The large entries 
are scattered. The STT ordering with /c = 1 is (1, 2, 3, 5, 6, 4, 8, 7). The 
large entries are in two groups. The effect is more pronounced but less 
easily demonstrated when there are more nodes. 



Remark 1. The STT ordering is easily extended to the ease where there 
are several speeial features. Replaeing k by a set of indiees A, we define 
dA{w) = min^gA \cw ~ k\. The ordering follows on substituting d\ for d^ 
in the diseussion above. 

4. PRECONDITIONING STRATEGIES 

We now consider how to use the STT ordering to construct a precondi- 
tioner. Matrix sparsity patterns that are suited to LU factorisation include 
bandfc(-), the k band part, and arrowy ;(•), the bordered band part, that is, 
the k band part augmented with the bottom I rows and right I columns. 

Let 77 denote the new STT ordering. The new preconditioned linear 
system is then 



1 M x{J) = b{J) where M = arrow k g{A{J , J)). 



Similarly let T be the Per ordering, and 1C the preordering of A described 
by Ford and Chen [4]. Let A be the DWT of A(/C,/C), b the DWT of 6(/C) 
and X the DWT of x(/C). We also consider the following reformulations of 
( 1 . 1 ). 



2 M ^Ax = b where M = band?; (A), 



3 M-^A{I,I) x{I) = b{l) where M = bandfc(i(J, J)), 



4 M ^A(X,T) x{T) = b(X) where M = arrowfc^;(A(X,X)). 
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The STT preconditioning algorithm is as follows. 

Algorithm 1. 

1 Specify location of off diagonal feature. 

2 Construct STT ordering J . 

3 Construct M = arrowk,i{A{J' , J)) . 

4 Solve system using CMRES preconditioned with M . 

The cost of preconditioning GMRES using these strategies involves the 
fixed cost of computing an LU factorisation of M, and a cost per iteration 
of back/forward substitution with L and U. Both costs increase with k for 
Strategies 1,2,3 and 4, and also with I for Strategies 1 and 4. 

Our experience is that the factorisation cost is small compared with 
the cost of the iterative solver. Back/forward substitution with L and U 
becomes much more expensive as k and I increase. However each iteration 
also involves a matrix vector product with A or A. This is much more 
expensive than the back/forward substitution with L and U because these 
matrices are sparse whilst A and A are dense. 

5. NUMERICAL EXPERIMENTS 

In this section we present results of numerical experiments with Algo- 
rithm 1 for four test cases. In all cases GMRES was implemented with the 
zero initial guess vector until the residual norm of the approximate solution 
was reduced by a factor of 10®. Experiments were performed with matrices 
of various sizes. The results presented are for matrices of size 256 x 256 
and are typical of the results obtained. 

Calderon Zygmund matrices. The Galderon Zygmund matrix A given 
by 

A = ! ^ 

I l/|i — j'l, otherwise, 

models a Galderon Zygmund operator. 

Many operators found in BIEs can be approximated by a Galderon Zyg- 
mund operator. Much of the theory for the application of wavelets to 
such BIEs is based on this fact (see for example Beylkin, Goifman and 
Rokhlin [1]). Realistic off diagonal features can be produced by augment- 
ing A with a non zero column. This column produces several dense columns 
in A. This is a similar effect to that produced in wavelet discretisations 
of BIEs by a corner in the boundary. Eor an example, see the matrix 
compression strategy of Rathsfeld [2] . 
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Figure 2 Number of GMRES iterations plotted against bandwidth for (a) the Exterior 
Helmholtz problem and the Calderon Zygmund problem with (b) no off diagonal features 
(c) small off diagonal feature (d) large off diagonal feature. Observe that the advantage 
of STT is greatest for (d) where a large off diagonal feature is present. 



The number of GMRES iterations taken for this problem with precon- 
ditioning strategies 1-4 from Section 4 are plotted against preconditioner 
bandwidth in Figure 2 (b) for no off diagonal features, (c) a small off diag- 
onal feature, and (d) a large off diagonal feature. For ease of presentation 
only the results for border width I = 45 are plotted for strategies 3 (STT) 
and 4 (preordered Per). Decreasing I increases the number of iterations 
required, but the results shown are representative. We see that GMRES 
with STT preconditioning gives the fewest iterations. The advantage of 
STT over the other methods is most significant when the off diagonal fea- 
ture is large, see Figure 2 (d). 
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The Exterior Helmholtz Equation. Acoustic scattering from infinitely 
long bodies is described by the 2D exterior Helmholtz equation 

Au{p) + k‘^u{p) = 0, pGR^\D, (5.1) 

with Neumann boundary condition 

3v 

^{p)=f{p), pedD, (5.2) 

for a peanut shaped domain D C with boundary dD. The boundary is 
smooth but produces off diagonal non smooth areas in A [4] . 

A solution to (5.1) can be obtained by solving the related boundary 
integral formulation due to Burton and Miller. The Burton and Miller 
formulation is important because, like (5.1), it has a unique solution for 
all wavenumbers k [7, 8]. Many BIEs derived from (5.1) do not have this 
property. From the Burton and Miller formulation we obtain the matrix 
A by piecewise constant collocation discretisation of the operator 

— —X + J\Ak + iA/fc 

where X is the identity, Alfc is the double layer potential 

Mku{p) = [ ^^{p,q)u{q)dq, 

JdD 9uq 

and A/fc is the hypersingular operator 

d 

Afkuijp) = -^{Mku{p)). 

Here Uq denotes the unit outward normal to dD at q, and Gk is the funda- 
mental solution of (5.1). The boundary element solution of (5.1) involves 
solving a linear system (1.1). See, for example, Atkinson [9] and Kress [10]. 

The number of GMRES iterations taken for this problem with precon- 
ditioning strategies 1-4 from Section 4 are plotted against preconditioner 
bandwidth in Figure 2 (a). Again, for ease of presentation only the results 
for border width I = 45 are plotted for strategies 3 (STT) and 4 (pre- 
ordered Per). We see that when the bandwidth of the preconditioner is 
small GMRES with STT preconditioning gives the fewest iterations. GM- 
RES with preordered Per preconditioning gives the fewest iterations when 
the bandwidth of the preconditioner is large. 

6. CONCLUSIONS 

We have introduced a new preconditioning strategy for dense matrices 
with off diagonal features. The new strategy is based on application of a 
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DWT, and a singularity ordered tree traversal reordering of the resulting 
finger pattern matrix. The ordering places the most significant entries close 
to the diagonal. 

We have compared the new strategy with 3 existing strategies. For low 
bandwidth preconditioners STT gives faster convergence than the others. 

STT requires no preordering of A and so is suitable for generalisation to 
finger pattern matrices that arise directly from a wavelet discretisation. 
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Latvia. 2000 ISBN 0-7923-6106-7 

74. J.-P. Merlet: Parallel Robots. 2000 ISBN 0-7923-6308-6 

75. J.T. Pindera: Techniques of Tomographic Isodyne Stress Analysis. 2000 ISBN 0-7923-6388-4 

76. G.A. Maugin, R. Drouot and F. Sidoroff (eds.): Continuum Thermomechanics. The Art and 

Science of Modelling Material Behaviour. 2000 ISBN 0-7923-6407-4 

77. N. VanDao andE.J. Kreuzer (eds.): lUTAM Symposium on Recent Developments in Non-linear 

Oscillations of Mechanical Systems. 2000 ISBN 0-7923-6470-8 

78. S.D. Akbarov and A.N. Guz: Mechanics of Curved Composites. 2000 ISBN 0-7923-6477-5 

79. M.B. Rubin: Cosserat Theories: Shells, Rods and Points. 2000 ISBN 0-7923-6489-9 

80. S. Pellegrino and S.D. Guest(eds.): lUTAM-IASS SymposiumonDeployable Structures: Theory 

and Applications. Proceedings of the lUTAM-IASS Symposium held in Cambridge, U.K., 6-9 
September 1998. 2000 ISBN 0-7923-65 16-X 

81. A.D. Rosato and D.L. Blackmore (eds.): lUTAM Symposium on Segregation in Granular 

Flows. Proceedings of the lUTAM Symposium held in Cape May, NJ, U.S.A., June 5-10, 

1999. 2000 ISBN 0-7923-6547-X 

82. A. Lagarde (ed.): lUTAM Symposium on Advanced Optical Methods and Applications in Solid 

Mechanics. Proceedings of the lUTAM Symposium held in Futuroscope, Poitiers, France, 
August 31-September 4, 1998. 2000 ISBN 0-7923-6604-2 

83. D. Weichert and G. Maier (eds.): Inelastic Analysis of Structures under Variable Loads. Theory 

and Engineering Applications. 2000 ISBN 0-7923-6645-X 

84. T.-J. Chuang and J.W. Rudnicki (eds.): Multiscale Deformation and Fracture in Materials and 

Structures. The James R. Rice 60th Anniversary Volume. 2001 ISBN 0-7923-6718-9 

85. S. Narayanan and R.N. Iyengar (eds.): lUTAM Symposium on Nonlinearity and Stochastic 

Structural Dynamics. Proceedings of the lUTAM Symposium held in Madras, Chennai, India, 
4-8 January 1999 ISBN 0-7923-6733-2 

86. S. Murakami and N. Ohno (eds.): lUTAM Symposium on Creep in Structures. Proceedings of 
the lUTAM Symposium held in Nagoya, Japan, 3-7 April 2000. 2001 ISBN 0-7923-6737-5 

87. W. Ehlers (ed.): lUTAM Symposium on Theoretical and Numerical Methods in Continuum 

Mechanics of Porous Materials. Proceedings of the lUTAM Symposium held at the University 
of Stuttgart, Germany, September 5-10, 1999. 2001 ISBN 0-7923-6766-9 

88. D. Durban, D. Givoli and J.G. Simmonds (eds.): Advances in the Mechanis of Plates and Shells 

The Avinoam Libai Anniversary Volume. 2001 ISBN 0-7923-6785-5 

89. U. Gabbert and H.-S. Tzou (eds.): lUTAM Symposium on Smart Structures and Structonic Sys- 
tems. Proceedings of the lUTAM Symposium held in Magdeburg, Germany, 26-29 September 

2000. 2001 ISBN 0-7923-6968-8 
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90. Y. Ivanov, V. Cheshkov and M. Natova: Polymer Composite Materials - Interface Phenomena 

& Processes. 2001 ISBN 0-7923-7008-2 

91. R.C. McPhedran, L.C. Botten and N.A. Nicorovici (eds.): lUTAM Symposium on Mechanical 

and Electromagnetic Waves in Structured Media. Proceedings of the lUTAM Symposium held 
in Sydney, NSW, Australia, 18-22 Januari 1999. 2001 ISBN 0-7923-7038-4 

92. D.A. Sotiropoulos (ed.): lUTAM Symposium on Mechanical Waves for Composite Structures 

Characterization. Proceedings of the lUTAM Symposium held in Chania, Crete, Greece, June 
14-17, 2000. 2001 ISBN 0-7923-7164-X 

93. V.M. Alexandrov and D.A. Pozharskii: Three-Dimensional Contact Problems. 2001 

ISBN 0-7923-7165-8 

94. J.P. Dempsey and H.H. Shen (eds.): lUTAM Symposium on Scaling Laws in Ice Mechanics 

and Ice Dynamics. Proceedings of the lUTAM Symposium held in Fairbanks, Alaska, U.S.A., 
13-16 June 2000. 2001 ISBN 1-4020-0171-1 

95. U. Kirsch: Design-Oriented Analysis of Structures. A Unified Approach. 2002 

ISBN 1-4020-0443-5 

96. A. Preumont: Vibration Control of Active Structures. An Introduction (2"“* Edition). 2002 

ISBN 1-4020-0496-6 

97. B.L. Karihaloo (ed.): lUTAM Symposium on Analytical and Computational Fracture Mechan- 

ics of Non-Homogeneous Materials. Proceedings of the lUTAM Symposium held in Cardiff, 
U.K., 18-22 June 2001. 2002 ISBN 1-4020-0510-5 

98. S.M. Han and H. Benaroya: Nonlinear and Stochastic Dynamics of Compliant Offshore Struc- 
tures. 2002 ISBN 1-4020-0573-3 

99. A.M. Linkov: Boundary Integral Equations in Elasticity Theory. 2002 

ISBN 1-4020-0574-1 

100. L.P. Lebedev, I.I. Vorovich and G.M.L. Gladwell: Functional Analysis. Applications in Me- 
chanics and Inverse Problems (2”^* Edition). 2002 

ISBN 1-4020-0667-5; Pb: 1-4020-0756-6 

101. Q.P. Sun (ed.): lUTAM Symposium on Mechanics of Martensitic Phase Transformation in 

Solids. Proceedings of the lUTAM Symposium held in Hong Kong, China, 11-15 June 2001. 
2002 ISBN 1-4020-0741-8 

102. M.L. Munjal (ed.): lUTAM Symposium on Designing for Quietness. Proceedings of the lUTAM 
Symposium held in Bangkok, India, 12-14 December 2000. 2002 ISBN 1-4020-0765-5 

103. J.A.C. Martins and M.D.P. Monteiro Marques (eds.): Contact Mechanics. Proceedings of the 

Contact Mechanics International Symposium, Praia da Consolajao, Peniche, Portugal, 
17-21 June 2001. 2002 ISBN 1-4020-0811-2 

104. H.R. Drew and S. Pellegrino (eds.): New Approaches to Structural Mechanics, Shells and 

Biological Structures. 2002 ISBN 1-4020-0862-7 

105. J.R. Vinson and R.L. Sierakowski: The Behavior of Structures Composed of Composite Ma- 
terials. Second Edition. 2002 ISBN 1-4020-0904-6 

106. Not yet published. 

107. J.R. Barber: Elasticity. Second Edition. 2002 ISBN Hb 1-4020-0964-X; Pb 1-4020-0966-6 

108. C. Miehe (ed.): lUTAM Symposium on Computational Mechanics of Solid Materials at Large 

Strains. Proceedings of the lUTAM Symposium held in Stuttgart, Germany, 20-24 August 

2001.2003 ISBN 1-4020-1170-9 
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109. P. Stable and K.G. Sundin (eds.): lUTAM Symposium on Field Analyses for Determination 
of Material Parameters - Experimental and Numerical Aspects. Proceedings of the lUTAM 
Symposium held in Abisko National Park, Kiruna, Sweden, July 31 - August 4, 2000. 2003 

ISBN 1-4020-1283-7 

110. N. Sri Namachchivaya and Y.K. Lin (eds.): lUTAM Symposium on Nonlnear Stochastic Dynam- 

ics. Proceedings of the lUTAM Symposium held in Monticello, IL, USA, 26 - 30 August, 
2000. 2003 ISBN 1-4020-1471-6 

111. H. Sobieckzky (ed.): lUTAM Symposium Transsonicum IV. Proceedings of the lUTAM Sym- 
posium held in Gottingen, Germany, 2-6 September 2002, 2003 ISBN 1-4020-1608-5 

112. J.-C. Samin and P. Fisette: Symbolic Modeling of Multibody Systems. 2003 

ISBN 1-4020-1629-8 

113. A.B. Movchan (ed.): lUTAM Symposium on Asymptotics, Singularities and Homogenisation 

in Problems of Mechanics. Proceedings of the lUTAM Symposium held in Liverpool, United 
Kingdom, 8-11 July 2002. 2003 ISBN 1-4020-1780-4 

114. S. Ahzi, M. Cherkaoui, M.A. Khaleel, H.M. Zbib, M.A. Zikry and B. LaMatina (eds.): 

Multiscale Modeling and Characterization of Elastic-Inelastic Behavior of Engineering Mater- 
ials. Proceedings of the lUTAM Symposium held in Marrakech, Morocco, 20-25 October 2002. 
2003 ISBN 1-4020-1861-4 
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Series Editor: R. Moreau 

Aims and Scope of the Series 

The purpose of this series is to focus on subjects in which fluid mechanics plays a fundamental role. 
As well as the more traditional applications of aeronautics, hydraulics, heat and mass transfer etc., 
books will be published dealing with topics which are currently in a state of rapid development, 
such as turbulence, suspensions and multiphase fluids, super and hypersonic flows and numerical 
modelling techniques. It is a widely held view that it is the interdisciplinary subjects that will receive 
intense scientific attention, bringing them to the forefront of technological advancement. Fluids have 
the ability to transport matter and its properties as well as transmit force, therefore fluid mechanics 
is a subject that is particularly open to cross fertilisation with other sciences and disciplines of 
engineering. The subject of fluid mechanics will be highly relevant in domains such as chemical, 
metallurgical, biological and ecological engineering. This series is particularly open to such new 
multidisciplinary domains. 



1. M. Lesieur: Turbulence in Fluids. 2nd rev. ed., 1990 ISBN 0-7923-0645-7 

2. O. Metais and M. Lesieur (eds.): Turbulence and Coherent Structures. 1991 

ISBN 0-7923-0646-5 

3. R. Moreau: Magnetohydrodynamics. 1990 ISBN 0-7923-0937-5 

4. E. Couitoh (sd.): Turbulence Control by Passive Means. 1990 ISBN 0-7923-1020-9 

5. A. A. Borissov (ed.): Dynamic Structure of Detonation in Gaseous and Dispersed Media. 1991 

ISBN 0-7923-1340-2 

6. K.-S. Choi (ed.): Recent Developments in Turbulence Management. 1991 ISBN 0-7923-1477-8 

7. E.R Evans and B. Coulbeck (eds.): Pipe/ine 1992 ISBN 0-7923-1668-1 

8. B. Nau (ed.): Fluid Sealing. 1992 ISBN 0-7923-1669-X 

9. T.K.S. Murthy (ed.): Computational Methods in Hypersonic Aerodynamics. 1992 

ISBN 0-7923-1673-8 

10. R. King (ed.): Fluid Mechanics of Mixing. Modelling, Operations and Experimental Tech- 
niques. 1992 ISBN 0-7923-1720-3 

11. Z. Han and X. Yin: S/iock Dynamics. 1993 ISBN 0-7923-1746-7 

12. L. Svarovsky and M.T. Thew (eds.): Hydroclones. Analysis and Applications. 1992 

ISBN 0-7923-1876-5 

13. A.Eich\.dxow\cz{&df: Jet Cutting Technology. 1992 ISBN 0-7923-1979-6 

14. E.T.M. Nieuwstadt (ed.): Flow Visualization and Image Analysis. 1993 ISBN 0-7923-1994-X 

15. A.E Sa.u\ (ed.): Floods and Flood Management. 1992 ISBN 0-7923-2078-6 

16. D.E. Ashpis, T.B. Gatski and R. Hirsh (eds.): Instabilities and Turbulence in Engineering 

Flows. 1993 ISBN 0-7923-2161-8 

17. K.S. Azad: The Atmospheric Boundary Layer for Engineers. 1993 ISBN 0-7923-2187-1 

18. E!T.y\..Flie\xws,t.adX.(ed.): Advances in Turbulence IV. 1993 ISBN 0-7923-2282-7 

19. K.K. Prasad (ed.): Further Developments in Turbulence Management. 1993 

ISBN 0-7923-2291-6 

20. Y.A. Tatarchenko: Shaped Crystal Growth. 1993 ISBN 0-7923-2419-6 

21. J.P. Bonnet and M.N. Glauser (eds.): Eddy Structure Identification in Free Turbulent Shear 

Flows. 1993 ISBN 0-7923-2449-8 

22. R.S. Srivaitava: Interaction of Shock Waves. 1994 ISBN 0-7923-2920-1 

23. J.R. Blake, J.M. Boulton-Stone and N.H. Thomas (eds.): Bubble Dynamics and Interface 

Phenomena. 1994 ISBN 0-7923-3008-0 
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24. R. Benzi (ed.): Advances in Turbulence V. 1995 ISBN 0-7923-3032-3 

25. B.I. Rabinovich, V.G. Lebedev and A.I. Mytarev: Vortex Processes and Solid Body Dynamics. 
The Dynamic Problems of Spacecrafts and Magnetic Levitation Systems. 1994 

ISBN 0-7923-3092-7 

26. P.R. Yoke, L. Kleiser and J.-P. Chollet (eds.): Direct and Large-Eddy Simulation I. Selected 
papers from the First ERCOFTAC Workshop on Direct and Large-Eddy Simulation. 1994 

ISBN 0-7923-3106-0 

27. J.A. Sparenberg: Hydrodynamic Propulsion and its Optimization. Analytic Theory. 1995 

ISBN 0-7923-3201-6 

28. J.F. Dijksman and G.D.C. Kuiken (eds.): lUTAM Symposium on Numerical Simulation of 

Non-Isothermal Flow of Viscoelastic Liquids. Proceedings of an lUTAM Symposium held in 
Kerkrade, The Netherlands. 1995 ISBN 0-7923-3262-8 

29. B.M. Boubnov and G.S. Golitsyn: Convection in Rotating Fluids. 1995 ISBN 0-7923-3371-3 

30. S.I. Green (ed.): Fluid Vortices. 1995 ISBN 0-7923-3376-4 

31. S. Morioka and L. van Wijngaarden (eds.): lUTAM Symposium on Waves in Liquid/Gas and 

Liquid/Vapour Two-Phase Systems. 1995 ISBN 0-7923-3424-8 

32. A. Gyr and H.-W. Bewersdorff: Drag Reduction of Turbulent Flows by Additives. 1995 

ISBN 0-7923-3485-X 

33. Y.P. Golovachev: Numerical Simulation of Viscous Shock Layer Flows. 1995 

ISBN 0-7923-3626-7 

34. J. Grue, B. Gjevik and J.E. Weber (eds.): Waves and Nonlinear Processes in Hydrodynamics. 

1996 ISBN 0-7923-4031-0 

35. P.W. Duck and P. Hall (eds.): lUTAM Symposium on Nonlinear Instability and Transition in 

Three-Dimensional Boundary Layers. 1996 ISBN 0-7923-4079-5 

36. S. Gavrilakis, L. Machiels and P.A. Monkewitz (eds.): Advances in Turbulence VI. Proceedings 

of the 6th European Turbulence Conference. 1996 ISBN 0-7923-4132-5 

37. K. Gersten (ed.): lUTAM Symposium on Asymptotic Methods for Turbulent Shear Flows at 

High Reynolds Numbers. Proceedings of the lUTAM Symposium held in Bochum, Germany. 
1996 ISBN 0-7923-4138-4 

38. I . Thermodynamics and Rheology. 1991 ISBN 0-7923-4251-8 

39. M. Champion and B. Deshaies (eds.): lUTAM Symposium on Combustion in Supersonic Flows. 
Proceedings of the lUTAM Symposium held in Poitiers, France. 1997 ISBN 0-7923-4313-1 

40. M. Lesieur: Turbulence in Fluids. Third Revised and Enlarged Edition. 1997 

ISBN 0-7923-4415-4; Pb: 0-7923-4416-2 

41 . L. Fulachier, J.L. Lumley and F. Anselmet (eds.): lUTAM Symposium on Variable Density Low- 
Speed Turbulent Flows. Proceedings of the lUTAM Symposium held in Marseille, France. 1997 

ISBN 0-7923-4602-5 

42. B.K. Shivamoggi: Nonlinear Dynamics and Chaotic Phenomena. An Introduction. 1997 

ISBN 0-7923-4772-2 

43. H. Ramkissoon, lUTAM Symposium on Lubricated Transport of Viscous Materials. Proceed- 
ings of the lUTAM Symposium held in Tobago, West Indies. 1998 ISBN 0-7923-4897-4 

44. E. Krause and K. Gersten, lUTAM Symposium on Dynamics of Slender Vortices. Proceedings 

of the lUTAM Symposium held in Aachen, Germany. 1998 ISBN 0-7923-5041-3 

45. A. Biesheuvel and G.J.F. van Heyst (eds.): In Fascination of Fluid Dynamics. A Symposium 

in honour of Leen van Wijngaarden. 1998 ISBN 0-7923-5078-2 
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46. U. Frisch (ed.): Advances in Turbulence VII. Proceedings of the Seventh European Turbulence 
Conference, held in Saint-Jean Cap Ferrat, 30 June-3 July 1998. 1998 ISBN 0-7923-5115-0 

47. E.F. Toro and J.F. Clarke: Numerical Methods for Wave Propagation. Selected Contributions 

from the Workshop held in Manchester, UK. 1998 ISBN 0-7923-5125-8 

48. A. Yoshizawa: Hydrodynamic and Magnetohydrodynamic Turbulent Flows. Modelling and 

Statistical Theory. 1998 ISBN 0-7923-5225-4 

49. T.L. Geers (ed.): lUTAM Symposium on Computational Methods for Unbounded Domains. 

1998 ISBN 0-7923-5266-1 

50. Z. Zapryanov and S. Tabakova: Dynamics of Bubbles, Drops and Rigid Particles. 1999 

ISBN 0-7923-5347-1 

51. A. Alemany, Ph. Marty and J.P Thibault (eds.): Transfer Phenomena in Magnetohydrodynamic 

and Electroconducting Flows. 1999 ISBN 0-7923-5532-6 

52. J.N. Sprensen, E.J. Hopfinger and N. Aubry (eds.): lUTAM Symposium on Simulation and 

Identification of Organized Structures in Flows. 1999 ISBN 0-7923-5603-9 

53. G.E.A. Meier and P.R. Viswanath (eds.): lUTAM Symposium on Mechanics of Passive and 

Active Flow Control. 1999 ISBN 0-7923-5928-3 

54. D. Knight and L. Sakell (eds.): Recent Advances in DNS and LES. 1999 ISBN 0-7923-6004-4 

55. P. Orlandi: Fluid Flow Phenomena. A Numerical Toolkit. 2000 ISBN 0-7923-6095-8 

56. M. Stanislas, J. Kompenhans and J. Westerveel (eds.): Particle Image Velocimetry. Progress 

towards Industrial Application. 2000 ISBN 0-7923-6160-1 

57. H.-C. Chang (ed.): lUTAM Symposium on Nonlinear Waves in Multi-Phase Flow. 2000 

ISBN 0-7923-6454-6 

58. R.M. Kerr and Y. Kimura (eds.): lUTAM Symposium on Developments in Geophysical Turbu- 
lence held at the National Center for Atmospheric Research, (Boulder, CO, June 16-19, 1998) 

2000 ISBN 0-7923-6673-5 

59. T. Kambe, T. Nakano and T. Miyauchi (eds.): lUTAM Symposium on Geometry and Statistics 
of Turbulence. Proceedings of the lUTAM Symposium held at the Shonan International Village 
Center, Hayama (Kanagawa-ken, Japan November 2-5, 1999). 2001 ISBN 0-7923-6711-1 

60. V. V. Aristov: Direct Methods for Solving the Boltzmann Equation and Study of Nonequilibrium 

Flows. 2001 ISBN 0-7923-6831-2 

61 . P.F. Hodnett (ed.): lUTAM Symposium on Advances in Mathematical Modelling of Atmosphere 
and Ocean Dynamics. Proceedings of the lUTAM Symposium held in Limerick, Ireland, 2-7 
July 2000. 2001 ISBN 0-7923-7075-9 

62. A.C. King and YD. Shikhmurzaev (eds.): lUTAM Symposium on Free Surface Flows. Pro- 
ceedings of the lUTAM Symposium held in Birmingham, United Kingdom, 10-14 July 2000. 

2001 ISBN 0-7923-7085-6 

63. A. Tsinober: An Informal Introduction to Turbulence. 2001 

ISBN 1-4020-01 10-X; Pb: 1-4020-0166-5 

64. R.Kh. Zeytounian: Asymptotic Modelling of Fluid Flow Phenomena. 2002 

ISBN 1-4020-0432-X 

65. R. Friedrich and W. Rodi (eds.): Advances in LES of Complex Flows. Prodeedings of the 
EUROMECH Colloquium 412, held in Munich, Germany, 4-6 October 2000. 2002 

ISBN 1-4020-0486-9 

66. D. Drikakis and B.J. Geurts (eds.): Turbulent Flow Computation. 2002 ISBN 1-4020-0523-7 

67. B.O. Enflo and C.M. Hedberg: Theory of Nonlinear Acoustics in Fluids. 2002 

ISBN 1-4020-0572-5 
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68. I.D. Abrahams, P.A. Martin and M.J. Simon (eds.): lUTAM Symposium on Diffraction and 

Scattering in Fluid Mechanics and Elasticity. Proceedings of the lUTAM Symposium held in 
Manchester, (UK, 16-20 July 2000). 2002 ISBN 1-4020-0590-3 

69. P. Chassaing, R.A. Antonia, F. Anselmet, L. Joly and S. Sarkar: Variable Density Fluid 

Turbulence. 2002 ISBN 1-4020-0671-3 

70. A. Pollard and S. Candel (eds.): lUTAM Symposium on Turbulent Mixing and Combustion. 

Proceedings of the lUTAM Symposium held in Kingston, Ontario, Canada, June 3-6, 2001. 
2002 ISBN 1-4020-0747-7 

71. K. Bajer and H.K. Moffatt (eds.): Tubes, Sheets and Singularities in Fluid Dynamics. 2002 

ISBN 1-4020-0980-1 

72. P.W. Carpenter and T.J. Pedley (eds.): Flow Past Highly Compliant Boundaries and in Col- 

lapsible Tubes. lUTAM Symposium held at the Univerity of Warwick, Coventry, United 
Kingdom, 26-30 March 2001. 2003 ISBN 1-4020-1161-X 

73. H. Sobieczky (ed.): lUTAM Symposium Transsonicum IV. Proceedings of the lUTAM Sym- 
posium held in Gottingen, Germany, 2-6 September 2002. 2003 ISBN 1-4020-1608-5 

74. A.J. Smits (ed.): lUTAM Symposium on Reynolds Number Scaling in Turbulent Flow . Proceed- 
ings of the lUTAM Symposium held in Princeton, NJ, U.S.A., September 11-13, 2002. 2003 

ISBN 1-4020-1775-8 

75. H. Benaroya and T. Wei (eds.): lUTAM Symposium on Integrated Modeling of Fully Coupled 
Fluid Structure Interactions Using Analysis, Computations and Experiments. Proceedings of 
thelUTAM Symposium held in New Jersey, U.S.A., 2-6 June 2003. 2003 ISBN 1-4020-1806-1 
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